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PREFACE 


The last thirty years have seen the beginning and development 
of a new period in physics and chemistry, namely the atomic 
period. In contrast to the period preceding it whore nattire’s 
processes were described in terms of continna, recent develop- 
ments have emphasized the discrete structure of the submicro- 
scopic universe. Thus, today one hoars of the atoms of matter, 
the atoms of electiicity, and oven the atoms of energy, the quanta. 
Accordingly the modern x^hysxcal sciences are demanding and 
constantly using atomic tci’minology, concepts, and methods of 
analysis. It is therefore important that the physicist and 
cheunist have available a fairly comi^loto understanding of these 
xnethods. 

f)f all atomic conceptB, the atomic theory of matter is the 
oldest and i)Cirha|”)B the most comi>let<i. In i>articular because of 
its relative simplicity the probloitis of the atomic nature of gases, 
in the form of the kinetic theory of gases has attained the highest 
degree of perfection in this held. Its admirable methods of 
analysis are therefore indispensiblo not only for prospective 
physicists, but for both chemists and physicists engaged in 
experimental or teaching work. 

When attem|)ting to teach a course on the kinetic theory of 
gases, at the Uxiiversity of Chicago, in the sumnxer of 1922, the 
writen' discoverod that there was in print but one text in the 
l^lnglish language on modern kinetic theory. This text was far 
beyond the scope of the average American college student 
including even th<5 first-year graduate students. The lack of 
facility in foreign languagc^B among the students precluded refer- 
Bnees to texts in foreign languages. Finally, in his own field of 
i¥ork, which depends on the kinetic theory, the writer and his 
students have been much haxnpored by lack of a handy reference 
book containing a collection of the classical and more modem 
rspocts of the kinetic theory.' This book was written in an 
attempt to meet this situation. 

The purpose of this book is, therefore, 'to furnish a modem text 
md reference book on the kinetic theory of gases for student. 
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teacher, and investigator in choinistry aiid })hyHi<‘,a. The bcoiw 
of the book is to present as concisely as posailjki the various 
kinetic theory concepts and chvsaical derivations for ust^ l)y 
students who are beginning their tiiird year of (;oIl(^go work and 
on to the more advanced students and investagatora wlio wialt 
a handy reference describing more claborat,(?ly the piunionuma in 
question. It should furnish a useful pn’sparation to the more 
advanced texts and monographs on the subjtict iiududing f.hoH<» 
dealing with statistical mechanics. It endeavors to <I(W(‘Iop th<< 
various concepts as ind(5pend(intly of }>rec<iding conc('{)ta as 
possible, so as to avoid i-eferenccw to earlier chapt,(‘r.s. BeHi<h*H 
a simple introduction of each conccipt it gives derivations of 
three types, to wit: elementary ones, using little or no cakudus; 
more advanced classical derivations; and in some cuujfw the most 
recent developments available. It also contains the comparison 
of the theoretical deductions with modem experiment and a 
critique of the theories. Where possible the experimental 
methods are briefly outlined. It has the added feature of includ- 
ing a complete chapter giving a summary and discxission of the 
kinetic theory of low-pressure phenomena. A complete theond- 
ioal summary of this sort, to the writer’s knowledges, has so far 
not been published. Finally, it contains the applieuition of tlici 
kinetic theory methods to two more or less ixicent fiedds <»f 
research, that of dielectric and magnetic phenomena in gip«w 
and of gaseous ionisation. 

The writer wishes partictilarly to acknowledge his mdebtetln<ws« 
to his colleague Dr. Edward Condon at whose instigation thw 
book was undertaken. Dr. Condon originally intended to be » 
collaborator in .this work. Lack of time prevented his doing m. 
The writer is indebted to him for the preparation of a large part of 
Chap. II, of the first two thirds of Chap. Ill, of the collection 
of the material for Chap. VI, and for some of the developments 
therein contained. In fact a largo portion of the discussion of 
experimental results in parts 2 and 3 of Chap. VI are duo to 
Dr. Condon’s efforts. 

The writer’s thanks are also due to the following authora 
whose kindness and courtesy permitted him to use dovelopmtuits 
of some of the theories used in their texts. They are; Frof. F. 
Debye whose admirable treatment of dielectric and magnetie 
phenomena in gases in VoL VI “Theory of Electric and Magnetie 
Molecular PEoperties” of Marx's “Handbuch der Iladiologie ” 
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rni.shod moat of the material for Chap. X; Prof. Clemens 
haefor from whose splendid book “Einfuhrung in die Theoret- 
!h(i Phyaik” the concise treatment of the Boltzmann derivation 
the Maxwell distribution law (Chap. IV), and the derivation of 
m der Waals' equation from the theorem of the Virial (Chap. 
I were taken; Prof. E. Bloch for permission to translate the 
lall section of his book “Theorie Cinetique des Gaz” dealing 
th the proof of the Maxwell distribution law from the width of 
ectral lines. In this connection the courtesy of Messrs, 
ethuen and Company of London must be mentioned for per- 
itting the purchase from them of the rights to make a 
mslation. 

The writer also desires to acknowledge the assistance and 
'ormation ho obtained in sotting up some of the derivations and 
finding xxs(5ful references, to Prof. G. Jaeger for his admirable 
psentation of the kinetic theory in the section of Wincklemann's 
landbuch der Physik, Vol. Ill,” and to Prof. K. Jellineck for 
valuable material and references found in his “Lehrbuch der 
lysikaliHchen Chemie,” including the treatment of the problem 
evaporation of liquids given in Chap. IX. The latter book is 
veritable gold mine of information and is notable for the com- 
^toness of the bibliography. 

Finally, the writer desires to express his appreciation to Miss 
lima Hutchings without whoso patient help in the preparation 
the manuscript the book would have been impossible. 

Leonabd B. Loisb. 


iilCHKBl.KY, OaUF. 
Fahniary, 1027. 
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THE KINETIC THEORY 
OF GASES 

mXRODTTCTION 

Scarcely thirty yearn ago, before the discovery of X-rays, rapid 
progress in physics had come to a standstill and the physicist 
surveyed a world in whi<5h was presented a pretty clearly defined 
systetu of ludairci, whi(‘.h could be depicted in ternas of classical 
inechanical analogies, although the knowledge in all its details 
wa,s not <H)inpl<^t(^ With the discovery of Rontgen, there 
followiul a ptvriod of fevorisli experimentation in which the sole 
niiu was to gain lu^w facds about tlic manifold phenomena sur- 
rounding the eUxitron and the atom. In this search little atten- 
tion was paid to a oarcdtil coordination of the now discoveries 
with the fundamental system of mechanics of Newton and of the 
times just preceding 1895. 

It was about twenty-five years ago (1900) that it began to 
dawTi on the physicists that, after all, the beautiful mechanical 
<‘xplanatiojiH which had stimulated so many researches, and had 
HtMuned so satisfying, were not infallible, and that such analogies 
Uk) (tloHtdy drawn as to the mechanism of radiation, and as to the 
Htru(*liur(*i of tlu*! ether, were, in fact, wrong. Today physicists 
HCHun to have (;om(^ to the point of realizing that many of the 
obscuwcul plKuionuma cannot bo included in the mechanical 
eoncK^pts of thirty yemrs ago without a complete modification of 
eoTieepis, Buch a picture as stable non-radiating electron 
mhiPA In the atom, a picture which one is inevitably forced to 
cirtler to correlate many of the phenomena, appears to 
''vitmlM Um eluctrodynamics of yesterday. It is possible that a 
yet be found by which such a condition is brought 
Mnil the mechanical analogies may be saved— par- 
At present, however, the trend seems to be away 
front idl ^^wmpta at ** explanation’* and towards the formulation 
of tile ol««^ed phenomena in terms of a consistent system of 
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relations, the correctness of which depends on being based oii a 
few fundamental experimentally verified axioms and the proper 
mathematical manipulations of the ecpiations derived from Wiese 
axioms. Such formulations are scon totlay admirably presented 
in the theory of relativity and in the so-called “quantum theory.^' 
From them, given a partievdar situation, it is jjossibh^ to pnidicL 
quantitatively and definitely what plienonuaia will Ix^ observed 
in certain fields. It is thus possible to coordinates, prtHiitd,, ami 
perhaps control the phenomena by these imyms, but they cannot 
be “explained.” Po.ssibly it will in the entl be tla^ uItimat<^ aim 
of science thus nua-ely to descrilje, and in a nu'asure <XK»rdinate, 
the physical phenomena. Ftaduips the notion of th<* “explana- 
tion” is a mental immaturity of the i)aHt <le<auleH of Hci<‘n<*e, 
just as the ultimate “why” which was abamloneti in Hci<>nei! iti 
bygone yciars was a still gi’eater immaturity that the human 
mind had to outgrow. 

Be that as it may, lot it for the present be awfumed that the 
notion of the necessity of the “explanation” ia,an immaturity 
of mind. It will then be much the most satisfyiiig nuxle of 
procedure for immature but developing {i.e., growing) minds. 
In the world of physics there arc to<lay two types of simh growing 
minds — those of the students who are just dis(a)V('ring f h<‘ ideas 
of the last decades (and mentally living through the* <*xpcrien(a>H of 
Joule, of Olausius, of Maxwell, a.nd of Boltzmann), and that of 
the invc.stigator baflled ami puzzled hy st>m(> new phenomenon. 
Both those types of mind ha.v(i to sf.rnggli' in unknown territory, 
both have to grasp new ndal.ions and jhw notions, and to both 
the simple expcxlicmt of eone.rete imx'.hanieal visusiUxation is the 
most obvious course of prtuaKlure^ With more maturity in the 
study of physics, or with a clear understanding of the new phenom- 
enon as it is visualized, the more complete anti eorrt^ct formula- 
tion in some general scheme of nature may becomtt i«>KHible, nay 
even necessary, because of the failure of the meeharu<?al analogy' 
in its details. At any rate, in tlws process of neliieving 
ultimate goal, that inspiring and stiimdating methotl of mrichani’' 
cal visualization will have played its r^Itx I t is thus of value to 
the growing mind to be familiar with this motlo of prot'odure, 
'and in no domain of physics has the mechanical vistializatian 
had such a sweeping success as in that field termwl the kinetic 
theory of gases. In fact, it is today perhaps the only hold of 
physics in which the mechanical picture has not I>«»n dimmed 
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bv t tw' iown of our mcolmnical concepts. True it is that 

hcrt* Jilt. I ihciv i!ic kinetic theory of sases borders on the peculiar 
mynterj* of th*‘ tjuantuiw tolationships, and truer it also is that 
the ktiH‘t ifc« 4 ln(«»ry fliOnoept® imu»t «»nstantly bo inodifio<l to meet 
pt ll#W dw<»y©ri«, . Yei today the theory stands as per- 
haps One of ih@ tjoautifui and satisfying pictures of physical 

tushatdor, and the ijs-ualysis of new phonoinena by moans of its 
ftmdatpepiiiS awl fjorhsipe crude concepts is now in various 
dottiains leaslltxg to valuable ox|wi*ncntal rosults. So it is hoixid 
tJittt the student) of lioofc will receive the same stimulus and 
ep'lfetMliMm frt)m its “study Whi‘jjp inspired the writer when some 
y#li^ pgo, IW ft siudetit, lie entered the field of physical research, 
■ittwder ItM si»ell. 

Before tiroc^'.ediog to a coinsideration of the text a word of 
explanation will r'erbiips hot'be out of place. For the sake of 
Mttupliciiy, tmd bn- fbc pumoso of app(uding to the imagination 
oi t in* I ap:reotticixt of the sioiple relations 

tliMltuunl with (‘X|)erinu*5ui aii<l tlu«i iuicuracy of some of the laws 
tnitnl may appear to Ik^ <^,xagg<'ira.t(Ml. A <air(^fxil scrutiny of the 
hook as a whole KhouUi show tlxat gix’iat, xuirc haw been taken to 
avoid any real mii^aeneeplian without, how(wcr, killing the 
cmthin^hn^in imgmuiomd by failing to cunphaHiy.o a HU(*)CCBBfi^l 
agreemant- It must be realissecl that tlie writer is thoroughly 
awarcis of thc^ deficiencioB of the kinetic theory, although he is its 
arilent advcauiten I'le regards the advance of soiontific' clis«'fp v^ry: 
atul its correlating inckdianical theory lis a series of 
tiouH i.o the true mK|ucmce of phenomena. What, for, emi,iiph% 
wan ti gnuit tritimph of ycjBterday in accounting for the eoefflcient 

1 ' " ’< " 

of viH<5<j8ity of a gas by an expression 77 = , , Nmd^ is tewto^y, 

o 

fches kinetic tihenry l)ut a crude approximation which noglec'bl 
proH<mt view of moIocuUis whoso apparent average 
detormiiuid by int<irmoIo(iular force fields is necessarily a fwi|M^bh 
of their averagti velocity. Doubtless in years to conio fclie sue- 
oessful and beautiful treatment by (Jhapman will, in its turn, bo 
but a «eoond-order apiiroximation to an even more complicated 
and more precise series of relationships. Such improvements 
are, nevertheless, continual advances rather than revolutionary 
<shange«. Thus, imperfect as the theory may be today, it is an 
advance over previous concepts and for practical purposes may 
be of incalculable value. It is the endeavor in this book to 
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avoid confusing the student at the outset with a statenieni of 
all the complexities encountered in more modern work. Accord- 
ingly, the theory will be logically developed troifi tlu^ simpkwt 
conceptions. As, with increasingiknowl(Hlg(5 of tht^ facste, tlus 
discrepancies begin to appear to the student, th(', y^(‘iikn<‘sses of the 
theory will be carefully pointed out. Then In lat(‘r chapiiCirs, 
when the mind is ready for them, detailed descriptions of tln^ 
difficulties and of the way in which the theory atttmipts f-o meet 
them will be given. It is felt that in tim W(ui (dij can the 
best aims of the student be served. The reaikn* is, tJii'refore, 
warne y .hat before he accept a jsimplo assertion as the (‘ompifde, 
accurate, and final statenunit of a law he would do well to (‘onsult 
the index for references to a more complet(5 discussion in a lat(T 
and more appropriate chapter. In some eases the attention of 
the reader will be specifically called to such discussions in tins 
text. With this caution the reader may open the l)Ook ami 
discover for himself the fascinating roffiince of the ottfiil 
motions of the myriads of minute solar systems called molecules 
which constitute that state of matter which is ternuid tlie p(*ous 
state. 


CHAPTER I 


HISTORICAL* 

Age of Philosophical Speculation. — Nearly 2300 years ago 
(400 B.C.) the Greek philosophers Leucippus, Democritus, and 
their pupils pictured a world made out of minute particles or 
atoms which were in constant motion. Later (95 B.C.), Lucre- 
tius/who was familiar with the earlier writings, pictured gases 
somewhat as they are pictured today, f However true these 
philosophic speculations may seem today, they were then no 
more than wiki guesses. Many another philosopher of that time 
fitted gas(w into his scheme of nature in a very different manner. 
As those i)ictures wore not in accord with later discovery, they 
w(ire ignored and forgotten. It is, then, l)ecause the fortunate 
coincidence that a spcculaiiion made 2300 years ago happens to 
agree with an exp(;rimental fact of today that a group of persons 
frecpiontly assort that there is nothing new in the world, and that 
the more modern atomic theory was discovered by the Greeks. 
'This, of course, is absurd. 

Birth of an Hypothesis. — The kinetic theory of gases could not 
have been legitimately propounded as a theory with any sem- 
blance of reality until the nature of heat was known, and until the 
relationship of heat to work and energy had been established.^ 
During tlio period 1760 to 1800 the views of Black'"* the advocate 
of t,h<i (ialoric theory of heat, still held the scientific stage, whence 
th(^y had evolved from the first measurements on quantity of 
lusat. Erom then on until 1850 the famous experiments of 
Rurnford and Joule** on the relation between heat and work were 
in progress, so that l)y 1856 the time was ripe for the two inde- 
pendent papers of Kronig and of R. Clausius (1857), in whjih 

* ThrouKhout ihis book luiinbcrcd refcrenocs arc to referoneea at th(s (Joho 
of oacih (ihapicr. 

t The famous po(!ni “ Da Naturae Rorum/’ in which this scheme is pro- 
pounded, is well worth reading. It appears in Everyman’s edition. In 
r(iading it, it is to be noticed that the scheme of nature devised is a logical 
d(^duction based on (icrtain crudely observed phenomenon, such as the con- 
servation of matter. (Book I, lines 146-328.) 

5 
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the kinetic theory of gasoH was propostnl aiul I)aHsod on an 
mental footing. 

Before these two delinite enuncia, lions (vf ilu^ lluH>ry t hta-e lunl 
been earlier attempts, none of which w<a*(^ (unnpl<^t.i^ inunigh to Ih^ 
included with them. In fact, (dausius a^dmits to Iniviiig btHm 
familiar with a paper of Joule's published in IS;U, in whicJi Jtmle 
computed the gas pressure on tlie basis of lh<^ lu^at itad ions < f 
gas molecules. There was an a.rticl<^ of a. similar nafun^ by a 
practically unknown physicist I I(‘ra,pa,tln in IS2I. ('redil inust 
also be given to the matluunaticail physi(ast and genius Daniel 
Bcrnouilli, for in his thmi little^ known 'D iydrody nanucs/' 
published in 1728, he had Ixiilt up a, correct and \a*rv c^ornplefe 
kinetic theory of gases. ll<i Junl at, that t.inn* iuj <‘XperimeTdal 
basis for his assumptions, a.nd acatordingiy his tlaajry must bt* 
classed among the phiIosophi<‘, spiunilations. 

Establishment of an Hypothesis. - Tlui dediudJons of CdausiuH 

wore of suflicicmt accuracy atul completeiiess so that his paper 
attra(!ited widespread attention, and studi tnaster minds m Max- 
well'^ and Kelvin were BtitnulatcHl to inter<\si tJHauseIv<\s in the 
theory froxn 1800 to 1(880. In hiter yonvH Boh,>5inann/' < >. 1*;. 
Meyer, ^ Jaeger,*^ Jeans, ^ Knuds(m,^‘ (duipman, KnsKog, Huiher* 
land/^ and others liave also c<>ntribut(sl a. consid'rabli* annand. 
The theory as it was left by Ma-xw<dl, KbJvin, ami IhJfvunanii, 
however, remained no more: tiuui a.n h>’po<jH‘sis» for, in spite of 
many quantitative agnHummf.s Ixd.wtHm iln^ UHsiry and tlu^ 
behavior of gas(%s, no proof of tla^ s(q>a,nite existemat of ihii 
atoms and molcuuiles had Ixam obtatmab nor had any observa- 
tions boon made that could r<udly thunonstrate the eoniiriuiil 
heat motions of the molecuh^s. This Icdt the kiiudJc tiatory a 
very successful and intcnostiiig analogy, l>ut tluit was all. 

Retarded Development. School of Energetics,- b'roin !HfK) 
to 1908 the 'theory suffercHl a ndairded devcdoi>ment due to the*! 
violent attacks on it l)y Wilhelna Osiwald and his seduad of 
Energetics. This was at a period when tlaaancxlymunic’H 
had: been found to be a very UHeful tool of tlu^ physi^ast ami 
chemist. At that time, perhaps somewhat as with hbdativiiy 
today, the physicists sought to solve all the i)roblmnH of tla^ 
universe by thermodynamics. Now thermodynamical rc^nsoning 
does not require a knowledge of the pnause imxdiaiUHm of a 
reaction for its applications. All that is required is a coinplek^ 
knowledge of the energy and heat relations of a cych of operiv- 
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tions. Ostwiikl, accordingly, argued that with the thermodynam- 
ical treatment of a process one knew all that there was essential 
to bo known about the process anti that further mechanical 
a,ssumptiona as to the mechanism of the reactions were gratuitous 
hypotheses. Ho was correct in asserting that the mechanical 
assumptions of the kinetic theory were unproved hypotheses. 
He was, however, wrong in urging that the rather sterile thermo- 
dynamical reasoning bo substituted for the neat and stimulating 
analysis of thc^ kiiK't.ie tlu'ory, for, strangf'ly ('nough, science 
I)rogrc!sses chiefly by the mechanical analogies of nature’s proc- 
(isses winch occur to the mind of the investigator. An<l the 
kinetic theory is just such a mechanical analogy. In fact, it 
seems to l)e the very fallibility of such mechanical pictures which 
msikes exijerimental test imperative and hemee leads to fui'thcr 
iuvtsstigatiotis and clearer knowledge. Science cannot progress 
much through the manipulations of equations indicating only the 
h<;at a.nd energy transfers in a reaction, for such manipulations do 
not gcmerally sugg<wt further experiments. 

Birth of a Theory. — Fortunately, these attacks were brought to 
an abrupt <md through tlui brilliant experiments of Jea.n Perrin' ' 
in l'’ra.n<ai in 1908. Perrin succ<;e<l(ul in quantitatively demon- 
s1.raf.ing t.he <!xisi.en(5e of tluj continual heat motions of the mole- 
<iul(\s of a li<iuid by a study of the Brownian movements of 
HUsp(md(Ml })articles. d’hese i)roofs, as will latcsr be sticn, were of 
Himli a. d(dinit(^ nature that even Ostwald accepted them and 
riilimiuisluul his e.xclusivc claims for “energetics.” Kecently, 
th(^s<! lawnlts hav<) bcjcn extended to gjises with a far higher degree 
of a<!c.ura<!y through the beautiful oil-drop experiments of H. A. 
Millikan."-' 

New Advances. — The final developmcmts in the kinetic theory 
of ga.H(ts, upon which the closing chapters have not yet been 
writkm, wc.r(i due to tlic now methods of study opened up by the 
discovery of X-rays in 1895. The X-rays led to a study of the 
(farriers of ehKitricity in gases, the ions and electrons.’^® Now it 
has been shown that the ions arc charged molecules or groxips of 
molecuhis of th<5 gases, and the electrons act as o-ssentially 
mathematical point charges from the point of view of the kinetic 
theory. Their electrical charges enable the ions and elec- 
trons to bo singled out from the other molecules, and thus permit 
their properties to be studied after encountering the other gas 
molecules under varying circumstances. The result is that the 
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kinetic theory of gases has rna^le inu<*,h progn^ss in t.hc^ huuds 

of Lange vin and Lcnard, J. J. ^l''honisorp f'ranek, Townsiaid, an<l 
Compton/'^ through the additions wtiich eonu^ to it from tin- 

theory of the gaseous ions. 

Today, then, the kinetic theory of g:is<‘s can lx- n-gardixl as 
being far beyond the spcculativ<^ philosophy of tin- <in-eks, and 
far beyond the kinetic hypothesis of (da.usius and Maxwclk 
In fact, it is as well-established a tl)L<M>ry (that is, a. cIo.s<- wta^king 
mechanical analogy to the real procu-ssc-s) a-s any t heory wliich is 
accepted by science. 
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THE MECHANICAL PICTURE OF A PERFECT GAS 

1. The Mechanical Equivalent and the Kinetic Hypothesis, 

In the lustori(^a.I it was stat.(‘ti iiiai- thoj*r cniihl a(» 

proper justification of the kin<‘ti(v( h.vfM it in'sis until tin* 

relation l)(d»W(Hni lusit and work had Ixaui <*st ahlished. If is ntjw 
:n(U‘.essaa\y to show why i.liis wa.s so. If, will he seisi t !iat if was imjI. 
8trajip,'(^ tha,t Jouh^, on<^ of th<’: first, to (sstahhsh f!ie relation 
bctweoii nKM:;lKUH(%‘tl work a,nd h(‘ai<, should also !ia \‘e Ihmui ontMif 
the first to try to forinuhi(-(i a* kinef.ic Muhh^v of gases, 

Wluvn i\, g;a,s like h<fliuni is lH\a.f,(at in an <»neloseti vessel s<» that 
it ca.nnot (^xpa,ndj two thing;w (nauir: first., it, absorbs a gjven 
qnaaitity of lu^al, ])(u* unit nuiss, a.nd, s(H‘oud, its t emperat tire ^•ist^s. 
This h(^a,t is stored in the g;a,s in Si)ine forni and is g:i\ tui out again 
on cooling. Furthcuanon’;, in a-bsorhing; the heat t}a*re is no 
appre<iiable cha,ng<^ in t.lK’i gas <s\<‘<q)t the iru-rease lt\ baaperatuia^ 
and an incjxaisc^ in piasssuns d’his pr<‘ssur(' ineosase in |}h» gas 
is wha,t would (aius(‘. t.lu‘ ga.s to (sxpatnl ami do work eorre;qM»tnling, 
in the ichaiJ ca,s(^, to (Ju^ h<%a.t put in. d'iie (|Utr;tion then arises m 
to how thc^ gas (%aji aJ)sorb Ijea;t, and incr«‘ase its pressure. 

Assista,n<:(^ is d(jriv(‘d in und<‘rsf anding this plMatonnuion by 
irupiiring into the nu^a.nirjg of t<unp<M'a( ure, and as to how the f eni- 
pcrature is relatcHl to the. pn^ssuns din* experiiiients t*f iioyle, in 
1()()2, showed that for a givaai teinpfu'ut ure tin* relation between 
pressure and volume of a ga,s was givtm by tin* relation pp 
constant, where p is tluqm'ssunsajid r the voiunu*. Later, t 'harles, 
JVfariott(.-, atid ( lay-LuHsa-c st.u<U<Hl trhe Indiaxu^ur of gases at* 
constant volume ami (a>nHta,iit pr<‘SHun* as f.he teiuperuture was 
increased. It wa,s found tluit at constant vtdutne an imasaise in 
temperature of O® gav<^ a ehangt^ in pn^ssure: nqn*eHenti*d by the 
C(|uation 

p pjl dC), 

in which p is the pressure at the Unnpominro O and /n, is 
pressure at on the thentunmdrie 8(!al(! UH<aL If r,, is the com 
stant volume of the gas, the ccpiation may also he written as 

pp^ = PoPvil + AO), 

10 



rni<: mechanical picture of .1 perfect gas 


11 


In virtue of Boyle’s law, the left-hand side of the equation is 
(Constant jiikI will renuiin tlic same even if Vo be changed to soruc 
iK^w value V. Hence it is possible to write 

pv = + AO). 

if to p on tlie left-hand side the value po l>e assigned, tlic 
(^xpnission 

V — + A(>), readily follows. 

Idiis is the law for tlu^ change of volume with teni])erature which 
was dis<‘.ovcr(Hl experinKuitariy. Kxperiinentally, it does not hold 
a,C(uirat(dy for any gases, for the constant A in the pressure) 
ecpiation differs from that in the volume ecpiation (see Wees. 48 and 
51). It is approached more accurately by the gases that are 
furthest from their condensation temperature. For such gases 
the A is nearly the sa-me and the condition in which this is so 
ca.n 1)0 caJled t^ie limiting state to which all gases strive the 
fa,r(.hor (/hoy are laanovod from their condensation temperatures. 
St.rict.ly, it is only a. litniting (xise, and a gas obeying this law is 
<lofined as a,n idea,! ga-s. i^dementary t.nxitments of the kinetic 
t.hoory which will l)o deprived In this cha,pt(u* dea.l with such gases. 

If i(. be a-ssunu'd (/ha,t both e<|tia.tions hold a.i\d t,ha.t A is the 
same for prossun^ and vohimo cha.ng(^s, one can proceed to use tlie 
common e(iun.i.ion 

'/n* — /M’<i(l 4- ^4 0). 

k’a/ci/Oririg A out/ of tlie pa.renthosis, the (ujuatjon becomes 



This o<|uat/i<)n giv<‘s a. now insight into the process of expansion, 
for if () = — 1/.4, pr » 0, that, is, at *— l/A either />, r, or both 

are 0. Sitn-ie O is a, temperature, \/A is a temperature, a.nd it is 
th<i (/(unperature which, if attained b(4ow tlie i^ero from which () 
is uH^asun^d, would make pv ecjtial to zero. 44108, since A is a 
univo,rsn.l consin,nt for the expa-nsion of an idoa.l gas, 1/A. gives 
a now dohnition of zoro on a/ii absolute scale. 44iat is, (1/A)® 
below the zero from which O is measured is tlie alisolutc zero of 
temperature at which a gas exerts no pressure. On this basis 
1 /A 4** <> ma.y be replaced by calling T 

If the consiant c{mudh/y p^v^A. — Jt, l)e written with the umler- 
standing iluit />„ corn^spomls to the volume of 1 gram-molecule 
of tlie gas, the efpmtioih of Muitv for an iileal or {lerfect gas is given 
by 
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This equation will at onc^e aid in luuhn’st, ainlini!: I1 m‘ naiure ul‘ 
temperature.**' Its interpnd.alaon is ahita! h.v inaans of diman 
sional analysis of the lert-hand side of tlu^ (‘((nat ion. id*(*s^alre is 
the ratio of a force to an a.rea, tluit is, it is a, foisa^ di\'id(nl by tin' 
square of length. Volunu^ is tlu^ (ad>e of a. liaigth. Tlu* produef 
pv has thus the dimensions of a. fon^e times a, Icmgt h. h»uf , dinam 
sionally, force times a <lista.nee n^prcsscaits work doiH‘ or (aHagv. j 
Thus HT is diincnsionaJly a work or nn (‘ucn-gy, and as 7' in<‘r(\ases 
the product HT increa.s(^s in ]>rop<nia’on, and laana^ tht*(m(a*gy 
that is represented by pv in tlu^ ga-s inen^ast^s. dljal is. /f7* is 
proportional to an energy tha.t g(H\s iid.o tlu‘ gas as it is hoaPai, 
and 7^ is a measure of this <aua-g*y. Wlam T is P thmi tin* (ana'gy 
is 0. Now for constant volume p is also inenaastal in pro|H»rf ion 
to the increase in energy a,ud tlu^ k<y to an iidia-pndat itm of tin* 

A morruaipH r<^fl(H*don shows din.(. <.(ani)<*ra{.un‘ is (aUirdy difOaent fruju 
the other numsundjli^ (m;iiiU(,i(ss (»f (jlnysies. imeorfnnt stages ut the 

devek)i)m(ait of tiie eoina^ia of t(an|H‘ra,tar<^ ennuof la* tnan'cmitha azi^d. 

The notion of t(an|>eratur<^ has its origin in onr .s(aiS(' prr(a*|»tjon ef 
warmth and eoldiu^ss. Tim H(mKa.t)onH of at\ individttal are Uir Ion o latire 
and (a*udc to serve as a working basis for t (anj)(*ramrc* niea ;m fnanfa', and a 
physical means hav(^ beem d(*v(dop(Ml for tfa*. (>urpos«n \vhi«-ti am indrpt ndn.f 
of the thermal p(u-<ie|)tions of thi^ obs<a-v(‘r, dliraa ar*‘ baaed ic.ii ilb, ufu.n 
the rceognitiou by llu^ ol)serv<a’ of elnang<‘S iii sona* propei t\ m a ■ tiji a na 
known tis the thertnotn(d<ri<^ stdistanet*, whieh is placed ni tli«’ a{>:n r nt e. ha h 
the temperature is d(\sinal to lx* known ir.fj,, fix* ('vpan tnn ul Ixpnd , rfr. 
which give a. purely (uupirical scale*). 

The utility of tlx^ teunpeu’al-ure* c<>nc<*i)t in phvaii’a i:; Uounid. In th** terU 
|)lace, the a,HHignm(*nt of numlH*rs n*pn*s(*n{ iug tlx* t emperaf ?io‘f> of a act of 
bodies makcis it possible* to d(*t(‘rnum*i!i what dirc(*t am heat udi lltni. bctitictai 
the l)odi(^H if any of th(*m an* plac<*d ite tlx*rmnl ceuilact. Utiw oac c4 
otnhodkid in th(i stateamnit. that he‘a,t flows fnun hodicH ut higher to l«xbc.a of 
lower temperature. Ohyiously, howe*v«*r, for this pnrpcao* anv sesde of 
temperature sufllceH so long as largea* numbers arc id wavs assigned n* 
warmer bodies. T\m otheu* funedlons of iho iompovninro vunuvpi arc 
developed in the sttidy of tlnumiodyuamicH a.nd are ceHuxaiUHl with the ib|c 
played Jyy temperature*, in e*onditioning the* effi(n<*m*y of all pnxawwn wlix h, 
arc designed to transform heart into meaduuutad wen*k. 

It is this second property of tcunpcTalaua* whie*h H(n*%*cM to define fla« 
absolute temperatures seaden Rigorously, the* a.b.Htilufc f e*mpcraf on* xraJr 
to be regarded as derived from the H(a*oml law of thenaufxlynamicM. ’ *Phc 
justification for the a,pproach to the* suhjeaT givem in f he pivre^duig pnuiKmph 
hes m Its historieail <x>rr(^etne*HH, and, furthc*i% in Ihv. fact f hnf. the perfVef k:c4 
thermometer is the actual experimental mode*, of eHt-nbllHhitig fix* abMiiofc 
temperature se^alen 

t Force times distanea^ may also represent a torepn*, but iih i|ii« dtiic^ not 
enter into considerations such as these it n<a*d not lx* diHenisscd here. 
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phenomenon lies in finding a mechanism by which both the 
pres.snre of the gas and its internal energy are simultaneously 
increased in proportion. 

This was solved by Joule by the assumption that a gas was 
made up of molecules, or particles in constant motion. Such 
particles striking a solid wall and rebounding from it elastically 
will transfer momentum to it. The rate of momentum transfer 
to the wall gives the force exerted by the particles on the wall and 
represents tlie pressure. If the pressure be calculated, as will 
be done in Bee. 5, it will be seen that it depends in a simple way 
on the kinetic energy of the gas molecules. Thus the energy 
represented by the quantity RT is related to the kinetic energy of 
motion of the molecules, while the pressure is also a consequence 
of this. J'his picture requires, however, that a simple relation 
<^xists l)etwe(vn lieat and mechanical energy or work. The idea 
underlying this concept is that, in a gas, heat is nothing else 
tlnui the kiiuduc or mechanical energy of motion of the gas 
mohicules, so that, in expanding, a gas does work at the expense 
of the kinetic energy of its molecules, which represent its heat 

<m(U’gy- 

The assumptions made by Joule, of the molecular natures of 
th(5 gas, and wliich form one phase of this picture, were not as 
novel at the time as might be gathered from this discussion, for 
as will be scion in Bee. 8, the molecular nature of a gas had Ixien 
pi'ctty well foreshadowed by Avogadro in attempting to account 
for the laws of chemical combination of gases. Thus, the 
(iontril)ution of Joule lay in associating the heat taken up by the 
ga.s with thc^ increase in kinetic energy of its molecules, and 
showing tliat this also gave the required pressure change. With 
siK-.h an introduction it is possible to proceed to set forth a group 
of assumptions al)oiit the molecules and their motions which will 
<jna-bl<^ further analysis to be carried on. AvS will be seen, tlicse 
a.ssumptions a.|)ply to an ideal gas. They do not conform to 
nxility. They, howc^vcvr, Bufriciently simplify the problem to 
make it possible to procHHul with an elementary analysis. As the 
xinderstaiuUng of tlie processes advances, it will become possibhi 
to alter the sirtipk^ a,ssnmptionB to conform to the real gases. 

2* The Numerical Value of RT.—lt is worth while before 
proceeding furtlier to obtain a numerical value for R, the univer- 
sal gas constant. This may bo calculated as follows: A gram- 
molecule of gas at and TOO mm of Ilg (1 atmosphere of 



14 


I'/fE KINETK^ TIlEOin' <>!' (riSFS 


pressure) occupies ix volunu^ oT 22,110 cm ^ ® I’lic valut* of J, 
evaluated witli rc^sptud. to is given by exp(‘riiuent as 0JHKU»r)a 

Since by thc^ ahovc^ R is given as 
lx j 

then Ji = 1 X 22,4 K) X ().()()Ih>()r> cm" atmnsphej'cs pi‘r degree 
= 82.07 cm,'^ a.tm<)spher(\s ptu* degrets 

The cxn*‘ a/tmosplnu-e is a- ra-Maa’ awkward unit nf euta’gy. 
More common oru'S aia^ tin'- absolute' ( unit, the erg. er the 

chissicai hea4» unit, th<^ calorie. Making tisi* of I lie deie-it y of 
mercury a, nd the vaJmm)!* gra-vit.y tJie r<‘lat ion ft»lhru? .* 

1 atnios|)h(‘r(^ ^ > 1,005, 800 dynes per s<p cm. 

(dioosing as th(^ d<4init.ion of th<‘ (xaloih' the amoniil <*f heaf> 
re(piired to r;iis(^ 1 gra.rn of wa.(.(a’ from la to Itb, t!ie value of flu* 
mechanical ecpiivatcmt of Inait is 

1 CU.I. - 4. 182 X HO (u*gs. 

In view of tlu^se rc^sults tlu^. vaJiu^ of R <*an be given in mechanieal 
or in beat imits as follows: 

R = 82,07 X 1.0183 X H)^* cau'^-dynes per end* per di*gree 
= 8.810 X 10^ cu'gs p(U' (I<‘gre(‘ 

== 1.988 cal. p<a’ <l<’!gr<a‘. 

3* The Model of a Perfect Ga.s. In onier to earr> on tin* 
analysis, the following simplifi<*.d pictau‘<^ of a fuis mu' f fa* made, 
The gas is to Ix^ <x)nsid<‘r<‘d as a.n assemblage of particles called 
molecules whi(4i mov(^ fr<x4y in tJie space tM'cupied by tlie gas, 
colliding with, (gich otlua* a-nd with l!a^ walls of the \e:j>ieb 
The assiUii])tions uf)on whicdi t.lie nH‘ehani<aii picture of a gas is 
founded, and whi(4i an^ introdmanl in this (diapferand elabor’afeil 
and modified in thc^ following (diapHu’s may In^ enuiuerafed as 
follows : 

1. A gas consists of parti<‘les <adhxl nmhamles whiidi iit a stable 
state and in a given type*, of gas lua^ ail alikin The* nuiss of fJie 
niolccuh^s will (hmot^cul by ///, 

2. The molecuh^s are in xnotion, ami as they are material b<i.dii*M 
Nowton^s laws of motioxi may pn^sumably be applimh 

3. The mohuadexs behay<^ as <4astic splieres of iiinimder 
In pcuiect gasew tla.^ number of niohumles in the Mpa,ee coti.^idered 
is small enough so tha4i the mean distan<*e Ixetw^am tJie iiioteeuIeH 

The. eeuditioriH (haiotctl here <4 0’‘( k ami TtKI mm <»r Hg will Im 
latod at N.TJk nu^atiiag Nununi Tria|)cfuturc and PrcHaan*. 
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is la,rp;c compared to their diameter, and thus for these elemen- 
ta,ry <x)nsid(n-ations the space they occupy nia^^ be disregarded. 

4. In peurfeuh; gases no apprecial)le forces of att!‘a,ction or repul- 
sion a.re (exerted by the molecules on each other or on the substance 
of the containing vessel. 

(1) The reasons for the assumption of the molecular nature of 
the gas have betm introduced in Sec. 1. ddie assumptions of the 
stable state and similai*ity of the molecules are introduced to 
siinplify tlie initial calculations. 

(2) That th(^ mohunih^s are endowed with motions follows from 
the fact that tlu\y a.re assumed to have kinetic energies of agita- 
tion and arc refleetcul from the walls, producing })r(issure. ddiat 
they ob(^y Newton’s laws is a consequence of the assnniption 
that they ai*(’; ma;t<u-ial bodies in motion, and Newton’s laws are 
assunuMl a.])|)Iic-a,bl(^ to all material bodies. 

(;V) Idle a,ssumi)tion of perfect elasticity is necessary in order 
to a(a*.ount for th(^ r(W(u*sibility of the absorption and emission of 
h<‘a,t. 1 1 is jui <^ss(‘nthil assumption if the correct relation between 

hc;a,t and work is t.o be ma.inta.ilK'id for the ichud gas, for if it be 
a,ssum(ul tladi tlu^y are not- (4a-si.i(*-, kiiu4.i(‘. (auu’gy gained on heat- 
..mg-v. ouhl go iid-o tlie dtl'ormation of the atoms when inelastic 
impa<ds took phuu^. Ihiless this energy could b(', given back on 
(‘.ooling, heat wo\d<l be lost on heating and (uioling, or if the kinetic 
encjrgy were (u>nv(ui-ed into work after heating, less work would 
b(^ ()l)tnhie<i than was put in and the relation between hcnit and 
work would tiot lie fuUilkMl. Actually, in some gas<\s that are 
(tlunnically rc'sactive, like Cl^ and Hro, this <dasticity does not hold 
and mangy goes t-o at<)mi<5 deformation, which may be radiated 
away as elec-tromagncstic ra-diation, a.s is shown in (diap. IX. 
In g<mera.l, the assumption of elastic^, impacts is, howewer, justi- 
hcd. The assunqition of point mohnniles is a sinqdifying assump- 
tion whi<4i corresponds to reality only a.s a rotigli approximation. 
The consequence of the finite size of tlic molecules is seen in 
(,Jhap. in. 

(4) Gravit-al-ionaJ for(*.<‘s do undouhic'dly acl., betwcMm the 
molecuh'S. Th<‘s<^ forca^s a,r<‘ (*x<5(Halingly minubu The force of 
gravita-tioii bcitwecm two bodies of equal mass m is given by 

f wh<vr<^ r is the distance between tlunn and O is the con- 

Hi, ant of gravitation. ^PhiH force / is ().6r)8 X 10-« mr/r^ dynes, if 
VI 1)0 in grams and r in cm. Since m is of the order of grams 
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for the H 2 molecules and r is of tlu^ or<l(‘r of lU <‘!n win n fln^ 
molecules arc in contact, the for<H‘ is ininutt^ indoinl. A 
idea can be gained of the influeiu^e of Mu^se forces if liic luiiclic 
energy of the molecules at is (^ompsrtMi, u hich l)\' S<*i\ 1 I i;? 
about 5 X 10"”^^ ergs, with the gravitat-icmal pchcntinl at (‘(cilacf. 

between molecules, whi<‘.h is of th(M>rd(a‘ of G >: lU • 10 '* Hi * 

or ergs for two II 2 iuoIe<ail(‘S. The i/itrrnnilr(\ulaj' fnrn i*/ 

attraction a>TQj however, nuicli gn^atxa* aiai I heir pufcnlird citcrejt* * 
at molecular contact bcconu^ <a)nipara,bl<‘ llic kinofic etnaioc 
of agitation near the (a)n(hmsation tcauperat nrtr . f ur aical nr 
perfect gases they iruiy for simpli<*ity In* ncgksani. rijcu’ 
influence, howev(a*, is nK^asunal for r(\al gas(‘s b\‘ I lie tmiii o r ui 
the Van dor Wa.als’ eciuafa’on studi(‘d in Chap. \\ 

4. Molecular Motions.” Prt^)a.raf.ory to tfieir use in lat< r 
developments a, statemcmt of Nhnvtoifs laws of mol ion will Iieie 
be given, dliese anj fiuulam<mial to classi<\nl me<*!iariies on 
wh-ci. thVikiiaa.i. ^ oory is bas(ul; 

A bodyjcMitinues in its state of r<'st, or of sfraiglrl uniform 
motion, ;exeeft in so far as it is compi^Ihai ah'er I hat sfaft* lay 

2. rihriige of inaiioii i.s proporf.itHKil to 1 ho impro>v4iHt n. <• 
foi'oo. ntid tokcM place in tin; <lire(;tion in which (h;i( tofco i.s 
injproi.iSed. 

Eoacicion iw jiJvcjiys <Hiual !ui<l oj>pe,sitt‘ fn ncfioii, (hut is, ihc 
miiiunl action.s of two Ixjdics nn> jihvnys opunl .'inti pt;icc m 

opposite dir(i(!tions. 

The statonxint of thc^ laws is inchah'd here ntaiuly f<ir rofcrcuco 
purposes. MatlximaticiuIIy, tlx* position of u pnrticlc is didcr 
mined relative to a ( ^arEisian coordinate system hy its courdi- 
nates x, y, z, which p;ive its position at tlx* time /. 'I’he vehicify 
components are then dx/dt, dy'dt, atxl dz 'dt aixi ttie iixunentuitt 
is dcfiixMl as having tlx^ (iompftnents mtlx/tft. tndy dt, tnd; ,{(, 
As the (iomponents of the force are Fs, /'V, F^, the .secorxl Ittw 
yields tlu; equations 



•i he icinotic (tx^ory has fre<iuently to deal witii asHumed {«*i - 
leetly eiastic collisions between individual mohxnjles and between 
a, rnoiecide and a wall, ddx! stinly of elaHti(? (•olUsicuiH as govertx*d 
by Newton’s laws of motion is greatly facilitate<l by the use of 
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priiicipli's, \vhi(!h {irc inathcinaticjil (^oiisequoncos of Newton's 
laws, l.hf' eons(‘rvation of kin(^tic (aun-gy and of momentum in the 
collision. In an (da.stic collision: 

1. 'I'he sum of th<v kinetic energies of tlu' colliding bodies 
Ix'fon^ impa(d; is ccpial to the sum after impmd. 

2. 'rhe sum of th(5 monumta of the two Imtlies befon^ impact is 
<Hlun.l to the sum Jiflicr impact. 

A simi)le applical/ion of l.lieso principle.s, the result of whicdi will 
b(s ne<;<l<5d later, is to tlu; case of the elastic impact of a spherical 
ball striking a wall at. normal incidence. Ijct m, Vi, v-j be the mass 
ami initial and final velocities of the ball, :«id M, Vi, h'a these 
sanui (piantities for the wa,ll. Hicn 

iind + MV} = 

so iUiii, viiiu/' -- - lf(PV - 

dividing by, — lu) — M(V»^ Fj), 

/to 4 '/’i 5 vi I V 

ir ilu* wnJl b(^ iinrnova-blo, i.lK’ni Vm r Vi — 0, so that * 

ij\, the f>a.n r(dH>un(ls with ilu'i vsana* velocity m that with whieii it 
Htnu^k waJL The total change of rnoiMoriinOi n\' the ball is 
2fni% wlua*o v is now the common velocity before aiui e.ff.ei' isei'Mi.f'L 
'riiis is filso the impulse communicatcil to the wall. 

6. The Kinetic Interpretation of Gas Pressure. — In this 
stsdioe will be given an extremely simple mechanical deduction 



of the iHpiation of stal^^, substantially as it wits first given by 
in 1851. 

TIh^ u mohsnih^s of ih<^ gas are contairuMl in a rectangular box 
<Hlg<^,s Aj By and (1 (I'ig. 1). Xt is Bupposed that there is no 
a<‘taial stnutming, or body motion, of the gas, the motions of the 
moUauilc^H being perf<w4Xy chaotic. Ijct u bo the inean speed of 
ilu^ moli^<ni!<iH, itiid for simplicity's sake let it be supposed that they 
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all move at the same speed. Owia^*; 1<» iho random naf un* of flio 
motions it may be suppos(5<l tha.t t-h<* m<d iorts ara rquiv almd fn n 
situation in which one-thinl of tla^ rnolarulos iwr aHA ioi?; parallel 
to the length, ono-third paj*aJ]('l to the l)roadtIu and tua^-fliird 
parallel to the depth of th(^ box.'*’ 

Every time a mokaadcj colliders with a. wall riirvrfaai of 
motion will bo reverscal (Stan -1), a.nd so ils <*liana:n of nanjnntma 
will be 2'm/?^.. In 1 se<u)nd a. moha-uh^ vvhl<*h is { raviltna: paraltl to 
an edge of length will trav(a’S('^ the hngt h ut tim : <d u i 
times, and so will c-ollide with <ai,<di of the and \^ail,i n ‘J't tina- 
per second. As one-third of tii<‘ rnohaadtss aro mov ina flu . Ha> , 
the numbcir of (collisions p(n' sta’oml ore an oral wall i m* bt \ 
where is tluc nunilxa* of inol(‘(ad(\s in AfU\ dliir- tfio iMtal 
change of niole(ni!a.r nH)rn<mtuni {an- siaamd by an ond wail of 
area AB is 


2//0/. X 


// r 
{>(! 


rffnr’ 

:u: ‘ 


Ihit by the second la,w of motion this ralt' of (diange ejf momen • 
turn of the moleccnhcs is (uiua.l to iUv total foreo rxerttni ninin 
them. By the thit'.I this is aJso tin* foi^^n wliirh th<‘V r\od 
on the wall. Iduc pr(cssur<^ on th<^ wall is ec|nal (rc thr- ha-r 
divided by the arcca, so that. 

1 rniu'' 


or 




1 

/O' 
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This equation ma.k<'s it (»vi(hnit that the value of /ir ia r^ttuplv 
two-thirds of the total kirndie (ni(‘rgy B of t he niohaados. t *fafi 
parison with the (H|uation of stab* shows tauv the Irtiipernfuie 
of the gas is simply proportional to tlu^ total kiiietit* energy r*!' fbe 
molc(?ul(cs of the gas. 

6. Work of Compressing a Gas.-^An insfrneiivi^ pieture of the 
way in wlxich nxcchanicca-I work domcon a gas is t‘riinsfc'iriiied ifitu 


This apj),*trcaxi.ly aaiura.l a.sHiimptien in oim* wbit'li lata ii v*n'y’ 
signifiesanre ui th<^ kiaeti<? th<‘<a’y, a..s will In* seen la Her. tU nf i diap, I X. If- 
assuines that if i\u\ niehn', tiles are gn‘at iu lanuher aati have rnaitna ia«ainti?‘i 
the V(^l()(‘iticH and }i(»ne<t kin<*ti<r are eqttahy ^liMfrilaneU aiianig the 

throe degrees of fnMHlom of motion along the three ('otn’dinat a.\f%Tt. It m, 
in fact, an applleadon of tluc th/^oreni of (Hpnpartllhin of energy to the 
degrees of freedom of motion in gnn, to dmeusned in Cim|n IX. ^ 
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ih<n*inaj <aua*fj:y of tJui inolotnilos is hy u simple extension 

of th<^ a.naJ3'siH of tlu^ pnanuling* se<^tion. 

l'h(* expcvrinumiaJ ra»<d. to Ix^ explaiiux! is tliat a ga,s is warmed 
whon it is (X)mpr<\ss<Hl a.diaJ>atieally (/.e., without loss of heat 
throuah (.he waJls of i.lue container) and, conversely, is cooled 
wlaas it expands a.dia,l)a,ti<adly. 

Hn|>fHKse (.h<‘ a'a^^ containcul in a cylinder which is equipped 
witJi a pislon whi<‘h nu>v<xs without friction in the cylinder. If A 
is (he area, of pisl.on, then pA. will be the force which the gas 
will ex(‘r(. (<ai(ling (,o driven tliie piston otitward. Hence pA is 
als(» (he force whi<‘h must b(^ exerted by some external agency 
to innintain (.he pisl.on in (apiilibrium. If a greater force 1)0 
<*\er(<‘ti by (Jiis (‘x(.(a*na.! agtau'iy, the piston will move inward, 
or if a l(*sser fortu^ \h^ <‘K<at.<ul, it, will move outward. 

It is. ini.('r(‘sl,ing to (U)nsid(a* tlu^ (tTeet on the molecular motions 
of jtendily pushing tia^ ]>iston in at a s])eed of a cm/soc. It 
wilt b<* supposed (hat this spiaal is small companal to the molec- 
tilar UHJlitnis, s<t that i\i> a.<t-ua,l st.naimiiig of the gas is set up* 
If r is the length of ih<^ (^ylimler tlu^ number of collisions per 
HCcomi <ui t.he mo\ung piston will l>e iip/i)(- as Ixvfore. But now 
t he mideraites tin* st riking a, moving wa,ll and the effect is different 
from that (»f tJu^ pnuxxling sca^tion on this account. 

'rhe simiilest way t.o s(x^ tfn^ elTcict of the })iston/s motion is the 
following: ( ’onsidm* how a collision of a molecule with the wall 
w<mld a,pp<mr to a pi^rson riding along with the piston. The 
uarhaade ap|)roa.<^tH\s him with a spcaal a + a and leaves him with 
thi^ same spisal aJ't.er th<^ {collision with the wall. But to leave* 
t he pist.un with a, spcMsl u -b « relative to it means to move rela- 
(ivrly t<r th<* (*vrmd(‘r with a. sp<xxl u, + 2a. 

'The <*!iauge in kin<di(^ en<a*gy at each collision is an increase of 
aiuount^, : 

mi a I 2e')'' mfi* - 2mua + 2ma^ — 2ama^l + 

Hinet^ hy hyp^rthesiH <t/it is small, it may bo neglected. Multiply- 
ing l^y* thc^ number of coJliHions per second, an expression is 
olriained for the a, mount of kinetic energy imparted to the 
mohaniles by the piston in a second: 
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In a small time dt piston will move a <listanc<‘ I'/ilt and t he volnna" 
of the gas will be changed by de -- A<<dt. In t ins t inn' t ht‘ energy 
imparted to the molecules will bcj 

■pAadt pill'. 

It is thus seen that when a gas is (loiupn'ssc'd adialmtienily liy 
a dowly mommj piston the work done go<*s into itn-reasing the 
energy of the mohicular motions, t.h<* a, mount, of work tims d<»ne 
being simply equal to the prodmd. <»f tin' [insssun* whieh the 
gas would exert on a stationary ])iston at. each sueeessive po.si 
tion by the cliange in volunan It. is c'vident. that all that has 
been said applies e<jually W(dl wIk'U the piston is mo\'<‘d sio\\i,\' 
outward- — in this eas(^ the niohaiuhss eonununieate enei-gy fit the 
wall at the same rate pdi>, and tin* gas is t hi'ceby I’ooled. 

7. Irreversible Compression,- Htu<ii>nts of thennodynnniies 

are already familiar with th<^ important distiin’inm in find 
subject between reversible and irrev<>rsible proeesses. Heversible 
processes, such as the nsversible compression or I'xpaimion of n 
gas, must bo carried out in such a way that th<‘ forces an* in 
equilibrium at all stages of tlui process and as a result all the 
motions occur with infinib^ slowm'ss. If the proia-sses he irre 
vorsible, it is shown in tlnn-moilynamies t.hat. there is always an 
attendant degradation of eiu'.rgy from f.he '* jierfei-f ly available" 
mechanical energy to ihi! f, henna! energy of “ limifed nvailabiUfy." 

The discussion of adiabatic compression of a gas, given in Se<'. d, 
admits of an illuminating extension to show Mu* meehanteul piid ure 
of the distinction hetwenm mvmrsible and irreversibh? {jroeesses. 
In considering the communication of emu’gy to the walls by the 
moleeuhis, it was supix/sed that a was ho Hmidl that e 'h was 
negligible. 'This is the case in the infmitidy slow reversdde 
processes. If a/u is not negligibhs, tlxm it is evid«mf. that the 
accurate expression for the eiuirgy exchangci Ix^twtam the piston 
and the molecules in time dt is 



If P is the pressure exerted by the gas agiiinst the mm’inp pistrm, 
then in time dt the force PA will have acted through the tlistuma' 
adt so the work done by the piston will bo 

PAadt = Pdv. 

Returning to the accurate expression for enc'rgy ex«dinng<'., this 
may be written as 
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as l,h<^ amount of energy cotninunieat(«l to the moleeules in the 
volurni^ eli:i,ng(> dv. Eciuating the two expressions in virtue of the 
law of <a)nservatioii of eiun-gy and dividing by dv: 



'This in(lic.at<w that the actual pressure P wMck a gas exerts 
icticn. it is being coni pressed is greater than the statical pressure p 
leliic/i it icnuld exert against a stationary iDall at the correspomling 
stages of the cainjyression. Similarly, during expansiori (a is 
negatire} the aetnal pressure P is less than the statical pressure p. 

'Hm' ul>vious result of theses conclusions is that if a gas be com- 
pressed a.t a, fini(,(( vc'locity and then expanded to its oi’iginal 
volume, all of i,lu^ work of e.ompression will not be regained on 
expansion and so the ga.s will left wanner than it originally 
wji.s. 'I'huM the: simph^ kin(di<^ picture clearly portrays a con- 
chlHion guin(*d in th('rmodyimmi<;s by rather abstruse reasoning. 

8. Avogadro’s Rule. -In Hc'cs. I and 2 tlu; <ixperimcntal fact 
that li has t.he sauu^ nuimsrical value for all gases when a mol (i.e., 
a gram mohaiulc) of the gas is considered has already been inc- 
Hcnbxl. 'fluH important result calls for more extended discussion. 

'rhe conccf jt of inoh'cular weight as used thus far is a eonclusion 
derivcxl originally from the (juantitativc experimental laws of 
chemical eo.mhiiiation. After Lavoisier, in 1774, had enunciated 
t he law f)f conservation of mass in chemical reactions the next 
great Ht(*p Wiis the formulation by Jlichtcr and Proust of the law of 
(kifinite proportions: A definite chemical compound always contains 
the same elements united in the same proportion by weight. 

It was then possihle to ascertain the relative combining weights 
of the various chiunieal elements. Thus if the combining weight 
of hydrogen wore taken ius unity, experiment showed that the 
combining weights of chlorine, oxygon, and sulphur were 35.5, 
8, and 16 respectively. On the basis of the atomic theory these 
numbere moan, respectively, the weights of the atoms of chlorine, 
oxygen, and sulphur .which combine with one atom of hydrogen 
when the weight of the hydrogen atom is taken as the unit. But 
it is important to notice that wc are not entitled to conclude from 
tliese data alon<i that thes<i numbers represent the relative weights 
rcspcetivtsly, of single atoms of chlorine, oxygen, or sulphur. 
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This will be true only in Ciuse n alom of ^‘hnuonfs 

enters into coinl)inatiou with hy<lrof;’(‘ii in the euiniHnunl tntiu 
which the conibining W(njL>^!its w(‘r(^ (l(»t,(aanirHHi* 

This work was 1‘o11ow<mI by tlu^ pnt>licatit>n in ISPS by 
Dalton of the law of niaUipla proporiiouK, wlu’cli says tfiat : If /i# 
two elcnuynts ‘aiiite in- vioi’c than otu' praport aou , J(0' a oJ 

one element the of Ute other eleau fit hear ta t ae!i atfa e ?/ eau pie 

ratio. Dalton further gavti a. brilliant^ <'\p!anat i<ni <»r tlw law^. 
on the basis of Iiis at-oniic theory as pn‘s<‘ut<‘b in hi>« xmoF, *“ \ 
New System of ('luunicail khil<»sophy/' In Urn same sear i ln\ 
lAissac gen<yrali 7 AMl tlu^ ri's\ih-s of his experinuaibi into flie : tali* 
ment of another iniport.ant L*iw: ll’ht n tjart\K etootieoe' //e y «/«» . a io 
mnplo raf»ms bp volume^ aud U\e rolanu' of the yu a roo' pi'feiaet 
a simple ratio to the rolaoies of the rnteliNtf fpires whea won.' am/ 
tmder lih^ e<ni(litions of tv ni peratiuw nml press are, 

Dalton did not undersia.nd t-lu’; appHenl>ili!y of nay-Lu-HSHe’s 
discovcri(^s to his atomic th(M)ry mnl so c|uestioned their etirreeD 
ncsB. Tlie Swedish <^.h(atnHt Ihu’/^eHus was the lirsi to Hoe the 
importance of the volume law, and by making the hypothesis 
that equal volutm^s of gases tnHl(u* likt^ eondif ions of teiMperaluro 
and pressure (contain (spia-I numhers of ahaas he made r*ui 
siderable progress in syst.(nnati/iiug t he <»hemii%'d tint a, 

lixxt there was one grcait stauubiing hlcH*k which ller/jdiuH emihi 
not pass. Mxp(aam(mt showesi t.hat Pro volumes of hvf Iroehlorm 
acid werci fomual from tlu^ combinat ion of oae volume of hydrogen 
and one volume of chlorines On Ber/adius’ viiwv fliis ivoidd fiienn 
that two of hydrochloric? twU\ rt‘Hu!i from the eoinbiini- 

tion of one atom of hydrog(?n with one of eddorine. In other wordw, 
the indivisible atoms irmst have? Ihhui dtviiled by thf^ reartioio 
Althotigh his views were ncd. widely known or iieeeptetl unlit 
many years later, the way otii of thin diflieuliy was iiiinle plain 
by the Italian physicist Avogadro, in IHIL He iielrieved this 
simply by introducing the, distinction Ijetwcaui ttie ahnas mul the 
molecules of a stibstamnn The moh?culn of a eoiiipotiml like 
hydrochloric acid was regardcnl from iho first as being iiia.de up of 
the atoms of the clementH of the substaiutc's from wdiirli it wun 
formed. It was then a natural stcqi to suppose fhni fhe units of 
structure in an elementary (be,, one wdiieti is not a roinpoiiiicii 
gas were also molecules containing two or more iitoiiiH of the 
elements. This view, due to Avogadro, exphtins at once BefV4dti.iH* 
difficulty. Thus, if it is supposed that thn tmhmlm ol hydrogen 
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and chlorine each contain two atoms, the volume relations come 
out just right. 

The hypothesis of Avogadro may, then, be stated as follows: 
Under the satne conditions of temperature and pressure, equal 
volumes of different gases contain the same number of molecules. 

From the experimental point of view the hypothesis is now an 
established fact. The experimental results in support of it may 
be briefly enumerated as follows: 

1. The complete coordination of the structural formulae of 
thousands of chemical compounds. 

2. Correspondence between positive-ray and mass-spectrograph 
measurements of atomic weights with those obtained from vapor- 
density measurements. ’• 

3. Results as to the masses of hydrogen and oxygen atoms 
obtained by Blackett at Cambridge from the study of forked 
cc-particle trails." 

4. Concordant values obtained for the number of molecules in 
a gram-molecule from widely different experimental methods, 
such as those of Brownian movements and measurement of the 
charge on an electron.-'' 

9. Equipartition of Energy. — The experimental verification of 
Avogadro’s hypothesis, together with the simple kinetic picture 
presented in the foregoing, now point to an extremely interesting 
coruilusion. This is that the mean kinetic energy of the molecules 
of all gases is th(i same at equal temperatures. 

Consider a mol of ga,s A and a mol of gas B in separate con- 
tainers at the same temperature. Then since the value of R is 
the same for all gases, 

liT = 1\V^ = 

By Sec. T) this leads to 

Since by Avogailro’s rule = Nj, it follows that 

Had the gases been ideal and were they in the same volume 
at the same time, the conditions would have been unaltered and 
the equations deduced above would be applicable. Hence the 
conclusion that the mean kinetic energy of the molecules in the two 
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gaaei^ is the same. This coiuilusion Is a. sf.al (‘aicni , in a litiiitiH! 
form, of the principle of oquiparf.ifion of <‘n<'rKy one of the mo * 
important principles of tin; kinetic theory of ^ns(‘s, eoneernini-'. 
which more will bo said later. 

It is to be noticed that in arriving at t,h<' e(iuipaii it ion of energy 
nsc was made of the experimental fact of Avogadro’s latle and tie* 
theoretical equation relating th<^ product pr to the ineati kinetic 
energy of the molecules. If the kiiu'tic tlieory is to be fully 
developed as a set of logica.1 de<iuctions from t he as anniit iotei 
given in Sec. 3 it is evidently m'cessary that all conelu.- ions l>e 
obtained on an entirely theoreticai basis, hroin the iii .ru ion 
just given it is stien that; if Avogadro’s rule were ilerivrd Iheorrt 
ically, assuming equipartil.ion, tlum the theory would br m 
perfect and indep<*.ndent accord with ('xperimeut. d'hr tlteoief 
ical deduction of tlie nde is one of the important mathematical 
triumiihs of the kinetic tlu'ory which will b(> discussml in si«*tai! 
later. The theory as usually iJresent.iul protu'eds, it will Is* 
interesting to observe, in the opposib^ order from that poinf<nl 
out by <ixperimental developments, in that, the equipnrtiiion of 
energy is given theoretical discussion, and from this .Vvogudro's 
rule is derived instead of ccmveiwdy. 

10. The Lawr of Partial Pressures.— .lohn Dulfon, pioneer 
student of atomic theory, discoveri'd the experimental law 
governing the pressunj exertisl by a mixture of several ga.Mes 
which do not react ch<‘ird<ially. 'rh<* results of his investigations 
in this field may be stahul as follows: The total presiatre rjrrrinl 
by the mixture is equal to the stun of the preHsures whivh ttie Htm ritl 
gases would separately exert if each wen: to occupy tftc ressri uUmc. 

In developing the kinetic-theory view of thin law it in to las 
supposed that the molecules of different kinds exert no forces on 
each other, other than the elastic forces inirraluced by collisions, 
Then on making a mixture of gases no kinetic energy will Iw* 
gained or lost provided the impacts are pt^fectly elastic us 
previously assumed, so that the total kinetic energy will Im' equal 
to the sum of the kinetic energies of the gases put into the mi xt tire. 

In accordance with the simple theory given, the tola! pressure 
exerted by the mixture P will Ixj related to the tottil kinetici 
energy jS? by the equation 
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where v is the volume. On the other hand, the partial pressures 
or pressures which each gas would exert if it alone filled the space 
are given by equations of the same form 


Vi 


2^ 

3 




2 JE/2 
sT’ 


Vz 


2^3 

3 a; 


; etc., 


so that, since 


it follows that 


P = Pi + P2 +■ Ps + . 


which is nothing other than Dalton’s law of partial pressures. 

11. Molecular Speeds. — The results which have been obtained 
already allow the calculation of the mean speed of the molecules. 
From Sec. 6 

1 2 

pv = 

o 


Now is the total mass of the gas, so on dividing by v and 
writing p for th<i density of the gas the result is: 


p = ..pu- 


u 


^ 1 - 


The density and the pressure of a' gas are quantities which are 
known experimentally and so u may be computed. Thxis at 1 
atmosphere pressure and at 0°G. the density of nitrogen is 
().()()I25 gram per cc. Atmospheric pressure is 760 X 13.6 X 980 
dynes per sq. cm, so substitution in the formula yields 
u = 4.93 X 10^ cm per sec. 

Another way of arriving at this result shows the relation between 
the molcKHilar si)eod, the molecular weight, and the temperature, 
(Combining the empirical equation of state with the theoretical 
equation, 

/^ 7 ’ = lNA.mu^ 


„ HET ZRT 

u _ 

where M is the molecular weight of the gas in grams, R applies 
to a mol, and Na is the number of molecules in a mol. 

In the deductions of this chapter, it may again be emphasissed 
that all of the molecules were regarded as having the same 
speed. It will be seen later (Sec. 27) that this is not actually the 
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case, and that when a f!;a.s is h(dd at (^onslstit. tcinpcrat arc and 
pressure the molecular speeds are dis1.ri!>u<,ed about (hoir moan 
value in such a way that most of th(‘in ari* v<‘ry close tot h<* niean, 
but a few are very small a.nd a |■(>w an* v(‘ry f.-;reat. The speed 
which has just been ealeulat<si for tlu' niol(‘cid<'s is the f-peed 
which each of tin? molcKailes must lia.v<‘ in order that the tnt.-d 
kinetic energy he the sam<^ as that actiially possiv sed by the ts'o:. 

Such a speed is a, kind of m('a.ti sp(><“(l whi<-h is diflereiit from 
the oi’dinary arithmtdic nHta.n of the act ual speeds of I he jmln id 
iial molecukw. bet. v\, v-i, t'n, . . . i\. 1m' the a<-tual speed- uf 

each mokicule at any inst.a.nt,, then the arithmetic mean of the 
speeds would be. simply 

V *b’i r« I r;i I ... 1 i\ >. 

On the other liand, if u is the single sp(*('il which makes the fetal 
kinetic energy tlm sann^ a,s th(‘ actuaJ kinetic energy. 

(oi''' )•- f'-r b Vic 1 , . . f 

or 

(/'I” I | - r.i" 1 ... I 

From this it is evidtmt that u is the .square roof of the arithmetic 
mean of the s((U!U-(vs of tla^ vekxaties. It will here.afler be refcricil 
to simply iis tli(^ roo<.-m(‘j».n-.s(piar<‘ speed. .Ntunericiilfy , it is 
very nearly the same as t.lm !iv<‘nig(‘ .sjieed fy ji-s will be showii 
after the distribution of moh'culjir spi'ed.s has been .studied. 

The molecular velocitaes tirti thus seen to b«i c^ttrmnely grejit 
dCtoparod with the velocitit^s of ordinary every day es|M*rkmre, 
The velocity of the projectile finul by thti Tri-mUe range euit’ 
non used against Paris in th(s World Wiir wjis 1.7 X lO* cm see. 
The speed at which a projectiks would Imvtt to be hre<l vi>rtt- 
cally upward in order to be able to fre «5 its<>lf from the earth’.s 
attraction (the so-cjdled “velocity of CHcape”) is l.l x Id* 
cm/soc. The velocity of (jscaptj from the nio<m is 'i. f X 

ctn/scc. Sitico It T — pv ^ • ffitn* ;V,| i» 

the number of molecules in a gram-mok!. IIcikk! } 2 /«» ' * ' •'■*.<12 y, 
10-1^ ergs at 273° aba. (()°(.!.) if 6.()t» X Id the aerr'pf etl 

value. This is the molecular kiiujtic emn-gy at lf('. Another 
speed with which the molecular speeds may be comptired is that of 
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the velocii.y of }?^ound waves in the same gas. In elementary 
treatises on sound waves it is shown that thiKS velocity v depends 
on the |)ressurc and density in the following way: 



ill wlu(‘-h y is th(i ratio of the specific heat at constant pressure to 
spiMiific lieat at constant volume. For perfect monatomic 
ga,s(^s it will be seen later that it is a consequence of the kinetic 
t.}uH)ry^ also borne out by experience, that y — so that 


V 

11 



1 

3 


Vr) = 0.7452, 


whi(‘.h leads to the interesting conclusion that the velocity of 
sound in a p(n’fe(4; monatomici gas is approximately thi'ee-fourths 
of th(^ m(^a,n specid of the molecules in that gas. 

SiiHH'i tli(^ theory rcupiircis such enormous speeds for the mole- 
(uil(‘s, t.lie; natural iiujuiry is, why it is that the molecules are not 
obs<‘rvc‘<l (by tlutu- dircad, idhud.s) to travel so rapidly? Thus, at 
first* sight., it. might s(uan that a littk*. hydrogen released in one 
corruu* of a large room should b<^ observed in other parts of the 
room a frac^tion of a scicond lat<u*.'^ This seeming contradiction 
was liaised against t.ho kinestic theory in its earliest days as a 
H<ua(>us diflknilty. TIic answer lies in the evaluation of the 
enormous numlxu* of the molecules in a ctibic centimeter. It is 
ituis obvious t.hat tins number of collisions experienced by a 
moI(Mud(j ill a. short time will be enormous. Kach collision 
<l<dl<H*l,s t.lu^ mokKUile from its straightfmward course; in fact, it 
may r<^v<u*s<^ th<^ dir(H4ion of its motion; so it is easy to see the 
answ<u’ f.o f.h(^ seinning contrailiction of theory and exi)eidence. 

Tlui propiu' d<n'elopm<uit of an exj)lanation for the slowness of 
diffusion of gasi^s and otlun* ridated matters opens up a whole 
division of kirudui*. theory that wliicli deals with the concept 
of the m<am freo path of the mokuniles. Discussion of this will 
b(i rmervod for tlu', next <ihapt(n*. Now, however, the results of 
tlu^ further diwedopments may be anticipated by the statement 
that the average distatico t)etween molecular collisions will be 
found to be about 10™^ cm untler usual gas pressures. 


12^ Bxercises.“l. Oomputc the root-mcan-square speed of the mole- 
euk^H at 2f)8"K, of IIa> Jfhk Ns, l lg vapor, and of a gas made up wholly of 
<^kHjtrons, taking the mass of the eleetron as >f 84 o times that of the II atom. 

2. Hhow, from the theory of this chapter, that the Avogadro number 
(f.c., niunber of moleeuloB in a mol of Bubstance) and the mass of the individ- 
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ual molecules arc related to known <l;d-a in such n ih.il ii uf 

them were detcriniued experinH^nt.ally th<‘ o(li(*r wtndd In* kuKwrt, 

3. Assuming*; the Avog'.'idro nunih(n- to }m‘ d.OS 10 ', rttiiiouir fho inas;* 
in grjims of a hydrogem mokHade. 

4. The velocity of (NS<^M.pi^ from a. s[>herical IkmIn <0 nri ':s M and ivuliiia r 

(using tlic earth’s nuiss jind radius as uni(s) mav {««• uorkod ouf siiupi\ ftoio 
the principle t,ha,t tlie <\S(‘a,ping pa.rfi<‘I(‘ must poi an anitmnf of 

kinetic energy whi<di is (ajual i,o t.Iu^ differtuua* hefuaaui f li»‘ iHOonfial enorgv 
of the parti(;]e at infinit.y and at I. la' surface ot the IhmIv, 1 k iAa’ the rela- 
tion and: 

(z. Compute tli(5 t<unp<‘ratun‘ at. which the root -mean <>a|oa r«- pern! u( 
hydrogen mohaaih^s is jusl. eipial to th<' \’ehH*ily of eseapi* from the c.ofh. 

6. Compare tht^ nuain sp<mm 1 of nier<*ury vapor niolecnh*** at diHHI K. e h 
the vehxiity of (‘S<‘jip(^ from Mu' sun. 

f). When a. gjik^ of (>0 miles an hour is hlowiiig, are all of f air mt»let ol« « 
moving* with t.Im wind at. a, givam instant? If not, uhat la fin* a\erage 
l)ackwa.rd spcHal in inih'S p<u' hour of moleeules vvhirh aia* nuning m a 
direction opposite to tliat of th.e wind? Ansume 7^ UUH K« 

References 

1. TxroMBON, J. J. : '^llaya of Positive KIe<»trieity/* l^wgimuin, Clrecti 

<fe Go., Xx)ndon, 1921. Aston, 1A \V,: ** Isotop'es/^ bi eit: hd'natd 
• Arnold 4 Co,, London, 1922 ; 2d ed., I92h 

2. Blaokmtt: Proc, Roy. Sor.,, A103, 720, 1923. 

3. M 11 ..LIKAN, 11. A.: *‘*Th(^ IChad.ron/’ pp. Ml, 23H, I 'ni veeiif ^ « 'locago 

PrcBH, Chicago, 1917. 

4. CLiOMiONH-HoirAKKNu: ‘VMinftihrung in die Themei i iehe Ph>a*ik/’ viil 2* 

part I, Sec. 85, j). 3ti3, Vt'rMnigung Wisaenaehafii hchrii llri - 

Jin, 1921. 

Books Recommended 

a. Mkyioh, O. JtJ.: ‘tKiiulle ''Pht^ory of Ci'nipNy L brngncife;. 

Green & Co,, lAxmlon, 1899. 

b. pBimTON: “Theory of Ih^at," Chap. I, Hecs. d, 7, iilwi Chain l\, The 

Macmillan (Company, JA>ndon, 1919. 

c. Ensrui^ PI: for Advaiunni Htude-rits,*’ llxe Miirtnllliin C '‘ofiipftm’ , 

London, 1910. 

(I Smith, Ahkxandkh: “Avogadm^s IlyimthesiH and the 

in “General Inorganic Clmmistry/^ Chaps. IX, KIL 71ie C'eiiiiirv Cu , 
Now York, 1907. 

e. Ci.AtTSius, R.: “Die Kinetische TluHHb der Cas«h“ <dui|>. L lA Vieweg 
und Sohn^ Braunschweig, 1889. 



(inAPTI^]H. Ill 


THE MEAN FREE PATH— CLAUSIUS^ DEDUCTIONS 

13. Concept of Free Path.— Continuing the development of 
tiu) nuHduuuoa.l model of a gan, l>cgun in the last chaj^ter, it is now 
of importaiuu^ to <;<)nHidcr the question, How fai' do the molecules 
trav(*l, on the a.voragc':, Ix^tween their successive collisions with 
<au^h other an<l with the wall? At the end of Chap, II it was 
fore^sha,<low<Ml that, the a.nsw(a* to this question would make clear 
tJH‘ slowiM^ss of gas<‘o\is diffusion in the face of the great molecular 
.sp<MMls.“' U. will also scam that tlie heat conductivity and the 
vis<*osil,y of gas(‘s a,n^ int.inuitit.y tiiud up with the question of the 
iixNan fr(a^ patlu 

In Ui<* pnHMaliug d<watopments, the molecules of a gas have 
IxHm rc»!gard(xl as pcu’hxt.Iy ctastic; Hi)hore8 whose diameters were 
vanishingly small companMl to the mean distaixcc apai't of the 
mohunik^H. The gas moloctdes were thought of as moving with a 
vcdcHvity u siudi that the total kinetic energy of the translatory 
motion was tlie sa-me as the total kinetic energy of the actual 
translat^ory rxiOtions (Sec. 11). As the molecules exert no 
f<a*(*«\s on <‘ach otluT c‘xeept during collision, their paths between 
<*oIlisionH will Ik^ nx^tilim^ar and doseribed at constant speed. 
At, i’ortain times in the life history of a molecule it may happen 
t hat th(‘ nudoiaile will go a cottiparatively great distance between 
HUce<%SHive <a^lhHi<ms, at otlxu’s two successive collisions will 
cottm veuy close t.og(dher. In otiua* words, th(^ distances traveled 
between smaa^Hsivi^ <a)lhHi<ms, /.c., iixe free paths, will be widely 
difTiuamt, Init will b<^ distribulxai around a certain mca"n value. 
Hub mean diHtaiKte travehal by a molecule between successive 
<*oIlisi<inH is dc3fined as the mean free path. 

Kinetic theory owes this very fruitful concept to Clausius,® 
who opanoci up a whole new branch of investigation by its intro- 
ciuotion. He was led to these considerations by the very diffi- 
culty which hiys already been noted— that of the slow diffusion 
of gases. 
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Let n be tlic average nutiiber of (iollisions (‘xpcricucoil l»y ;» 
molecule in a second, thetx l/n is tlie av<‘rag(! iinic bctwcon tailli- 
sions, and if the mean speed bo u cm, .s('e., l.h<‘ mean frt'o jiafli 1. 
in cm will be given by 

L 

■n 

The evaluation of the moan fn'O path is therein- made (<» liepejid 
upon the calculation of the ;iv(a-age numlxa- of eoliisimts which 
a molecule expcrietKXis in as<aamd. 'I’his is tlie mode i.f approach 
to the problem originally a,dopt<al by ('iausius. 't'he dedticfioii 
of this number, following the arguimmt of < 'l!msius, will now hi- 
given. 

14. Number of Collisions. L(‘t tlie diametm-'' of fin* luolecideH 
be denoted by <r and eonsidin’ a. gas comprised of a imdecules 
occupying a container of volume 1' and of surface .\e(imted 
by their thermal motions, tlie molecuh's will be moving nl|ou( in a 
random manner, as often in one direction as in another, with the 
mean speed u. h’or simiilicity, the moleeules will ul! be Hupisised 
to have the same speed, as in prtieeding a-rgmmadK, 

When a molecule collides with the wall its cetder eome- io a 

distance of from the wall. When a molecule eoiltdes with 

another molecule the mijiimum distance between the centeiH of 
the two molecules will be tr. If, then, tlie ufteiitioti h' fived on 
one particular molecule, it is sisai tliat, t here are cm'liiin regions 
of the eontaining vessel whieh ea,miot lie manipied by the eeiifer 
of this particular molecule. Kor cotivtunenee, call tlm center of 
this molecule A. Then A eert.siitily ctumot be within ii disfnnee 

2^ from the wall, nor etui it lie within any sphere deK<'rihed 

about the center of any of th(5 molecules with a raelitts etpial to 
the diameter of the moleeules. 

It is thus seen that the coUisionH ti.xjMn'ieuciai by ihv moiectde 
A may be discussed liy (tonsitlering tlie eiillisions of the jKutit ,1 
its (ienter, with the surlace A', whidi hoiimis f h<‘ regions in w’hich 
A ean lie. In other wonis, the (piestton tif tlie collisions i»f spheri- 
eal moleeules with othm- such moleeules or with the wallfi may 

* For (,lw of (lie uHWiiag of ,i the .stini.'iit w rffmed Ut Ax-, 

10 and Pf'cH. <ti), and n'J in (’luip, V, 
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be replaced by the equivalent problem of the collisions of a 
point with a surface. 

The surface may be better visualized by considering how an 
instantaneous picture of the molecules would look. It would 
find each molecule situated at a certain point within the volume V 
(Fig. 2). Surrounding each molecule would be a sphere of radius 
ff, these spheres constituting part of the discontinuous surface of 
e.N:clusion S, the remaining part of /S being a surface parallel to 

the walls of the vessel -but distant from them. The point A 

might, then, with equal likelihood, occupy one part of the space 
within this surface as another. The volume available to A 
will be denoted by XJ . 



Fic). 2. Fig. 3. 


But all of the equally likely positions of A are not associated 
with equal probability of collision with the surface SA. CJonsider 
an clement dS of the surface tS toward which the molecule is 
moving in such a direction that its path makes an angle Q with 
the normal to dA (I’ig. 3). The chance that the molecule will 
strike dA in th<'. time dt depends on the relative motion of the 
molecule and this portion of *S'. Regarding the molecule as 
stationary, the olornent dA will move toward A with a speed u 
sweeping out a volume 

u-dt- dA • cos 6. 

If at the time t the point A is anywhere within this volume, it 
will collide with dA during the time t and t + dt. As all posi- 
tions of the molecule are equally likely, the probability 
of a collision with dA in time dt may be written: 
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This expression depends on the anp;lc of appi-oaeh of A iownrti dS, 
This element may be eliminatcMl by av(n'a|»;ing; ovto’* all of ilu^ 
equally probable directions of ap])roa<*,h. Ta.k(^ t lu* maanal id AS 
as the axis of polar coordinates. TIh^ f)robabilil a* /* uf A 
approaching dS in a direction contairau! bef\ve(ai U ami f fii^ 
will be proportional to the solid a.ngl(‘ iit dS sabbaMfed h\’ fluve 
directions. This clement of soli<{ a,ngli' is na^asuoni by the area 
on a sphere (Fig. 4) of unit ra<lius of thc^ careular* /.one bofwoen 
the angle 0 and 0 + dO and so is (H|ua.l to 

27r * sin 0 * d 0. 



The total solid angle aljout a point is 1 tt, ho tin? chnrna* ftiaf d tins 
between 0 and 0 -b dO is 

2r sin ddO sin (hid 

47r • 2 

But itJs evident that a eollision of A with dS in powilile iiiily 
when ^ 2^ eluimu^ of eoIHsion of A with dS in lime 

dt, in a form independent of 0, m 

X I 

COB & sixi 0 * dOdkln * di • dS. 

As this chance is imlopendent of the imrtieiitar purl of S iiiitbr 
consideration; it may l)e integrated at once o via* itie wdiiiiesiiffiiee.* 

/ • di 

The expression on the right is thim the pwibainlity tliiit A will 
collide with any part of the surface S in the time dt, greiitiir 

this time interval, the greater is the likelihcjoil of n eollwlpin An 
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the probability does not depend on the particular instant chosen, 
dt may be replaced by a finite time interval Ai. Choose A.t so 
that the probability Psas is equal to unity, i.e., certainty of a 
single collision. The proper value of At is, evidently. 


Supposing that the amount of time consumed in a collision is 
negligible, the number of collisions in unit time is then 

1 uS 
~ At ~ W' 

15 . The Quantities and U . — In the expression just found for 
the number of collisions in unit time, the quantity S is the total 
area of the surface on which A, the center of a particular molecule, 
might collide. It is made up of two parts: (1) the total area of 
the spheres drawn about all the other molecules with a radius 
equal to the diameter of the molecules, and (2) the total area of a 
surface which is generated as the locus of a point which is at all 

times distant ^cr from the walls of the containing vessel. The 

first term is simply equal to 47r(r — and since in all cases v, 
the number of molecules in V, is enormously great compared to 
unity, this may be taken as 47rrcr^. The second term is quite 
negligible in comparison with the first in most cases, so that 
in all cases the much smaller difference between it and S, the 
total area of the walls of the containing vessel, may be ignored. 
This fact can readily be seen from the following calculation : The 
surface area of a sphere of radius 1 cm is 4.ir cm*. The volume is 
4 

.^TT cm*. This contains, at N.T.P., 2.7 X 10 molecules per cm®, 

(^ach of radius about 1 X 10“* cm, and of radii of spheres of 
exclusion of 2 X cm. The surface of each sphere is IGtt X 

4 

10“’". Th(^ total arcui of t.he moh'cules in this volume is „16ir* X 

2.7 X lO* cm*, or 5.7 X lO* cm*. This is 4.5 X 10'‘ times as 
great as the surfaces of the spherical vessel with the molecules 
in it. 

The quantity U, it will be remembered, is the total volumes 
available to the point A. It is evidently somewhat less than the 
total volume of the containing vessel V. Let the difference b{' 
denoted by h, so that 


£/ = F - 6. 
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This difference h may, like Sj naturally r{'j»;ar<lt*d as ilu* sum uf 
two parts; (1) the vohimc from wln<4i A is ex<*huUHl hy viriia* 
of the presence of the other molecules, and (2) the vohmw of 

the region within of the wa.lls of th(‘ <amiainer. hurl her 

consideration of the value of will h(Min<l(‘rf ak(‘a laier iSf»r. Ih K 
16. Approximate Free Path.— Introdiuang* the )r<%ssiuns for 
U and jS in the formula for the mea,n numln'r uf <‘ollisiuns per sec- 
ond of a given molecule, 

f- Airm") 

"" -Ki' h) 

Tho relation L — n/n h(‘tw<'<?n niiinii(‘r of eollisioiis ami free 
path then given tlu! fnxi-patli formula.: 

-Kr e _ 

-( -tTrw" 

In many casen, tlu; quantity l> ih iH'gligibly suuil! in <*ouipnreuiu 
with V, and IS in also negligible in (comparison with {«>>»■' mee etui 

2 

Bcc. If)). By Bee. If) b is " irc^N. 'I’hjil, is, b for juuleeiiles uf ,t 

2 X 10~*<:infora(iui='ofgiisatN/rj’. is !|V X lf> '* * 2.7! * It)'* 

.1 

cin®, or 4.5 X lO""* eiu'’’, whil<!: V is 1 em''. Anot her way of gt^fing 
at this is by considering tluc vohniKc (tf tt given ni.a.ss of water etnu- 
pared to that occiijtkid hy line Ham(‘ nm.ss of stenin or waiter vii|M»r. 
Eighteen grains of water oeetipy, roughly. IS etub in ilm 
gaseous sttite 18 grains of wal.ttr would oeetipy 22,110 em" 
of volume. Moreover, in the ntpieou.s st.nte t Im volumt* oeenpied 
by tho water rnolettules is sf.ill greater than b. Dropping H tjuid b 


Denoting by Af = p/V, the number of moleeules jatr etn» of tins 
gas, z.e., tho molecular density, tluc forniula may lie written 

w/Vff- 


It is obvious from this expression tliat the mean distaiiet! laitwtwjn 
molecular impacts is dependent only on the inoltMcuhtr diiitiiotor *r 
and the number of molecules per em-b 'Hiih fttrniula makoH it 
evident that the tncctn Jtee pdih tHeet'nt'lj/ proportituutl tt> the ftuthx- 
ular density. Since for equal volumes and temj>erattims the 
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pressure exerted by a perfect gas is known to be proportional to 
the molecular density, the important result follows that the mean 
f ree path is inversely proportional to the pressure, 

EhmGnta,ry Deduction, — A simple deduction of the expression 
for the mean free path may be made as follows: Assume all the 
other molecules at rest and one molecule moving with a velocity 
u. If the center of any other molecule comes within a cm from 
the first they will collide (Fig. 5). Thus, as the moving molecules 
moves u cm in 1 sec., thei'e will be a volume which contains 
all the molecules with which it collided. If there were N mole- 
cules per cm’'* in the volume, that means that the moving molecule 
in going u cm in the gas in 1 sec. collided with TrNa^u molecules. 
The average distance gone between collisions L is, therefore, u, the 
distance traversed, divided by ttNct^Uj the number of impacts 
experienced. ThusL = u / u) ox L = l/ira^N), 

This is the same formula as the simplified expression above. 



17. Relative-velocity Correction. — In Sec. 14, when the mean 
number of collisions per second experienced by a particular mole- 
cule was being evaluated, one assumption was tacitly made, cor- 
r(^(d/ion for which will now be developed. In computing the 
probal)ility of collision of a point A with an element of the sur- 
face aS, tlie si)eed of approach of the point A to the element d8 
wm taken simply as the root-mcan-square speed of the molecules. 

Actually, the quantity which should be used is the mean relatwe 
speed of ttu^ point A. and the surface Now part of the surface 
S is that which is parallel to the walls of the vessel. The mean 
relative specKl of the point A with respect to the walls is simply the 
root-mean-squarc speed of the molecules as used. The principal 
part of however, consists in the spheres of radius <r which sur- 
round all of the other molecules. In the preceding derivation, 
when these were regarded as at rest, the relative speed of A and 
of this pait of B was correctly taken as u. It is now necessary 
to examine the effect of making a hypothesis more in accord with 
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the fiictH that the other niiole(uih\s arc alscj in all 

directions witli the saine'^'' niain .^perd <a|ual to a. 

This requires that tlu^ nien,n n^ladivt^ speed of t wt) iiediaades 
wlii(di v.iw.h niov(^ with ttie same speed, fmi 
for which aJl (lire(‘tions of mol ion nn^ eqnallv 
prol)ahle, be ca-hmlated. Ida* re!aii\’e speed 
of two moI<HniI(\s is iJa^ vector differenee of 
tludr sptMals wluni tlH‘.s(^ are referred to fhe 
saiDK^ syst-,em ( h p U is I he 

angU^ I)(d.wtHUi t.lu^ dinad ioits of motion, the 
ma.gnitiiuh’' of t.his vector dinVrtmee I is <*\ i 
(hmtly Kiv<m by 

since ^ is the base of an isoscades tria.n|,^lt% whtwe t\Vi» equa! sidi-i 
are each equal to /q aiul In whitvli the ang!i‘ oppotdle ( is a. ^ i s 
to bo averaged over 21 !! vahn^H 0^ inking aeetnini of the eifua! 
weighting of the solid angki? in tlu^ various dinadiiais armiml fhe 
vortex of 6, This is iUJcoinplishcul ns Indore 1 li by ninhi 

plying ^ by 2t- sin OuKK Inb^gniting from 0 !<» /?, and di\ iding 
by 47r, the mean vahi<^ | is th<m 

^ « ,1 2(1 sin /?-2r sin Odi^ 2u f siid <*os dP 
4irj(} J Jt) ^ ^ 

4n 



or the mean sinK^d of thc^ mohnniles relative to mtclt other in fntir 
thirds their root*"m<‘an-H<|uar(^ sp<nnl when all tfa» rnoleculeM me 
treated as moving with thc^ sanu^ spinal. 

Returning to the eipmtion of HeeddhI for t!m mean iitiitiber of 
collisions per second, it is scim that this <tan beltin'* Im! writderi : 


ni 


u 


4^ 

V n' 

1 6) + r 


Tm*u 


4(K - 6) ' r - h 

the first term represeniing eoUiBioriK with the whHm nn<i the 
second collisions of th(j inohusukw with other inlroducing 
the relative- velocity correction. SupposiuK hh hefon* that S «.*< 
negligible in comparison with tlu* anui of th<< H{>her«*M <if lixchision, 
a new expression is obtained for the free path as follows; 

* This asmimption of cciunl niolcculur hjkhsIh infrotlm-oM an orror whifh 
will later need modification (sec Hoc. .'17, tlmp. IV}. 




so that the mean free path bears the same ratio to the diameter of 
the molecules as does the total volume of the vessel to the total vol- 
ume of the spheres of exclusion, or as does the total volume to 
eight times the volume of the molecules. 

The free-path expressions which have been obtained by cor- 
recting for the mean relative speed are the same as given origin- 
ally by Clausius iri 1858. In their derivation it is to be noticed 
that the molecules are regarded as all having the same speed u, 
all directions of motion being regarded, however, as equally 
probable. 

18. Clausius’ Pressure-volume Relation. — In Chap. II, the 
deduction of the equation embracing the experimental results of 
Hoyle and Charles was based on the original method of Joule, 
who found it necessary to regard the molecules as all having the 
same speeds, and certain fractions of them moving perpcndicu- 
hirly to each of the walls of the containing box. By arguments 
similar to those used in arriving at the mean free path, Clausius 
was better able to face the facts by supposing all directions of 
motion equally probable in giving a theoretical deduction of this 
equation. He was, however, still bound to the assumption that 
all the molecules travel with the same speed. The number of 
collisions per second which each molecule makes with S, in 
which the molecule strikes at an angle between 6 and 0 -f- dQ 
with the normal to S, was found by Sec. 14 to be 

8u sin 0 cos BdB 
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If p moleculcB are contained in the availahU^ volnnna 1' i lu 

number of colliHiorrs in 

AT ^ sin ^^<*os 

' 2(r ' b) 

From the dyna-niicsof p(U‘fe(d.ly <^la,sti(^ <’oIlisions 1 hA ween huh mih 
bodies, it is known tluit wluui a, snioot.h <*la.sfie sjdier'e eullides 
with an elastic piajie thc^ norinal (Hunpornad^ of the nuaneiitnui 
of the ball is reversed whih^ the ta-ngHudlal (^oinpoiient is turn ffetded. 
In having the normal <a)mpo!ient of its monamttun nw erseii. the 
ball communicates to tlui waJl a,n impulse^ <Hfual lo the total 
change of niomentuni whi<di is <wd<hmtJy t.wi(‘e the noniial eem 
ponent. If the veIo(a*ty of tla^ inohaaih/ of Uiass /a relafi\e in ifu* 
wall is u, the normal comporumt of ilw. vt^loeit y is n - eos tK sti 
that tlic impulse communi<;at(Hl to tlm wall at eaelt roHi^ifm is 

2nut cos 0. 


The impulse comnumicated ptu' second, /.e., the hirce v\nri*Hl 
by all the molecules wiiich colH<l(^ at an be! wcim b and a ♦ 

dOj is 

f (^oH^‘ <9 sin Odb 

2(1' b} 

As collisions occur only whtm 0 < 7r/2, tla^ force e\erfed <ui fhe 
surface by all the collisions will h<^ obtaincii on integrnf mi«<: flus 
expression with r(\sp(avt to d froiti 0 to n' 2. 


I /odd — . I cos- d sm d(/d 

Jo V — bjo 


pSiYAn 


(*OS‘* 


i 

'iN 


1' W 3 




The prcHHiire (ix(‘rt<ul by ilici gnn uti f-lic wuIIh w ili.- pi-r 

unit area, so that this la.st expniHHion hNuIn to the fottovving 
sion for the waatioa between tlui pi-tWHure anti vohaue tsf n gni< 


- l» 




This is the thoeretieal tiquation as tlt'veloptHj l>y f ’hutsius. 

Comparing the Clausitis caiuation with that of Jmiie (.Set-, r»j. 
it is seen that the two eori-tispoml {jximtly (‘xcept lhaf tlif t ’iHUNiUft 
equation makes provision for thti term i), rt'prcHenting tin* ijiHu- 
ence of the finite si/o tti the molecules, Kt>lif>wiitg ii|Mm tin* 
necr work of Boyle, tixperiimmtors ftnuul that there were Hiiudi 
deviations from tlie inverse proportionality of prtWMttre ami vt*l- 
ume. Ihose slight deviations have their origin in two ihiugH: 
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(1) the finite size of the molecules, and (2) cohesive forces acting 
between the molecules in addition to those which come into play 
during collisions. The Clausius equation shows how the first 
should affect the pressure- volume I'elation. The way in which 
the second acts will, of course, depend on the nature of the sup- 
posed intermolecular forces. This point will be given detailed 
discussion later (Sec. 48, Chap. V). 

19. The Quantity fo. — This quantity, which occurs in the free- 
pat h expressions as well as the pressure- volume equation of the 
gas, was first introduced in Sec. 15 simply as the difference 
between the actual volume of the vessel and the somewhat smaller 
volume which is available for the motion of the point A. It was 
there seen to be made up of a thin layer along the walls of the 
vessel and a part which depends in some way upon the volume of 
the molecules themselves. 

It is now desirable to take up the study of the way in which 6 
depends on the volume of the molecules. This amounts to a 
complete determination of h for all practical purposes, since the 
contribution of the layer along the walls is negligible. At first 
sight, it might be supposed that b for the gas in Icm*^ at N.T.P. 
is simply equal to the total volume of the spheres of exclusion. 
Bince these arc spheres of radius equal to the diameter cr of the 
molecules, this would give 

b == 

whore N is the number of molecules per cm.* 

Actually, however, h is only one-half of the value given. This 
may be seen to be the case by considering the collisions of a single 
raoloculo of radius equal to that of the sphere of exclusion, i.e., 
ecpial to the diameter of the molecules, with the points which 
reprcisent the centers of the other molecules. In a collision of 
such a sphere with a point only that half of the sphere which is 
directed toward the line of relative motion of sphere and point is 
active in excluding the point from a volume. This is exactly true 
for binary encounters between molecules. It is conceivable that 
there is occasionally a collision in which three or even more mole- 
cules are involved at once, but it may be shown that such cases 
are extremely rare. The correction due to ternary and higher 
collisions is quite unimportant in comparison with the approxi- 
mation already made in assuming spherical molecules. 
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4''he value of h is tluai t.o Ix^ iaUcui as 

As will later be seen, (> can b(“ exju'rinu'iil all y licienniiuai. aiai 
honec if N is known, <r ina,y lx; (n-aluatcd. The (le<l!i(4 ion tiiakes 
it possible, howevcx’, to use this relation only liown yas \(ihinies 

of or 2f>, siiu^e for voIuiihns less than this the epual pioh 

ability of all kinds of iinpa.cd.s is a,lt(‘red by fix* lindtafioris of the 
space available. Acu^ordinj^ i.o \'aii der Waals. snr*h a ehanye m 
the value of l> a.ct,na,lly (xxairs for gas volumes less th.'in I't, .t; 
will be seen in Stun 52. 

20. Number of Molecules Striking Unit Surface per Second. 

It is oftcm of inb'n^st to det(M-min<‘ tlu' nttndMT of niohaades 
striking a ,snrra.(Hi p(“r secmnd. 'Tlx' knowledge of this (|u.'inttt\* 
is very uscd'ul in <i.a.l<ad!i,l.ions of Inxd, t.raiisfer to solid sui faees and 
for problems of evaporation when <'(iuilibriuni <-\isls. In (hia 
section two short (kxluctions will be giveti. In llie next chapter 
a more rigorou.s (hxhiction will also be given involving the di.*tri 
bution of the free; paths and tlx^ vehxuties ajuong the moteeides. 

In Sec. 14 it was found t.hat. the: <4ianee /’, <»f a single moieenle 
striking a surface) S p<'r secoml was i\ Sit 1/ ’, where // is 
the average velocity and f ' ttie voluiiu' of the viwelA If there 
are n rnolccides in (f the munher striking S per Hecxtini i:< given 
by /Vt' = Nf. 'I'hus A', nSit '-i(\ and ealling a f' .V 
the number of molecules I x*r <’nr‘, .V, S\it 1. If .V. N Ah, 
the number striking a cm- per second, t hen 


Again it is possible to proceed its fellows, .Vasunte a em ' of 
surface with N molecules per cm'* in t he spare above if t tf t Uvm* 
molecules the chance tluit otte has a v(‘hx*ity an direetml xm tii 
make an angle 0 with the normal to the Hurfuix* js sin 0>lfi 2 
(see See. 14). Of the N inoleculeH in a em^ only those whn>h lie 
in a parallelopiped u cm long and <if base 1 X cos n tun’’ will strike 
the surface in 1 second, for those further away will n»d reach it in 
1 second going u cm/sec. ; and only thtwe that lie in the cylinder 
whose base has the area Jiormal to the direction of motion I >: cos 
9 cm® can strike it at an angle 0 with the normal. 'Hms if there are 
N molecules per cm'"', only those in the volume a etw ti» wit. S n 

•Note that hero the valuino U is u»o<l i«tcr«hntigeub(y whh V wtueh i« 
permissible as h is very small. 
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COS d, ,will be in a position to strike the surface, and of these the 
chance of striking the surface at 0 is sin Odd/ 2. Hence the num- 
ber striking at an angle d is given by 

N 

No = u cos 6-^~ sin Odd, 

Integrating $ from 0 to 7r/2 to cover all space above the surface, 
the result is 

Nil • a ^7^ 

Ni = - 2 ” I ^ 

do 

21. The Distribution of Free Paths. — The conception of the 
average, or mean, free path recently deduced gave the average 
value of the distance which a molecule had to move between two 
successive impacts. It was assumed in the process of averaging 
that the motion of the molecule in any direction was equally 
probable, and that the molecule might be at any point in the 
volume. That is, it was assumed that enough points and direc- 
tions wore taken in averaging in order to permit this to hold true. 
Actually, in looking at one of the instantaneous pictures of the 
surfac(vs of exclusion surrounding the point molecule A (Sec. 14), 
th(^ luolocuk^ is picturcKi surroxindc^d by a very irregular surface. 
If, then, from any point A where it happened to be this molecule 
were to move in a direction AC (Fig. 2) it would strike the wall 
after having traversed a very short sti^ctch. If, however — 
what is equally probable — ^the point molecule should move in 
the direction AB, tlic distance moved before impact would be 
cpiitc long. Thus, while a mean value for the free path is spoken 
of, the paths actually traveled are not equal, but may take on any 
value. The fact that these paths depend on pure chance for 
their single values will make it possible to derive an expression 
giving the distribution of the paths among the molecules. 

The law of distribution* of free paths may be derived as follows: 
Consider I molecules starting out from a collision. After these 
liavo gone a distance x the number which have not yet experi- 
enced a collision is denoted by y. If a molecule, on the average, 
has Z collisions per second and its speed is ?/., the probable number 
of collisions in 1 cm is Z/ii and the probable number of collisions 
in going a distance dx is {Z/u) dx. This is, however, equal to the 
decrease in y, i.e., to —d?/, for y decreases as x increases. There- 

Z 

fore, it is possible to write dy = ~ ^ydx. 
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Boparatins the Viiritibles, </// '// iZ ») aiui iiit<'Kr:it iiiy; 
between tlie limits y == / at x - 0. and // // at .c .r, the result 

is log y — loK / = -~Zx ‘It, 


or 

n>nd 



/ 

/r u'‘\Lr, 
u 


It US itn|)<>rta.ni to iu)t<^ ia thus phivv IliaJ iti f t-i hiriuir ftiis 
(Miuatioii tlu^ tijust a-sstuupl.ioa was nuadr in writ iia?: dx 

that the chance of a (“.nllusion iit^ptaaled on ^// and d.r only* Flint 

is, the nninlxvr of inipac^ts dt/ was ji»;overntni !iy tin* 
traversed dx, l)y tlu’: number of moleiniles traversiia*; it, and by a 
constant factor whicdi g’iv(\s tin'; pn>baJ>tt* number of muleetiles 
experiencing a collision in 1 <au. 'Thus {muisI aid is what luighl la* 
called a ^'scalc^ faertor*^ a.ud is t.he constauf of profMui lomibf 
which <l(d)erniin(^s the a^bHolulf* value of the pnlln 'Fhe dmvn 
tion th(a*(d*ore asHurmus th<^ in<l<‘petHleiiee t lie fri^e pat h **\f‘euf mt 
from all otlurr factors than //, r/x, and Z '/n 

To obtain a nnaming for the <auustnni^ Z a it merely beeomeH 
necessary to dtvhsrnum^ ihn av(a‘ag(* pally or mean frei* paffi 
fj. This is ol>tiuncd by mulUplyit^K the nundier of moleetiles d// 
of path hctwe<m x ami x f* dx I>y x, the huigllt of the palh, atim 
ming it for all the groups of mohandes from b to /, anil dividing 
by /. dTus the mean fnu^ path, 



liemse L = 11/ Z and th<^ erpiations alKive lieeome 

1/ le ■ 

/ ^ 

f/// — -- f e /. dx» 

ij 


Thus out of I paths that start anew aft«‘r their last erdlision It t, 
have a path oxceodinK x cm in leuRth. 'rhe larger the value of /„ 
the average path, the more paths tlusnj will b<‘ that exetted a gs%‘i*n 
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X. The number dy out of the I paths that end in a specific 
fractional interval dx/L of the mean free path in a certain 

interval between x and x + dx whose length is a fraction dx/L 

of the mean path L) is le ^ dx/L. Thus by choosing an adequate 
interval dx/L the number of impacts suffered in that interval 
can be found. It may be seen from the equation that both the 
curves for y and dy as a function of x are exponential curves. At 
the point x/L = 0, y = I, and at increasingly large values of 



x/L, y approaches 0 asymptotically. The curve for ?/ as a func- 
tion of x/L is given in Fig. 7. Thus it can be seen from Fig. 7 
that out of 1000 molecules starting at a: = 0, 670 go a distance 
x/L — 0.40, 370 go a distance x/L — 1, and 18 go a distance x/L 
— 4.02. The point marked in the Fig. 7 by the vertical line is 
the point at which x/L = 1. It is the point where x equals the 
mean free path and it is the center of gravity of the distribution 
curve. It is to be noted that in this distribution curve the free 
paths have all values and are not grouped closely on either side 
of the mean value as will be found to be the case for the distribxx- 
tion of velocities (Sec. 35, Chap. IV). 
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22. The Mobility of Gaseous Ions lan iilustrniivr appliraf i(H} 
of tlio froe-pn4h c!isi.ri!)U<aon ). As t\n nt flii* of f!tp 

concept of the paths a-nd of ilu^ inipiMianro of !aki!te; uHo 
a*(UK)unt tlie distribution of the frci* [>at!is. I he ahial ton nf ihr 
velocity of ^ascjous ions <l(slu<*ed on (tie kin<4ie thoMr\ iHa\^ he 
nsecL Idle norma.! ^as ion, the (‘arri(‘rot eleetricil v in !*:i e , eMuld 
bo nssunual to consist, of a. sin.a'l<' inole(ni!e* eaf‘r> ine; an o\tra pir i 
tivc or negative (^ha.r|L!;<^ (s(‘(^ S(an lOloftliap. \! s 

If stieh a <‘.lia.rg<Hl nu)h*<‘uh^ placed in a liald ol Irenrfii \ 
volts per cm in a. gas it. woiihl <^\p(‘rienet* the aee«*ler;ii n m \r 
due to tlu^ a.<^tion of t-iu* li(‘hl, wlaus* r is its ehai'ce a nd t! > ina 
The a.c(H^l<a*at.ion <tajuH)t. last, for a long time. lHeu*\er, a lie* ion 
soon collidc'S wii.h a. neutral mohaaile of its oun ma' !t a larce 
nundxu’ of siu*.h im[)a.<‘t.s Ih^ r(‘gar<hah it ma\ lit* leMinuMl ee Sian 
105 ) tha.t nit <ai<^h iiupa.ct. t.tu^ \a‘Io<hty gained hs‘ tiie ion ui fla* 
direction of th<^ (i(‘hl is a.nnihilataah It nui>4 then henin 
acceleration in the: Ih^ld arunv art<M*«»ae!i impact. If the ion inakei 
many nnllions of collisions in going a (amtimefi*r in the diria^ion 
of the field iJiis will result in the ions ha\ing a ludfonn average 
velocity of drift in tln^ ilinahion of the field, lids velotafy 
rcdmaul to unit. (i<4<l stnuigt.h is <»alled tiie “niohilitv " of ftie 
ion. This nuluction assunuss velocity proportional lo fa^ld 
strength, a. fact liornc: out by i^xperiment, II i‘» ffnei ohvioua 
that th<% ruobility must larg(*ly depern! on the aeeelerafion over 
a mean frer*! pn.th, and that, heiua* the mean free path mini 
be an importaad. fea.turc^ in th<‘ evaluafion of tla* mohdity. In 
deducing tlu^ expnvssion hir mobilities as hiU’e given fhr^ following 
assumptions must be made: 

L Ions do not exert forces on the nmitiail mofeetiles* m., the 
paths arc not influenced by the ionic charge. 

2. The impacts between ions ahd molecuIcH as lM4w¥ef*ii mole- 
culos and molecules are pcirfe<?tly elastic. 

3. The mass of the molectde iapialH that of the iotn 

4. The field is so weak that the gain in energy of I lie i«ui from 
the field over a single free path is small compared to Iht^ tnu^my 
of agitation of the gas molecules. 

* The nature of the ion in not an y<a certain; and it in n whtuii«*r 

it is a single charged tnolcculc or a group of inolcetilcN a rliargrd 

molecule. For simpikdty it ih assumed lu^rc that it in merely n rhurgtt*! ni«»le- 
cule of the gas. 
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Let an ion go an average path L in a time T, where T can be 
evaluated from T = L/u, u being the average velocity of thermal 
agitation of the molecules. 

The distance St traversed by the ion in the direction of the 
field in virtue of its charge in a time T is given by 


for a 


St 



1 Xe IT- 



A m XL- 


Xe^ 
m ^ 


where e is the charge, X the field strength and m the 


mass. 

Now if the ion goes St in the direction of the field in T seconds its 
average velocity of drift in the field will be 


St _ 1 X€ L 
T 2 rn ti 


or its mobility will be K = == i — — - 

X 2 m u 

Now in this deduction the value of an average free path L 
was assumed and all paths were assumed to be equal. Actually, 
the paths are not all equal and in this case the assumption intro- 
duces a serious error, for the distance traversed during the time 
t is proportional to T. Thus, for a long path L, T = (x/a)^ would 
give a very different St than for a shoi-t path. The distribution 
of fi’ce paths must then be considered. Replacing T hy t and 
L by X in the expression for St above, 

^ Xe 
^ ^ 2 m 


where x rcvfers to all paths ending between x and x + dx. Now 
out of I initial i)ath8 the number of the length x is given by —dxj or 
I 

« a mx. Hence the average St is given by 
Ij 


Whence 


St 


IXe 
2 m 


Jo I 


2 r __ a: 
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IXe 1 
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TiiK KiM'.'Tjc rnh'oh'y of oasf.s 


As the numlwr of paths of an itm in i *’i>> v't> tfira!, 

the average time of a pat.h may safely he taken as t. I !, h-, 
hcMice the ex{)ression for the v<4o(nfy heeojiies 

,S’, Ah/, 

T mu 

and the mol)ility is 

/v ’ 

/// u 

in contrast to tlx' va,hi(‘ K J ol)tuined in neyleef ing f Im 

distribution of fna^ pat-hs. 

23. Experimental Knowledge of Molecular Free Paths. Fite 
maimer in whicii f.h<^ frts'-patli concept h:is been verified mttsl for 
Iiart of its d('(.ails be jiostponi'd <<> < 'hap. \'I. in whieli relations 
are deduced which involve tJic free path in such a f«>jtn that d 
can 1x5 cvalua.tcd from cxiierlinenlal measurement s. The rela- 
tions involve the kim^l'ic-thcory deilucfions for the pltyrdeal 
constants known as the cocllicimif.s of visco5-iil>', of ilifl'u'diin, am! 
of heat conductivity of t.hc gas. .AH thi-se oitmtion'i, alfhimgh 
they have some unceri.ainfy in the value of the nnmerira! cuefh > 
cients comicrncd in thmn, give nearly the same value', for/.. 
Again, the theory says that L should be relatiai to o. the diameter 
of the gas molciiulcs, and to Ah the number of molecules in a em ' 
In rceont years <t' has Ix'cn def.ennined in a variety «»f way^i and 
N'^ has be(5n accurately d<‘terinin<*d, 'The values .so ohiainetl, 
in so far as th(5y theoretically should ngns*. agree well with tlm 
values of L tlctennincd directly from viscosity. 

The two best experimental proofs, however, ihiwnd on more 
direct mouHurementri of tins freii paths and ihstrilmtion of free 
paths. The first nusthod is dne to M. Born.^ If dejM-mlM <m tlie 
measurement of the thickness of a silver film defsisited on a glass 
plate out of a beam of silver atoms moving in an alinospheie of 
air at reduced prcssurcH as a function of ih<* iltKtnnee r from the 
origin of the beam. The apparatus is Hchematicnlly .skrtchei! 
in Fig. 8. I'Toin the small heated tip of the ipuirta; lube .1 a 
stream of evaporating silver is reduced to a niirmw hesun by 
means of the tube B. From there the st ream passmi through a 
circular hole in each of four brass discs one uIkivc the other and 
1 cm apart. These discs were cooletl by litjuid air alxmt the 
upper portion of the cpiartz tube. Mach of th«*m supfstrled a 
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glass quadrant Pi, P 2 , P 3 , or P 4 whose apex extended to the 
center of the circular opening. Each quadrant in turn was 
rotated through 90 deg. relative to 
the preceding one. Thus each of 
four cold glass screens at distances 
of 1 cm apart received one-fourth of 
the beam on their tips. The quartz 
tube was connected to an adequate 
pumping system and a set of gages 
for measuring and controlling the 
gas pressures was provided. The 
experiment then consisted in evap- 
orating the silver at various pres- 
sures and measuring the relative 
amount of silver deposited on each 
plate as a function of the distance 
between the plates. The measure- 
ment was accomplished by a photo- 
metric comparison of the density of 
the deposits on the separate plates. 

The test of the theory by the experiments follows. If the equation 
for the distribution of free paths is correct, then the density 
of deposit should be given by 

1) =D()e Cl, 

where x is the distance between the plate and the origin B of the 
ray and L is the mean free path. In practice, however, even at 
the lowest pressures obtainable, there is a slight change in density 
on the different plates due to a geometrical spreading of the beam. 
Thus to eliminate this difficulty the measurements were made as 
follows: The values of the density Dio when there was no gas 
present and the free path had the length of the chamber, and the 
density Di on the same plate when the gas was present giving a 
free path L, are given by 

Di == Du)C i-i 

for one plate. For another one of the plates it is given by 

D2 ~ D2OO ^ 

where Xi and X 2 are the distances of the plates from the source 
{i.e,, the point B). 
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In the actual (ixpc^riiiK'nis n'porli'd, .i-" .ci 1 fuu rhf;-;(‘ 
gave in one seri<^K of iiH'asunniu'iifs llto follow iog \aln<‘ ;; 
for p n.S X 10 inm, 1-7 <•'»»■ 
p = -l.T) X 10 •* rnm, K 2.1 <'m. 

This gives pL <!()tis(,;oi(. u’il.hin Iht' liinif.s of cxpcriinetil al na or 
and so vcri(i<^s Mk; pr(Hli<‘(.iori of (he kinefie (iieor>'. The \ ;d!ies 
obtained for L if redtKasl (,o a<.iiios])herie presr-ure :ir4‘ (hen /. 

,1.S X lO "'’ atui L - l.'l X 10 *’ <'in. broiu vir-eo-if y ttMv-i' tire. 
incnts on h for air, the gas nsisi ln're, fj 0.00 - lU ■ laa, 
whihi for Jig, which is a inonaiomitt gas like Ag vapor. /. 2 * 

JO’"'*, d'hos for the Ag atoms in air the vahte obfaim-d !iy dirtnO, 
mcasurcniont is in e.xiadltmt agreement witli (!»■ oilier \ahie::, 
oonsi<lering the dillieull.y of tint exjH'rimetd. 

In a ixiemit rttpidiit.ion of Born’s i-xperimeid pioftirmed wdh 
grcjat care, h"'. Biidr/' has de(.(‘rniim*d a for eollit-ions hefwtsm 
silver atoms and moleeules. The ))nr(irtdar impro\ emenis 
in tJiis work lay in Bui nud.hod of introdneiag (hi* gla-s phder for 
catching the silver atoms, in the eorreciions for t he spieading of 
the beam, and in the develofiing and measuring of the fhiekmwi 
of the deposit. In testing the law of disi ribiit ton of palh*i. the 

free path L was calculated by means of (he equation //, /t ^ /. 

from the ineasurements on the thiekiu'ss of the deposif, />, uf 
different values of x. 'I’he value's of // nmltipHed by (he pre.»isiires 
for different values of D should be eonstniii. Three different 
values of X were used “ 22, 112, and *12 mm and il»i following 
values for pL were obtained, O.ffITi, O.ffHtl, ff.ffOPT, if.ffiPP, 
0.0094, 0.00945, with ti mean of 0.0098. 'This degree of const ancy, 
when considered in tlui light of the otluir <*xjMnimen(nl ttm*er. 
taintioa, establishes the distrilaition law quite Hucci-ssfully, 
The value obtained for cr, the molecular dhiuHiier, is 2.58 X 

1 

10~® cm, with an accuracy of 5 per cent. If r « .,<y for bn 

taken as 1.65 X 10“* cm, <r for the Ag atom i« I.O X Iff *' cm. 

24. Electron Free Paths. — -In the pwtctHling work tlie mean free 
path for gas molecules was dedueod assuming moleimimof diam- 
eter <r moving among like moleeult*. 'I'he valwj for I, w»ts 
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given by the expression L = 7 y— ^ — v’ where a is the diameter of 

the molecules, and the factor came in from a consideration 
of the relative velocities of the molecules. As will be seen later 
(Sec. 37, Chap. IV), if the distribution of the velocities be con- 
sidered, the mean free path is given by the expression 

L = > 

V27rcrW 

wlicro the replaces the ^4, above. Now for an electron whose 
dimensions (3 X ctti) are minute compared to cr (2 X 10“^ 

cm) and whose velocity of agitation is much gieater than that of 
the molecules (see problem 1, Chap. II), the equation may be 
simplified. For a point electron the sphere of exclusion has a 
radius cr/2 (f.c., the radius of the molecules), for it can move 
right up to tlio surface of the assumed spherical molecules. 
Also the electron moves so much more rapidly than the mole- 
cules, since it has the same energy of agitation (as demanded by 
the law of equipartition) while it has less than 3^^60 0 mass of 
most molecules, that the latter can be considei’ed at rest relative 
to it. Hence the correction for relative velocities may also be 
removed. The equation for the electron free paths L therefore 
becomes 

/ - ^ 

7r(<r/2)‘W 

and 

Ly - W2L 

for th(^ molecules. 

26, Distribution of the Electron Free Paths.— It is possible to 
ol>tain a beam of (dectrons of almost any velocity and to shoot 
them througli a gas. At any point of the gas the number of 
el(K;trons can be mc^asured and compared with the number at 
any other point by measuring, with an electrometer, the charges 
delivered l)y the electron beam per unit time in a Faraday 
cage. Now it also happens that electrons that are thrown out 
of the beam by colliding with molecules and being deflected by 
the impact, or those which have collided and lost appreciable 
velocities in tine process, can be excluded from the measuring 
chamber. Thus it should be possible to measure y, the number 
of electrons which have escaped collision at any point of the path 
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77 //'; KINIHUC Tllh’Oh'y < >F H \Sh> 

X cnft froin tho sourc'c, n,s :i I'lUK'f'ioii <>i x. ihis wmilil ;if 
furiiisU <111 iih'miis <»l ti'stiiiii (h<‘ rilHit itui i.iiv. 

'riui first mini to t(wt (,iiis was laaianl," who oveii !iis 

critical paper in lf )()5 ha<l found that the nuinher // of eleefiioe nt 
a distance x from t.lic sourca' movinn in a b<‘ani in a loi' af :i pri'^;-- 
surc p could 1)0 a.(!cura.(.(dy ropn'siudc'd h_\' an (aiuatidii ot the hiriu 

// /<• 

In this case a is a. consl.a,nf, ndafial to flie frei' patii / in a manner 
to bo discussed latm-. 'I'his law he verified fur a i;o i',e ranee uf 
pressures y) and disf.aiua's .r. It. hohls well tm" elect lun ut \ i'luei 
ties ranp;inp; from n<‘a.r that, ot lifj;hli down to I’cloeit le . ( a theoi'iler 
ftroduced in electrons whiidi Inua* fallen thruiu’h a jiuft-ntia! 
differeucc of less thiui a volt. Wit.ii var.viny^ velueilie; , hmvi-ver. 



a, and henco the value of h, vtiries. The siycnifinuu’e of thoi wdl 
lie seen later. 

More recently two men, H. I’’. M.ayer'' and ( li.-uiisaui'r’ dafer 
Brode” and Itusch"). have carried on very refined au'jecirenmnf 
of this ipiantity at low veloeities where* the juean free piiths of 
electrons should jipproaeh kirmtie-theory vnhte.H. The diagram of 
Mayer’s experinientjil arranK<‘nieid may he seen in bif/ 'J. h’rom 
the glowing filament F electrons ari.se and are given a veloeil.v r 
by means of the field hetw<*en tla* gauze (r ami /•', 'fhey fhett 
shoot in a nearly parallel beam tlirough tlu'Hinail hole in i he sereen 
)Si. From there they traviuwi the gas space to a .Hiweea .sf, which 
is close to the Faraday cylinder (' which is <'oiiijccte»l to the chat- 
trometer. The whole is plaeeil in a glass tube T in wltieh the 
gaa pressure can he varied at will ami accurately recorded. The 
distance x from (/ and aS'^ to iS'i can he varied by nmving ( ' and .S'» 
back and forth by an electromagnet outside of t in* tube, f ‘ being 
attached to a .small piece of soft ir<m Q. Between ij and m 
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placed a retarding potential difference of about 0.95, of the initial 
potential driving the electrons from F to G. Thus if an electron 
having energy equivalent to the potential difference from F to G 
loses more than 5 per cenb of its energy by impact with a molecule 
it will never be able to reach C against the field S2C, For this 
apparatus the equation for ?/ as a function of x, can be written 
as 

assuming that the experimental law of Lenard is correct. Here 
f{x) is a small variation of the number of electrons with the 
distance x due to a spreading of the electron beam as a result of 
the mutual repulsion of the electrons. It is, on the whole, a func- 
tion of the velocity of the electrons. The constant a is the con- 
stant for the absorption or scattering of the electrons by the resid- 
xial gas in the apparatus when the pressure is at its lowest; cc is 
the specific absorption of the gas and depends on the diameters of 
the molecules or, better, is a function of X ; p is the gas pressure. 
Mayor in his experiment changed p and x and eliminated the fac- 
tors /(x), a, and I by four measurements. This was essential, as/ 
changed some with the gas pressure due to cooling of the filament. 

At a pressure pi the currents Iw and /12 were measured 
at distances xi and X2, and at the currents 1 21 and 1 22 
were measured for distances Xi and X2. Then 

/ll = 

1 12 = 

I22 = 

Call Ai — log and A2 == log 

•/ 12 -t22 

/\ 2 — “ \ 

whence a = , r? 

iVi — — xi) 

This gives the constant a per mm pressure if pi and pi are in milli- 
meters, and per cm path difference if X2 and Xi are in centimeters. 
For a pressure p mm, “a” = ap, where “a" is the constant of 
an equation giving the number of electrons which escape molecular 
encounters in going x cm in the gas. In its simple form, disre- 
garding the correction terms for experimental difficulties above, 
the equation is 

y = ® 



r^2 Till': KIM'ITK' 'I'/lKoh'Y I >!' >< t '>/•>'' 

JUKI comparing it, wiMi tla* In'o-pat h ioi. .l.Tiv.i lor 

If Ir 

i(» is S(HUi thatwv/> -• f 



■ ) 


K«ci. 10 . 

i.e., it is the total ahHorliinp; an‘u, or ur<>a «if <’ro»a'Wrti«nj. of tin* 
moloduloH in th« volume in whieh tlu're an* ,V moIeenIe«. 'riiii.M 
the fact that ami henee hi, are couHtantH fi»r any fcna imie- 
ponchmt of x ami p eHtabliHlusH omn* ami fur all thia relatiun ami 
proven the legitiimuiy of the aHmimption of tin* di»trihutioii of l'n*«* 
paths. 

A method even more Hensitive than thin otn* is ilue t o llamMumT. 
In this case photooleetronH liberat<nl from a pluti* I* by light fnum 
an arc A arc given a velocity by a ftehl betw«*i*n a gausm* (t and 
the plate P. Afbjr passing through a slit S they are bent int4» a 
circular path by a uniform magnetic fiehl If iH'r|MmtlieuIar t<i tlm 
plane of Fig. 10. IJy means of a sertea of narnw slits .*■»», »S(i. and 
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Si, the electrons of one velocity are kept in the beam by the 
field; all others {i.e., those having different curvatures) are 
screened out. Two insulated chambers corresponding to the 
third and foui-th quadrants and bounded by the slits Ss 
and Si are connected so that they can have their charges read 
on two electrometers. Call Xs and Xi the distances from the 
screen Sx to the screens S?, and Si. Gall Ix the current received 
by the fourth quadrant and ix the sum of the currents received 
by the third and fourth quadrants together at a pressure pi. Call 
J 2 and fa the corresponding currents for a pressure pa. Then 
from similar reasoning to that of Mayer 

_ 1 1 1 

“ IvT -pxYCxi - 



Fia. 11. 


The chief difference between the two measurements is that, owing 
to the critical elimination due to the path of the rays in the field, 
only those electrons got through which have suffered practically 
no loss of energy or change in direction. The results agree for 
both methods well within the limits of error, when the velocities 
are low {e.g., about 10 to 15 volts). By volt velocity is meant the 
equivalent potential through which an electron must fall freely 
to gain the velocity. 

The curves obtained by Ilamsauer for a number of gases are 
reproduced in Figs. 11 and 12, the quantities plotted are “a” per 
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TUM KISKTIC nr n •'* 


itini pr(^SKur(^ pen* imv^ a-|i:ains(^ (.ha s(|uan» rnal uf IIh* rpuivahait 
potential a^pplunl to |2;ive ih(‘ eleelnnis ftaar ’Hh* \:d^lt^s 

, . .H 1 

for (t()input(Hl directiy troiu "'t! * . ulH*r** /. is 

'' I \ *•:/, 

ohtaJncd from 'vis(‘asit-y nuansunnoinds, art* mdiaafiMi by thi^ 

straig'ht lin<^so^ the* rig-fd. of tlio iifx’ure. 

It is seam tliid. in of ma,L»;nil ud«* (la* valia' ut af ftta 

hip;h(‘r sp<H*<ls a,r('‘ ra'urly the same as I lar- ** l< n* ** a r< nuput rd fi'ian 

kiiudahs iJioory. I‘\)r still hipcher spts-tls. dtan'isi ^e ^ rapidly 

as the vohxad.y iinaasast's. 'This is easily explainrd. jdiua* if r 

only for lowea^ speaais that, flie (*olHsiuns of eleffr«»rr uith muli* 

culns a, re. <da.stie and tiu^y an^ delleefed by I hr : orfaer:- uf I hr 

:mol(xniles. At !dgla*r speeds t.he ehad nms btym to 'dend thrmiyji 





ih<! molowiloH. 'Plsc behavior at (he lo\vt‘r veioriiieM orajly 
normal for all but th(^ inert ]u;aHeH. At speeds tienr lhoMi< rvi-ibny: 
oharaetoristie, resonaiuu* <‘fT<Hh.s in the i-U'etrons of th** afoms «ir 
tnol(K!uloa theinw^lves, the bombaniinn eUsdruns. esportnUy in 
tlu! mc-rt giusoH, seetn to he inueh more readily detleefed (luin 
otherwise. Thim tlui efTeetivi* ureus tif the molernles an* 
incroaHe<l an<l the m(«in fre<^ paths fall t<» hover values, At still 
k)W< 5 r speodH the atioms of ai'Kon, neon, krypton, and xoiam apjtear 
to become more ti-annijarent to (‘leelrons than the kiaet ie theory 
demaiidB. In fact, th<i ar<ai for arnon <lropM to ojaefiff ••eath its 
kinetic-theory value at the lowi^st vc‘ln(*ities, or tlu* mean fna* p.nt h 
is multiplied by about If), 'i'he meaning f)f this is jihseurt*. and 
is characteristic of the peculiar symmetry of the iirort g!w atom.s. 
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The other gases appear to show nearly normal free paths as the 
velocity decreases. 

On the whole, then, the electron free paths lead to a brilliant 
confirmation of the distribution law and agree surprisingly well 
in magnitude with those computed from molecular free paths 
and the kinetic theory. 
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iniAPTKll IV 

THE DISTRIBUTION OF MOLECULAR VKI^OCITIES 

26- Introduction. Lp t.<> pn*N(‘nt u.'-'-uihimJ fha,f; 

a, II inoI<^<*.ul(\s uuJVtMi wit.h tin* siinu^ vrlufaty. Flu h 
t.ion is, h()\v<H''(M% unjtisiilH'd and if is ittr* nnf'»af Fhl* * uHh flin 
assnuuMl (*lnst.i(aty of tJin inq^acLs of tht' latdrt'ul*' , a- n Iiltir 
rcdk^cd.ion will show. For sirnplinity. nssunn* that all tlir uiido 
unless ha.vc; <H{uaI nuissc\s an<l a. ronuaon indnit \i*lMrifv r\*^' If 

t ho noia*?‘iNa ry jo-?' ninpf ion ho 
inado that t ho tntjiaota iis*o 
olast io la n a r- m i m pi lo n * *ssoi i » 
I. ini ttf f.ho ohao^ail ary* kiiiotia 
oonoopts fis Mllo’rw i:so I ho lionf. 
onor^yv w<mhl tnf*» flto 

dt^forinat ion of I ho Hioh*onh*H 
Bofor® Impact j rinuniti JW 

‘ oii'Orgy t^f f rairMlut ioii h thoti 

out. i}{ I ho luniiilold typoa of 
cadli^4tuts tnlviiiii: plma^- ilio 
oianirroiioo r*f mi impaot of iho 
ivpo piof orofi in Ifu:. Idiom bo 
Aff«r Impact tamooivod, A itioliaoilo fHu is 

inovinjiC wath it voloorly Oi. It 
* is stritok ooiifntlly lyv miotlPT 

Fill, uy rwiltanalo of tho won#* 

^Nthn,^ moving iil right' singloM 
to Cl with an eqiml velocity Afbw tho impnoi. will tiavo 
given all its veIcKniy ct io np, whioli had no «*oiii|Minont' piirfillid 
to Cg, for nioloculeB in Hucdi an impact inoridy oxohaftKo voliioitaw, 
as shown In Bee. 28. As a n^sult, mi will now ikih^ohs n %od«ic4ty 
cb equal in magnitude of x/2ci along the lino ituiimteiL will 
then have no velocity, wliile mi will have a vidocht.y ''\/2ri, In 
this impact the kdal energy will bo the siiitict mm bidore, for iJiti 
Heretofore the velocity has been dcHtguiUed hy the lot lor lo Hiiiro the 
recognition of the distrifmtitm of velocitittjs, iitcilecitlur %vill be 

designated by the oonvetititinal Byinl,K>l r. 
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initial energy was = Wicr, since mi and Ci 

have the same magnitudes as Wa and ca, and the final energy 
will be ^yn^ioy + (VSci) ^ = Thus after the first 


impact in an extreme case, while the energy is conserved, the 
velocities of the two molecules will no longer be the same. For 
other impacts the changes will be less, but it is evident that even 
after a very few impacts the molecules will no longer have the 
same velocities, and, if enough molecules are taken, molecules 
with all sorts of velocities will exist. The avei’age velocity a/ ci^ 

will, however, remain the same, for ^77iiCi^ has been conserved, 

and as long as mi is constant Ci must be constant. Thus the 
velocities will be distributed about an average value a/ ci^ which 
depends, as will be seen, on the temperature of the gas only. ^ 

It will be the task of this chapter to deduce this law of distribu- 
tion of velocities and to give what experimental evidence exists 
of its verification. The deductions given will be of two sorts.*** 
iThe first one will be the general approach given by Boltzmann 
land based on a study of the equilibrium resulting in elastic impacts. 
'The second one will be the original deduction due to Maxwell. 
In the latter case certain fundamental assumptions made about 
molecular motions and velocities are such that they fall into a 
category of general conditions in the theory of probabilities such 
that they lead to the deduction of the distribution law, which 
must therefore be the distribution law applicable to molecules. 

27. Boltzmann^s Method.f — The fundamental idea underlying 
this treatment is that a distribution arrived at by other considera- 
tions by Maxwell (Sec. 33), represents the equilibrium state 
after cornplote random motion has set in and the velocities have 
reached their permanent r6gime of velocities. If this is so, then 
the distribution law should follow from the condition that in 
elastic impact the number of molecules having velocities lying 
between certain limits is constant. 


Still another very ingenious elementary derivation is given in K. F. Hertz- 
fekls, Kinetischo Theoric der Waraie, MUllor-Pouillets, Lchrbuch dor Physik 
Vol. Ill, Part II, Chapter la, Beet. 7. 

t The treatment given hero is not a translation of Boltzmann^s original 
deduction. It is a free translation of the very admirable and condensed 
version of it given by Clemens-Schaefer in his splendid book, '‘EinfUhrung 
in die Thcorctischc Physik.^'^® 



r>8 


TlflC KiNMTK^ rUEnny ii.XSES 


Let it ho a.ssiun(*(l that (.ho^ ni<>I<^<nUos aro ir s|ihi*ras 

an<l oc)rusi<l<a’ th(Ks<^ nu>lo<'uh‘s haviuK vohHaf y ouinpniaails 
l)ctw(Hai H, and t* da, v an<l v h r/r, and a* .aud a* « f/^r. wliara 
vp Oj and w ropr(‘S(‘!it th<" vohaadios fho ./*■% //'•', and 

( UionudiricaJIy <*.onsid<‘ro<l, th<*so may ho rapro'^mlaM} a;- tlinao 
moloculoa for which the vt^locity vociurs <Ira\vn I’mirt a fioint 
in Fil*;. M- a-II <md in th<^ small volumo riontnnf A/oainiimr 

ihad a distribution la-w (‘xists arni that thoro aro inM!*nad**s alt 
i.oId, tlu^ number tmding: in dutinlir tann bo writttm as at a, r » an 
(ludiHlw. Mnvn j\ji, i\ (v) ropr(\s<ada tho fuin'fiim o\prr:'^yino: flio 
MnrXvvoilia.n[ <Ust(ribut-ion which if is dosirotj |u IuhI. lAr fho 

sa.ko of br<‘\'ily lot fhc^.T partirtdar 
in<d<HmlcM bo kianvu as fnotloridcs 
typo A, I'^^or unit \a4uinf‘ tlM-roaro 
A'/(n, t\ tt} tlndvdii’ ui ivtioro 

N is tho total fnunh>or of moloculoa 
jHu* cnrK Ah mo!ocnlo?n of f>‘pf* H 
Hm*h tuolo«niIr*H may lio oimsadortsi 
as iuivo %'oitH‘ifioH lyitti,'!; in a i,-oiufno 
ohminmt. /as, wHli vcloia- 

bet-woon adiud id f dndrduidi'' 
— VO. ^ da.'d The 

■number of inoloculos <4" I ho Ivfio 
B p«*r unit vohiim* siuiilariy, 
Nfiuf, v%ttd 

1110 molccuIoH 'Which wor<^ tii a givtm iuHtunt^ of !yp«* A l,iof«>rt^ an 
impact cliango thcar volociiioH in a time inforval ill as a roHult of 
tlio impactH, while in tlu^ namo time intorva! more tmilctailoM of 
other clasHOH an roBult of iin{>aclH nninr tho typo A. /Irlicrm 
these two chwnges at equilibriunh in the gas, an ftpuhiin um maM 
exists ami it is this eqidlibri uni whirh wilhiejinr ihrdisinhataai ian\ 
One may begin by csonsidering tlawo impaeiH in vlrine cif wliicti 
tho Adype molecules are decreased in number, < If t.ln^no iiiipiiris 
it is perhaps simpler not to eoimitlor tlioHo with nil tyjios of niolo- 
culcs and A moleculeB, but only thona iMdavoon iho |,y|n*-A 
culoB and the type-B molocniles* ImpaeiH botwnnui tlio A« mid 
B-typo molecules may now bo diBcusHod wtiii an iiitdod rosf-rir* 
tion, namely, that at tho instant of impact the linos of ootilors of 
the molecules (taken from A to B) have a dafiniki «»rietit 4 ittion in 
space* As, however, the A and B molecules have vi^etmrs which 
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end in a finite though small volume (dudvdw). the directions of 
the lines of centers will vary within certain small limits also, 
that is, the direction cosines of the line of centers is restricted so 
as to have components which lie between I and I + dl, m and m + 
dm, and n and n + dn. If these lines of center were to be 
depicted as drawn from a common 
origin, they would for the colli- 
sions considered cut out a small 
sui-face element dK in a unit 
sphere drawn about the origin 
(see Fig. 15). Such collisions will 
be termed the collisions of type a. 

To simplify still fui-ther the letter 
F may be written for the product 
N times the function /. Thus 
the number of molecules of types 
A and II per unit volume is given 
by F{uvw) dudvdw and F(u'v'w') 
du'dv'dw'. And the number of 
impacts of A molecules with B molecules of the class a. 
in the time dt is given by Vadt = F{uvw) F{u'v'w')b"^Cr cos 
OdKdudvdv! du'dv'dw'dt. 'l''his results from a consideration of 
the natxire of the impacts of the molecules considered as spheres. 
If the molecules have the diameter 5, an impact occurs every 




time that the length of the line of centers takes on the value 5. 
In Fig. 16, call A the center of the A molecule and describe a circle 
of radius equal to the molecular diameter S about it. An impact 
then occurs when the center of the B molecule lies on this circle. 



CK) TUN KIXNTir 77/AV)/i»r r. \,^NS 

In particular, this will he an impart <a the nt>peil I !HMiira(»f inn 

AH lias the (linM‘,tion cuisines /, //e //. 

Sincui c/A" is tlu‘ surfa-rc^ rut- nn(. nf unit Nphert* hy tin* iiiipai'ts 
(/.c’., th(^ solid a.np:lu), trlu'sc^ sauu^ imparts will rut out ef ftn* N|itinre 
of radius S ii surfacuMiltancmt fytlK. Tin* rone tillrd h\ the hues 
of eentcu-s in a, 11 i.h<^ o impa'<‘t-s is shown in fin* hyurr*. Tim (|ut*s- 
tion now is, Ilovv nutny of t-In* B inoleemlrs^ \\i,ll I'utlidr uifii A 
molcHUiles in i.lu* imnt* dNi This does in>f depend on I he ;ihsj4ufe 
vc^Iocitic^s of the A n.nd B niolcu*uh*s hut on ihrir retafive \u*lori- 
tic^s. Th<^ A rnole<‘ulc*s may tln*n !m* cumsidrred and the 

B inolecnihus inoving* towards tJiem wifh a vel«»ri!y r, , I1ds 
dircuvtion of rc'lativc’j v<*l<H*it,y is, o!>vious!y, Un* <ttrrefit*ii tif fin* 

^ • . . it* t* 1' it*^ ' IP 

straight linc^ A' A and has tT<* dinud ion cujsine.H ' ^ ' * 

which will he*: cadled X, g, r for simplicufy. If now flMua* is ron« 
Htrueduai about H'H as n.xdH an oblique cylinder whose tense is 
the surfacu’: cTuncuit (Va/A* and whose tenglh- is H'H, then m the 
tim<^ (it only thosc^ H inohuaileH whicdi lie in the evinnier wall 
<u)Uide with thc^ A mol<u*uh*H. Sima* A7 j* is eqtuil to ra/l. the 
volume of this eylindcu* wall ht» oh/Ah% cos th wtiere from the 
figure cos 0 is cupial 1*o ■" (\l f /ag } aen Tfn^ negafm^ sign 
comes from ihy fact tiud* /X d /uyu f ftp is e«|ual to thi* cosine of 
the Hupplemcad.ary angle* of f/, and the c*oHiin* of I he ohf use supplio 
mentary angh'^ is n(*gat4V<*. Bincu* Oie volume imisf hi* posilivi*, 
the negative sign must he* iiH*Iuded in the term for the volume, 
Ah |Kir unit volumes tht*re! nre^ ACah’’h/*lh/a'Wr^#/ir^ inohamlea of tfie 
type B, the eylindc^r contains 

F(a/ahe') 5®Cr cos f.kiKtluU!p'(itP%li 
niolcHailcB. Thc*Bc^ and only iht*He ino!f*cuIeH undergo the i*u,y|:ie 
coUisionB with tin* A inoh*cnileH in the lime di. 

Now then^ are in a unit volume F(ii r aq tiudniip nf the A fy}H* 
of moltu,ndc*s prewmt, ho t-hai in tin* time ill the niimtt<*r of iiiifnods 
of thc^ « type occurring, will Ik* givcm hy 

Pudt « F(upw) COH fic/A*dia/rdir#/ahlehlirh/h 

If, for Bimplicity, F(upw) mu! FUFvUF) lai writtiai iiu^rely F mul 
F% then the decrease in ilus nuiuher of A iiioliHniles |K*r ciir'^ 
in a time dt through a collisionB ie given by 

FF^S^Cr cos BdKdudinimitFdFdiFdt. 

It is next necessary ta dehrmine the increme in the Humin^r nf /I 
molecules per unit volume in tfu* timedL To tlik end iiimllitfr 
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vSpccial type of impacts, which may be termed j£5 impacts, must 
be regarded. These impacts are defined by the following three 
conditions: 

1. After the impact one of the two molecules must belong to 
type A, that is, its velocity as a result of the impact must lie in 
the volume element dudvdw of the velocity space. 

2. After the impact the second molecule must belong to the 
type B, that is, its velocity as a result of the impact must lie in 
the volume element du'dv'dw\ 

3. At the instant of impact the line of centers should have the 
direction cosines Z, m, n, that is, it must go through the element 
dK of the unit sphere (Fig. 15). In this case the velocities after 
impact are defined. It is now necessary to calculate on the basis 
of the laws of elastic impact the velocities u, Vy w and u', v' ^ w' of 
these ‘molecules before they collided. This is accomplished by an 
analysis of elastic impacts which follows. 

28. Velocity Exchanges in Elastic Impacts. — Between two 
rigid molecules of equal masses two types of impacts may occur. 
The simpler of the two could be termed ' 'head-on collisions,^' 
tliat is, (sollisions in which the direction of motion coincides with 
the line of centers at impact. The second type of impact may 
be termed oblique impacts," and are such that the direction of 
motion and the line of centers at impact do not coincide. From 
the simple laws of impact for the first case the impacts in the 
second case may be deduced to the extent to which they concern 
the type of collisions for which they will be used. 

OoTisider two molecules A and B which possess before impact 
the velocities c and c' along the same line. Let their velocities 
after impact be c and c'. From the conservation of energy, 
since the masses arc equal, it is possible to write 

+ C == C + c , 

and froxn the law of conservation of momentum, 

c c' = c “4" 

If these equations are written in the following form: 

~ - c'"" - 

c — C ^ c/ 

division of the first by the second equation yields 

c + c - c' + c'. 

Combining this equation with o — c = c' — c', 
the result is c == c' 

e' = 0 



02 


TUhJ KiNKTK^ TUFJifn oF iiA^Ks 


that Is, tiu) two in<)l<H*ul(\s ha.vt^ iiM^n^ly Vf^lurit 

( lonsiclor next tlu^ more (MnupIitxOed rnsv in wliieh thi* veiorilins 
C and (y^ which now must lu^ <‘(msid<'n»d as \a‘et<u*:-s ha\f direr 
tions differing from oilier as wt‘ll as frnrn the hie* n! eeiders 

AB of Fig. 17 . (> and may be <lt‘e<mt|H»se<! into iwa intmpu 

nents oiielg om^ |)ara.II(d to t<he lira* <»f (a*nt«*rs and the M!h<a* |i«*r 
pendieular to it. Mx[)n»ss(M{ in anottuu' way, r and ( may be 
d(wompOvS(*(l into tw(> v<a*t.ors Ff and F\ parallel: to fhe etnnnuiM 
tangentiat plants a.t tin'; instant, of impart, and < \ ami / norma! 
to this plama Idar smooth spluu’es the laagtmfial eom|>ontadvi 



IV 


(It and d't remain un<duuiig<‘<! affer the iinfijnd, wiiilt* the normal 
compornmiH plfi.y t.lu^ Kama rdit* as iti head <,n imiaictN. If (he 
vi'loeiiy compon(‘n(.H af(.f‘r collision he deNi>,;na!ed, nn r and 
(■n (-'n, (!nrreHp(m<HnK io fhe <-(>mp<meii(.H f',, ("a ami f iiml f'\, 
before impact, thesse facta may heexpnwed by wril itig 




and 


('t 

('•i 


11 } 

( 2 » 


(\ ■ r'„ j 
C’n > i\, i' 

8inco vccjtoriaily expr<^HH<!d 

r - Ci r 

Kq. (1) and (2) above kiad to th<^ folUtwitiii; relaf kmM; 

C « (h -H « i\ h ('’n 
C' = 4- C\, « (•', f. (•„ 

These may be expressed somewhat differently if the relative 
vector Cr after impact be used, where 

Cr “ C' — €. 1 1 ) 
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Since vectorially expressed Ct — C — Cn, Eq. (3) becomes 

C = ■& - C. + = C + (C' - C)n 

or, using Eq. (4), 

C = C + {Cr)n. (5) 

Here (C'r)n signifies the normal component of the relative velocity. 
In a similar way from Eqs. (3) and (4) ; 

C’ = C't + Cn = C't + (Cn - C'n) + C'n 
=_C't + C'n - (Cr)n, 
and since C't + C'n — C', 


C - (Cr)n. ( 6 ) 

Equations (5) and (6) may be written in terms of their compo- 
nents along the three coordinate axes. Call the components of 
the velocity C, u, v, and w, and similarly for the other velocities, 
adding the proper subscripts. Furthermore, call the direction 
cosines of (Gr)n the normal component of the relative velocity 
(this is, the same as the direction of the line of centers), Z, m, n. 
Then according to Eq. (5) 


u = u-\-l- 

V — V m 

w = w + n 

and according to Eq. (6) 


u 


I- 

in 

n 


{CJ)n 

■ {Cr)n 

■ {Cr)n 

■ (a)n 

{Cr)n 


( 7 ) 


( 8 ) 


Again, according to the definition of the relative velocity Cr the 
direction cosines of the normal component of the latter are 


Z 


u' — u v' — V w' w 


(CX’^ ~lX)n' (Cr)n 

Multiplying these equations in sequence by Z, rn, and n, the result 
is, since P -f- in^ -f- — 1, 


-> n = 


(Cr)™ = (a' — + (Z'' — v)m -4- {w' — iZ))n. (9) 

Putting these into Eqs. (7) and (8) the results are: 

■u ==«-+■ — u) -H lm{v' — v) ln{w’ — w) ) 

V == V + {lm(u' — u) -1- m^(v' — ii) -|- mn{w' — w) [ (10) 

w = 10 + {Iniu' — u) +mn{v' — «) -H n^{w' — io) j 
and 


u' = u' +, {l^(u — u') + lm(v — v') + ln{u> — w') | 

v' = v' {lm{u — u') -h m^{v — v) -H inn(v> — w') ^ 
w'- = w' -]r [Iniil — izO + inn(v — v') -|- n’^iw — w') J 


■ ( 11 ) 



Tlli^J KlNbrnt^ rilHORY aF (LXSKS 


()4 

''r.hcsc oxproHsioTLS th<,^ (':<)nip(KH‘nf‘S ul Vi‘hH'tf y uru' aiui iYv^iv* 

before the iiupaet in terms itnr ami n'r^ir* atirr inipaal, and 
vice versd. 

29. Continuation of the Boltznian Derivation of tlie Distri- 
bution Law.— Thc^ e(pia-tions dedurs^d frr>m i!n* vr^Iurify r\idian|.^es 
in elastic impacts ma.k(^ ii possihlt^ to cahadate at oitt’o the tiesired 
vel()<dty coiuixnumt.s Ix^fon^ t<h<' impac’t. It must, he 

rcmenib<axul tha.t the (|uantiti<‘s \vhi(di it is r'etpiired find and 
which wcaa'! (^xpr<\ss(al bj*' tYrfv ainl in the first |tart ef tfhs 

deduction corn^spond t-o tJu" (plant it ies nne and n^rYi'^ ot the see- 
tiou on Velocity h!xcJian|i;<‘s. 'rhus the t|uanfitit\s that iiavt^ 
dashcis ov<n* tlnan in th(^ vrloritt/ (xchafujr iiftiurtnui fjeenme Iht^ 
undaslied (piant.iti(‘s in this (*a,s(\ ami r/rv Ibr i’\ainph% 

a.c.cording to I0(|. (10) of thc^ pnaaniing stadiurn tor the \etneity 
components uc/c of tlu^ mohaaikss whicdi after impard wdl fall into 
type^ A, tlm following vahu^s ar<^ found: 

>12 rt's: u — n/) d- lm{v ■ ■ v') ! l^iic irh p 

p V n') ch ( w/nfie 

^ji) zs ip ~ [ln(u ?/0 'h ///ntc rhi ! /dd, ic , #, 

And fortius velocity compommts u^cUv* of the moleeides whieli 
after impact will Ixdong to tint B typ(* of moleenles* fr*»m lUi (111 
of the preceding s(x:tion tin’; following vnltnss are foiim! : 


a' - id 

- 1 /«(»/ 

... y) . 

1' ///;(;>' 

cl i Inuc' 

T/ ^ v' - 


- II) 1 

I- w'Hr' 

r) ! mnui 

17/ v/ - 

- {hiW . 

ll) ' 

( tunii'' 

rl i' o'Uir* 


From analogy to th(^ considerations for tlie immher of inijntefs 
in (it which reniovcal A-tyjH^ moI(‘cuh*H from the class by intjiiod.s 
the number of imi'iacts hidwcam inoliamlcH Icodiaf/ in ific 

formatioih of A and Ji molrculcH |H*r tmii %mliiine in tli sh given by 
F(t2md)Fiu'd^^T/) (5%v wn $({KdudHluHiiFtiFdHYtli i . Hiis exfires- 
sion is the exacjt analogue of the previtms (expression ff*r the dis- 
appearance of A mohunih^H, and may be written 
FF^d'^Cr cos (hlKihlflvilmlidtlFfiii’^^dt, 

These are, howev<u% not maawarily impacts but ran only be so 
if the quantities di2, dv, did, difdFdfF are so detdoiiiiiiib that 
•a + du, etc,, before the impact go ov«u^ into u T' eke nfirr liiii 
impact, for a 0 hnpac^t is so defiiHHl that the inoleeitle inimt go 
into the A type^ (having velocities l>eiweeii ii iiml n -d- da, c^kt.) 
after the impact— that is, not only must tlind go over ifit: 4 > iq c, 
and w after the impact, but u + da, § 4" di\ and w -h did must go 
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over into u + dit,, v + dv, and w + dw. In order that this may 
occur, dii, dv, dw, du', dv', dw' must be so determined that they 
correspond to the quantities du, dv, dw, du' , dv' , dw' after impact. 
The quantities du, . . . dw' must be determined by differentia- 
tion of the equations giving U, . . . in terms of w, . . . w' 
above. Differentiating thus, 

dudvdw ■ du'dv'dw' — Adudvdw ■ du'dv'dw' 
is obtained, where A is the substitution determinant. 


du du du du dU 

du 

dll dv^ dtv dil'^ 

dw' 

dv 

dv 

du 

dw' 

d'lv 

d'W 

dll 

dw' 

dul 

du' 

dll 

dw' 

dv^ 

dv' 

du 

dw' 

dv/ 

did' 

du 

dw* 


The coefficients of those come from the equations for uuw and 
u'v'w' and it is seen that A is given by 



— Im, 

--In, 


Im, 

In 

— Im, 

1 — m^, 

—mn, 

Im, 


mn 

~ lUj 

mriy 

1 — 

In, 

mn, 

n^ 


Iniy 

In, 

1 - 

— Im, 

— In 

IfUj 

m^, 

mn, 

— Im, 

1 — 

— mn 

lUj 

inn, 

n^. 

— In, 

— mn, 

1 — 


Evaluation of this determinant yields the result that A = -+-1. 
Hence d-odvdw ■ du'dv'dw' = dudvdw ■ du'dv'dw'. This equation 
is a special case of a famous theorem of Liouville. It is therefore 
found that if the velocity vectors of two molecules before an 
impact be in definite volume elements of the velocity space, they 
will after impact lie in different volume elements, which, however, 
are of the same size as the initial elements. 

Thus the equation for the formation of A molecules from j3 
impacts takes on the form 

FF'S^Cr cos ddKdudvdw • du'dv'dw' • dt. 
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The iwi of iln^ A-typa nto!<‘»-uh‘s hi unii vnliuiH* 

thi’OUgh inipiK'ts of ilia a n-ml /'i iypa in lha tiiin* Ff i ' . 

FF^)[r(’r <*as OtiKiludptFrdu'dr^hn^' * hf. 

Hy ini-i’if’ijnii'ion ovi^v all \*aluas <»t // r a' as wril a^' all \alu<s: <>f 
(IK, th(^ inar<ais(' in t-ln‘ iHunhta* af A luolnrula^ in unit vidnma in 
i;h(‘ iiina (It ihn>uji;h all ix^s.sihh^ impacts, is ohlaimnL fa uil 



Now ih(^> numlxa* of inohamhss ot type A was a^'tunrti fu he 
F(iiriv)(lu(lr(hv a.t. t<h<' hc|.»;inninj*: of fla* <Us(‘Ussiun. ’This numher 
in t.hc^ tanu^ (It <‘Ih-inp:(‘s (o 

^K 1 ^fl(((lrt/{r, 

lUuwo ihc; in<*r('ns(* in iha munhar of A type nahacnlcs? jH*r unit 
volunia in a t.inn^ dt is (^xprassial hy, 

a K 

(H • (hi(Irfhi\ 

(n. 

A<ua)r(lingly, 


<)F 

at 



FK^ )X' * (% ae>H ti ' (r%l K . 


I^'roin this (Hpuit.ion it- follows that tin* ralnlion 

KK' FF^ Cl 

is a iHjmlit.ion that. dF at Ch that in <o say. if is a 

HuCheiant comliiion that antationary sluta Iuih raaclaal, It 

d<><\s not proven that it is a. iHaasssary condition for in or*lf*r to 
inaka <IF/(U — (I it is only laMa^asary thni Iha inlt^grui as a wliota 
vanish. Idas will caumr if FF^ - FF^ is ta|uiii to II. If will iilso 
o(5<nir if the (luautity P'F* FF* has iHu^^ilirr and ur^jniir* vahtaa 
Hueh that tlui int<‘gration earria<l out haUvaan tin^' hiiots niakas 
the integral vanish. If it could ha nhown liiaf FF* FF'^ is 
always positive or alwaiys negative, iha condition ^ , ///.o ,, p 
wouUl bo both a suflicicuit and a nacasHury condition that tin* 
integral vanish. 

The condition, how(^V(^r, tliat aF/di Cl is stsITadinii to dat>ar« 
nune the distriliution law. If it is brought t«i vaniHti tiioiugh 
FF^ — FF^ being /avro, the distrihotion law f‘valiiatjai by tliiH 
condition would be a possible distribution law. In order to 
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show that it is the only distribution law, the condition that FF^ — 
= 0 would have to be proved to be the necessary and sufficient 
condition for dF/dt becoming 0. This was accomplished by 
Boltzmann by means of his famous H theorem. ^ 

30. Application of the H Function. — To prove that FF^ — FF^ 
is always of one sign in the integration, Boltzmann studied the 
so-called li function, or logarithmic function, 


II 


=/// 


F log FdudvdWy 


in which the integration is to be carried out over all possible 
values of u, v, and w, i.e,, from — oo to +oo. H is thus a pure 
number entirely independent of u, v, and and dependent only 
on the analytic form of F, Now in equilibrium F is not supposed 
to change with time, that is, the function represented by F is 
the one expressing the equilibrium condition. Thus the condi- 
tion of equilibrium may be expressed by writing that dll/dt = 0, 

for if is a constant with respect to time the derivative of 

F log Fdudvdw with respect to t must be 0. 

It is next necessary to determine dll/dt relative to the quanti- 
ties which have been dealt with. Differentiating F log Fdudvdw 
under the integral sign, 



Putting in the value of dF/dt obtained for the increase in A mole- 
cules above the expression 



dll 

di 




(1 + log F) (FF' - FF')S^Cr cos 9du . . . 

dw'dK 


is obtained. Now so far the A molecules only have been empha- 
sized, inasmuch as it was desired to determine their increase in 
number. Actually, the B molecules also change, and since the 
B molecules are in no way subordinate to A molecules in these 
processes their changes must be included in the calculations. 
In fact, the division of molecules into A and B types was, in 
reality, only a mathematical convenience for simplifying the dis- 
cussion. Thus there must exist for the B molecules a set of 
equations analogous to those for the A molecules in which the 
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a(u;ent(Hl kvikn-H ;in^ iu(‘n‘iy stiksi ii utrd i'nr 
k^ttKU-S, 1.0 wit 

rrrr Ifi r,' <*( )(S thi i i\ 


Iff'- 


log’ FUi N* flr%f ir* , 


''l^’luvsc two l(^a.cl i.o iMi o<ni?illy \'aluo tt»r dH ^/f, , 

^ (*r (*/*(*(*(*'’ ’ 

. d,r\lh. 

Addition of th(*Ht^ two oxprossions for dH d! and du i'siiOi hy 2 
load to an a.v<n*ag<^ vakn^ ftn* dll dt, in whirh otil!i?dun»H aro 

ocjuaJly r<'gHrd<Hk "riuH valn<^ inkos tho funii 

iV^s <’uS . dir*dh , 

'“Huh value again, however, <u)tisid<*rs indy Mn* ir type uf iinpuidH, 
HiiUJC the a type of iniipM<d.H was t^nken as flie starting iioinf' tif 
tlio diHCUHsioin Hin<*(^ iht^ d <a)lliHions <*ould hav<* lie<ai tn^ed as 
the ntarting point n.H w(dl m t.he rv, tla^v tuust he inelndei! in the 
eviduation of a, final innif.ral value <»f fill fli, dims t wo 
HiouH cam bo gained nnaJogous to those* just averaged wfiieh wottid 
follow if the d inipa<d.H had lieen uscai ns the starting }Hant* 
'Theac^ are obtaiiaal again by naa’ely ini«*rehnnging the ilashed' 
imd undanhed lid.<,cn*H for ilF/dl and dF^/dt used belitre and bar tJa^ 
II uhcmI before. If tluH t-ransforinaiicm in earrie«| oiif<, thrs efTeei 
of the UHO of tlie d fyp** <d inipacrtH an a st.ariing jaiiiit leads hi 
the expresHion 

'lit ” "2/ J / f /' /' 

COM Ulln . . . 

in which, i>ccauHO of the rtJlation du . . , f/»c' du . , . 
du)' the daHhcH wer(» left off in th<^ final difftirentin! liwidnet. 
Averaging thin expreHMion for d!I/dt with the one IiiimimI on tiie « 
impacts as a starting point, the rnirfoetly Mytumetrituil ex{»n»Ht»ion 
for dli/dt below is obtained: 

f-arrfrrfa- FF' — log FF') {FF' — FF')&^i\ 


cos Mu . . . dw‘dK. 
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This integrand is always negative since FF^ — FF' has the 
opposite sign from log FF^/FF' , while all other quantities are 

positive^ for 6 is always less than Since the integrand is 

always negative or equal to zero, integration between no limits 
whatever can make the integral vanish. Thus the integral 

can bo 0 only if the integrand FF' — FF' is 0. 

31. Conclusion of Boltzmann^s Method. — Since, therefore, 
the condition that dll/di == 0 is synonymous with the state of 
equilibrium, equilibrium will occur only when 

FF' - FF' = 0. 

This condition is, accordingly, also the necessary condition for 
equilibrium. Thus the equilibrium condition is defined by FF' — 
jip' = 0 and by its means the form of the distribution law may 
be determined. 

To arrive at this from the above equation it is simpler to divide 
the equation by N, the number of molecules per unit volume, 
and one has the equation in the form, _ _ 

If' — ff = 0, where f f'JJ' express I’ —• 


Furthermore, since for cquilibiium all directions in space are 
equivalent, therefore the f’s depend on the magnitudes of the 
velocities only and not on the directions. This may be expressed 
by the equations 

/ =±: eifrCcp 

f == 
f = 
f = 


for the letter c represents the appropriate vector velocities of the 
molecules in the A, B, a, and jS impact classes. The square is 
used to make them independent of the sign of the velocity. 
From the law of conservation of energy one can write 

c2 + c'2 = C** + c'2 


hence 


g2 _ _j_ q'Z — ^'2_ 


Putting If — ff = 0 into logarithmic form 

log/ + log/' - log/ — log/' = 0, 
and substituting the values for /, /', / and /' assumed above, one 
obtains 

<p(c^) + <#>(5'“) - - <^(c'2) = 0. 
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Hubstitutiiig foJ’ fbis Ix'CdiiK's ' '' ' nr ’ ‘ 

<i>(c~ + </“ — 

DifTcronti:it,iiiK this pnrtiall.v with rcsiM'ct t<. atui 

re.si)(‘(d.ively, oni'. obtnjiis 

(/>'(<•■■) : </.'((•"- i <■ ' ’ 

<//((•'") • ■ <y{r' i r'" >■' : 

<//(,•'•■) I (•'" 

or (/)'(<■■■'■) ■ r' ' . 

Such au c<pi!irl.ioi> csiu iiolii (uily it tin* <hTtv at i\ c;; arc <'(nta! to 

ji <‘.ousi.ji,nii \vhi(!h otic may call 1 o', i.t.. it 

, .. 1 
<//tr'i 

fr 

this jtn<l a <Hjnstnitt of iat oRmtitin, 

(X' 

that Ik, it am holti only if 

. « 

/ . J‘V' 

,Bui / in th(^ abhr<!viati<M)i of / fa, i\ n*u Htul ir t r'" i 

K<> that 

A/ 'V 1 .* - / tu* II < 

/(«, V, '(/') ,1 

if * 

or, K(ipartt,tcly,/(a) .-tc •«*,/(/') .Ic .«>, uml/tjcj .!<■ 

If there tu'(^ N mohMmU’H pre.setit- in ii cm' the tmmherH having 
veloeitieH iKvtwtam u tuitl //: )• </i/, r and c ( dc, and »■ utid ir i dic 

arc given by Af,tu == Nf{u)i(i( -» /I.Vc - .l.Vc and 

to* 

Naa ~ -4iVe"«» duK 

This Ik the expreHmon imlieiiting the diMirilHition of velocil h'H. 
d’ho phyaical meaning <jf the^ c(jnHt!int» .1 ami $* will he defer" 
mintid in the treatimmt of th<i distrihuf itm Saw jih tledne«‘d hy 
Maxwell (Sees. 84 and 85). 

32. The // Theorem and the Meaning of If, 'I’he Higtiiliejinee 
of the quantity // ih far more (ixtenaive than a mere aid to the 
determination of th<s diBtrihtjtion law, for it makes it {»ossih!e t«> 
obtain a mocluini<!al Hignilicanee for an otlmrwise diilietilf ly iiih'r- 
pretable quantity, nauuily, the entropy. It in, how«!ver, he.ycmd 
the scope of this text to derive the ttslationshii} or to enter iuh> 
the more recent rigorous prcxifs of the // tfusorom. 'hhis falls 
into the domain of statistical meohanicH. 
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It was noticed that the integrand in the expression for dll felt 
was always negative and in the limiting case of equilibrium 0. 
Thus for every case deviating from the stationary state one 
obtains the inequality 


and only for the stationary state does one obtain the equation 
dH/dt = 0. These two statements constitute the Boltzmann H 
theorem in its simplest form. Its significance consists in the 
following: 

Thermodynamics teaches that an isolated system can succes- 
sively take on only such states that its entropy always increases. 
If the entropy can no longer increase the system remains in a 
state of equilibrium which is defined by this fact. Thus entropy 
as a function of time follows the inequality that dS/dt ^ 0; 
the negative entropy will consequently be represented by the 
relation —dS/dt ^ 0, which is completely analogous to the 
inequality for H. Thus it is expected that H must be 
closely related to negative entropy. Since II has a purely 
mechanical definition, a mechanical definition of entropy is 
reached. In fact, it can be shown by analysis that for a mona- 
tomic gas in equilibrium the entropy, aside from certain con- 
stants of integration, is related to the quantity II by the relation 


where B, is the universal gas constant and Na is the Avogadro 
number. A still further analysis leads to the interesting result 
that II is the negative logarithm of the thermodynamic prob- 
ability. This thermodynamic probability is, in turn, the num- 
ber of equally probable configuration of the states of the separate 
molecules which will give a resultant thermodynamic state in 
the gas. Thus the negative logarithm of the chance that the 
separate molecules will find themselves in such a configuration 
of states as to give a certain thermodynamic state in the gas is 
the quantity IL From the relation between II and entropy one 
can then write that, since — log Wth^rm. = /I, therefore S = R/N a 
log Wtharm- Hcrc W therm, siguifies the thermodynamic probability. 
} 33. Maxwell’s Deduction of the Distribution of Velocities. — 
The law which was deduced by Boltzmann from a study of the 
equilibrium state existing among the molecules making elastic 
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iuii'KiciH was ori^iiuUIy (hnliK-ad by Ma\U'i‘l! fnrm ions 

of ])uri^ j)rol>a.l)ilit’ios. If. ha|>|wnKs that fho a>'niiri{H iioo-' wltiah 
must In'! ma^lo oomsuaiiug i\u^ hnhaviorof tho niolonilos fait into 
a K<'n(n\n,l ^vi of aondiiums in t!io fhoory tif prnl'»ats/lit lo-? wiiioh at. 
oiH?o spcanly the form of iho <iist lahut ion law. ''Tho-o iMualititUiS 
are so ^(uuu'al t.hai no sp<an(i<‘ appHcanl ions |o inotortilos nood he 
made, only the moletailes must- ht» assntned fo fiithl efufain einr- 
ditiojLS. ddn^Si^ ta)n<litions imply that a s!e;ul>‘ sf:ito lia,s hoen 
r(^a(*jKHl a-ad no rtannants of t^\tt*rn:d dist nrhams--^ e\ist in the gas, 
It also r(M|uinss f.hat <mouKh multaniles he eoieadered .so that 
dcwiations from a. mea-n eondifiun t hnaighoiil flie gas ai'e highly 
improhahle. Whaf. r<‘ally slmutd he shown and mm I evinf, ns 
th<^ eonditJons give t-hi* i-rue dial rihut ion law is ilia! I he eqoihh- 
rium r(\suHriHg from el'isfh^ impntd-s fulfds t he eondil inuH imfiosed 
in tin* d<a*iv4ation. 

tJu^ gas mol(Hnd<\H he assumed h» o!tey the following 
eonditions. 

,1. Assume <a|uilihrium with enough nnderndeM so that llie 
numh(*r of mol{and<\s in any n*gion is the huiu** and so that flie 
vcdcHUth^H in any dinad.ion are eifunL In oilier uairds, assuino 
tliat the nmnhm\s tamHiilerc-d are great enough sti that in any 
volnnn^ of the gas ttierc^ wall he capud iiumherH of molfamleN anti 
that th<^ molecul<’!H will havi^ the same veloeiti«*H in all direetioiis, 
The assumiitum also demainiM that no eliiiiiping or ngRri^gatkin 
of th(5 moltandoH (Exists and that all eonveef itm «>r iiiiiss ninveiitenta 
in the gas he a-lisimt* These nsHumptioim lead to fotlowing 
<3onHec|nene(^H: 

a* The components of vido<dty along a.ny systeiii of eoortliriiites 
are iKjuaL 

?>* Tins iHotro|)y of the gas makes it iniiniiferial wltai coordi- 
nate system the. n^sults are expriwn«i in. in other wtirtls^ iiri 
equating of the functions expresHcni in itifltmimt eiKiriliiiiit4i 
systems would amount to a statilmcuit of the isotropy of gtw. 

*** Maxwell’s original prtjof is, hinvoviir, w?i t% definite pmmf «f Itie imiiidl- 
fcioria existing among the moleeules tm iKiitifcd ntii by Unliiiiiiiiiiia ^Hlri iliti 
oaa hand, th(3 diHirihntimi of veloeiiies in a siat-loniiry fortlt 

by impacts. On the other hiuiil, in the deduction wdiirdi hillowK tti# 
enoe of impacsts do(3s not enter in at any |wint, for no imn m iriaile of llie liiw« 
of impact. This proof tlien, if it bet assumed e€>rrect, bn iihimI U* alwiw 

that MaxwelFs law holds if no impacts tmik plaeii, » ttilrii wlii«iti ii ifri|*€»» 
aible. A rigorous proof of the law can then only fw'iKi fi »ltidy of ll» 
impacts/* 
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2. The velocities along any three coordinate axes are inde- 
pendent of each other. A statement of this independence would 
be included in multiplying the chance of a velocity along any one 
axis, which depends on the 'velocity only, with the chance of the 
velocity along one of the other axes and stating that the resultant 
chance is the chance of a combined velocity containing the two 
components, for the multiplication of two probabilities to give 
the resultant probability can only occur if the probabilities are 
independent phenomena.* 

3. Assume the freedom of velocity distribution from any other 
influences, that is, assume that the chance of the velocity of a 
molecule lying between certain limits is a function of the velocity 
considered and of the limits 
only. This is the same as 
asserting that the distri- 
bution of molecular veloci- 
ties can be represented by 
a probability function and 
is similar to the assump- 
tion made in deducing the 
distribution of the free 
paths. 

Plaving laid down the 
assumptions concerned, it 
is next convenient to 
visualize the molecular 
velocities in the following 
manner : 

Assume that at a given instant all the velocities of the 
molecules in a volume of gas could be photographed as vectors 
whose lengths give the magnitude and whose directions are the 
directions of all the molecular motions at that time. These vec- 
tors could then be arranged so that they all started from a com- 
mon origin O. If this were done, the resulting figure in space 
would resemble a perfectly symmetrical spiny sea urchin radiating 
from the center O. Such a figure is represented in Fig. 18. The 

* This assumption is not at once obvious, for actually among the mole- 
cules the components of velocity along any three coordinate axes w, v, and 
w are subject to certain relations, to wit, the conservation of momenta and 
of energy in the case of real molecules- It, however, happens that the laws 
of impact so affect the relations that the conditions are fulfilled and the 
deduction accordingly leads to the correct result- 
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spines would liav(‘ varying Irngths, tleu-n iNvini,^ a hnv wry l<fng 
(>nc\s a.nd ih fenv shod. ours, wilh Wu^ of uh;o4 of IIhuii lying 

jihout H<Ha*in.in uu^nn valut*. If uImhiI O tlrr i wo sphoros Ur draavn 
of riulii c ajid r 4 dr, vr<4t»rs rudiug !H‘twrou iht-o* two would 
(*.onstitui(* ail irlu'- Vi4ot4tirs prrsrnt tlmt had valnrs l> iiig !'h 4 wtaai 
r n,n(l e -I- dr. 

Now 1(4. 0 1)(* (4ios(ai as i!u‘ (ungin of au>' rrii^oigular svmIoui of 
roordiuaii's x, ddaui any givou vrlt»rily \rrliu* r Ih’ 

d('Coinpos(Hl into roiufMUuuits u, i\ :iu<l ir along j\ 7 , and -;r Thus 
ilir rc'laiion r" ' a" { r*' { r‘” may Im* u.-^sunital to apply hot worn 
thri roiupon<nd.s and r. 

l^'roni n.ssuinpi4on d it. enn Ik* stat(ai flint thr rlmiaa* I hat an r 
'v<4o<utfy ia)mpou<uii ruds iHdAvtani a and n f da in |airr!y a ftiiuo 
iion of th<^! vaiu(\s of a and da, /.r., if, u la^y hr wail ton /unda, 
ih(i v(4t,H4ti(^s are similar ttnd ta|uivatrid Inssitmptiou hr» in 
nil dinaiiouH, tiu^ <4uiu(*(* of a vrhnaty rmu jiom-nt along y Imviug 
valiums hciiwanni r n.nd r \ f/r and nnr along ttf ha%"ing valnrs 
iKdAVtsm ir a.ud in i* dir is rxpn'sstn} its fit uit ninl fi ir «i/a* rrsprc»»^ 
t'iv(4y. Thr rhaana*. that a viiority vrrtor rndM sinndf anrousty 
bcTwern 11 and v j da, r a?nl r f d?% and ir and tr | da* im, from 
asHiuujdion 2, given l>y ilin prochn*! 

fi H )f(t \f( ft )d ndrdir. 

This sainr group of roordinidrs g(H*s In inaki* tip a Hinglr v«a*kir 
e as Htatiul ahovta Thr that l.hin Hinglr vrlorily of Vfilnr 

r rnds in t!ir volnmtt (diunrni dadrdrr is tlani, liy aamiiiiptioitdi 
a fuiuvtion of r and of dmlvtlw only, Ttiai riianrr may lai 
rxprcHHrd as F{v)dmlvdu^^ following I hr mdaliort iitsivr, Idir roro 
vrnirncuh it may just iih wcdl hr wri{.t«nt m 4df^) dndrdi#*, wd'irrr# 
the* appropriatr form of (hr funrf lotn It rirm^ tMHaiiiirfi 

poHHibk'^ to tuxpnw tiir in(l<*p<mdrnr** of rca,irdltititr «y«tiniiw 
assunird in I h. in (la* form 

: /(^h)/(^*)/('^^')dadrdir Mn^)dudvdu\ 

or f{n)f{i>)f{w) T r- + tF^h 

This condition at onc(^ d<5termincB thf» form of thn ilwtribiition 
law, for it equates tlie proiluct of a set of ftimttioiiB to n fimirtlon 
of the sum of the variabl(^8. Hiieh a relation i« intlimtivn of a 
logarithmic relationship Ixitwcwm the variables. Maxwell p«» at 
once to the law from the implication csontainod in ihk. It is, 
however, possible to deduce this relation mathematioally from 
the above equation. 
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For the particular value of c chosen, is a constant, that 

is, the differential of this quantity is equal to 0, hence d[4>{c^)] = 
0 = Differentiating, 

f'{u)f{v)S(w)du + f(u) f'(v)fiw)dv + f'(w)f{u)f{v)dw = 0, 

where the symbol f{u) represents the derivative of f{u) etc. 
Dividing hyf(u) f(v)f(w) the equation becomes 


/'(«) 

f(u) 


du + 


m 


dv + 


f{w) 

f(w) 


dw 


= 0. 


Now hence as c is a constant ndu + vdv + wdw 

= 0. Multiplying this by a constant X and adding the resultant 
to the equation for the ratio of the derivative of the function to 
the functions 




d?/ + + (^f(wj dw = 0 


is obtained. 

Since by assumption 2 the velocity components are independent of 
each other this equation can be 0 only if each one of the terms 
separately is equal to 0. This can be expressed by the equations 
below : 


/'(“) du 
f(u) 


dv 


I'Syl 

flv) 

I'M dw 

f(w) 


■\udu, or log /(ii) = 
-\vdtt, or log /(?;) = ■ 
-\wdw, or log f(w) = 


X 


+ log A. 


+ log A. 

— ^ + log A. 


Here A is a constant of integration to be determined later. From 
these equations it follows that 

f(u) - Ae-i^\ 

f(v)=Ae-h\ 
f(w) = 

Call'^ = --■ 

Thus f(u)du, the chance that a molecule has the velocity between 
u and w + du, is given by 

f(u)du = Ae du. 
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34. Evaluation of Constants ,.1 ^ and o' of H«dt;ziniinn iind Max- 
well’s Deductions.-' 'It mnv nanains to dottnanino fho isntMtanlM 
A and a. Hus is dom* as follows. 
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I’ho chance of a vekxsity en<iinK aimultaimnjaty l»t.w«©n u *ii4 
u + du,v and v + dv, and to and w + dw is then 
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c® = + ^0®, and dudvdw is given by dc X cdd X 

c sin dd(i> in Fig. 19. Hence 

It®" 

f(v>)f(v)f(w) dudvdw = ~^^xc‘^c^dc sin 6ddd<i>. 

This is the chance of the velocity ending in the element of volume 
dudvdw, or between c and c + dc, 6 and 6 + dd, and and ■+■ 
d4>. To get the chance of a velocity ending between c and c + rfc 
this must be integrated for all values of d from 0 to tt and for <l> 
from 0 to 27r, that is, it must be integrated all over the spherical 
shell of thickness dc lying between c and c + dc. If there are 
^ molecules presen t in a cm®, the number having velocities 
Between c and c + dc is~oBiained By multiplying" the quantity 


z 



above by N and integrating over the limits m entioned. Hence 

Ndc. = - r- a: c ^’‘cMc I I sin dddd4> 

« Jo Jo 

AN , , 

== ,-c^e cc'‘dc. 

a®'\/ TT 

This same operation can be carried out more simply by writing 
Ku)f{v)f{w) 

The chance that this vector ends between c and c + dc is then 

f(.u)f(v)f{w) times the volume between c and c + dc in the 

spherical shell. This has a surface 4xc® and is dc thick, and hence 

the chance of ending in dc is given by 

Pac = /(«)/(w)/(«))4xc®dc 

4 _®'‘ 

= ^c®e ^dc. 

Q'^'V TT 
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ir tlu'.ro arc A' mol(>(!ul<‘s pnwnl in a <‘ni ‘ tlin nnmhrr uf vrrtors 
caulin>>: bt'twca'n r and r ( <lr is 
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'*rho I'ncHJHMg' of ruoy now Im* 

fonn of ihiH fuiu^jon. I'ldiki* iho distinhuf ii>o ol tr«*r jnifii^\ it' 
ia fotiiiti tha<it aX r 0, A ,/,• <)» aiut nt r * . A .. oi, In 

Ix^tvvcHOi tlu^ furiiXfion alwny.s p<>f»iittvt\ untl h«'nor it hnn a Jiiitvi • 
nmnn "riiiH rnn.xiiunni n*]>n\Maits tin* *s|h*«* 4 for mXiirh „\\i> in 
the jLj:r(xnt*(Nsi; in f«o say, it. is ilir tHfust ptohfthlf Tii fm4 

t.luH A^/r inusi* In^ <lilTorontia1o<i and tniualiai ti» il 
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Ilenan th(‘ « of this ('(ination n'prow'ntH fh* mnst prohuhir n/n-fti, 
36. Plot of the Law and Varions Averages. It is imw p<»ssiI»Io 
to plot th<* curve; roprownting this law. Ida- the j»ur}MiHo (d 
plotting it is to Ix^ not<'d that Iho t'tpiatiun (iiav 1m* written 

in b'nuH of tlu* parainop'r that is, the velocities may l«* 

(sxprosHcd in tonns of tiu'ir values rtdative tti <». the nin.st prohnhie 
spctal, t.e., relative to (Ik* niaxinmin of the curve, 'Hm'ii to plot 
it on(^ may wriht 


N,i.. 


■1 

n/ t 


,V 



i/c 



where J" 
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If, then, a Huitable valuo for dj; ehowni, say tlx tir th 10, 
Ndc may bo ovaluat(al for various vaiui‘« of x. 8tu*h a plot m 
showix in Fig. 20, where N was chosen ns 100, 

It is seen at once that th<i curve is not symmetrica! as regiurd* 
c = a, or a; =a 1. In fact, a .slightly greater area lies h> thts right 
of a: = 1. It is then obviotis that a will tust repreacjttt the 
sptHul but will bo loss. Let the averagt* sptssi c im eompiited 


-ft' 

I'utting it into terms of c/n «** x, ilc/ot « dx, 


itp 1 


i: 


" 4A^ 

a^'\/r 
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This^ again, is a definite integral whose value leads to c = 2a./ 
Thus the average speed is 2/ a/ tt times the most probable speed, 
that is, c == 1.128a. 

Finally, the dissymmetry of the curve demands the use of a 
third average velocity. The molecular velocities are found 
experimentally from the relation that 

p = " nmc“, where nm = p, hence a/ = 




Fig. 20. 

Thus the actual values of the velocities obtained are not the 
average velocities but the square root of the average squared velocities 
(Sec. 11). This, owing to the dissymmetry of the curve, will 
again be towards higher values of the velocity than either the 
most probable speed or the average speed, since in such an 
average the higher velocities will receive greater prominence. 
The root-mean-square speed, v/c*, hereafter to be designated by 
C, is found as follows 
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Urns one hius io n^nunnhor tha.f- niolrculnr sprtsls arr ! 

in terms of thna^ (ina.niiiit‘S the most prnhable. iIh* atera^e. 
nml tlu^ stiua.rt^ root, of (=h<^ iu<\nn s<[uan' speed wfutdi me retaled 
to ea<di ot.her by ilu‘ taiual ion 

2 ':i 
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vV\: 
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'I’lin ratio of r to 0' is soon (o l,t‘ 




/.r , . 


»r 0,‘,I22. * Hviitg lo tfio -o 


<lilT(U-on(U‘sgr(>at C!i,n' must !«* usoti in applying 1 !io ofptniitms ,,f t ho 
kinoiiio tli(M,ry it, onlor f.o itisuro (.ho us,* of (ho projior avorago 

36. Maxwell’s Distribution Law ami the Theorem of Eqwijmr- 
tition. In Su'.tion (U) of (’hap(.<'r II it was slanvii (hat tf on,' 
aHHUUxal th<^ kinc'ti,'. int<'rpr(>(,u(-ion of gasoons prossnro, atnl (ho 
oxporiniontal jnsl.ifioation of A v,,gaiir,,’rt riilo ono was (o th" 

concluHion that th<* avorag,' (.ransint ional kinc’t io onorg.v of oaoh gas 
ina mixtiir,! of gas('H in c'cjnilihrinm wasthosamo. This ooiiohnaoii 
was there aHM<,rt(Hl to l>o om* m(inlfostHti<ui of a inon* gonoral law 
known as the Maxw<,ll~!h,lt/,inann law of oijthpurtition of onoigy. 
It was also Htate<l in a foot, note that i!to doihiof ion i»f the proHsnro 
of a gas on the basis of simple kinotio theory asstmipfiotis in Hi'o* 
tion (r») e<ml,ainetl another aspect of the same iissiiinplion in the 
postulate that the velocity <»f tiu, gas molocutos iihtng any one of 
the of the rectangular box was the same. 

Inasmuch as the purpose of the kinetits theory is io fornmlate 
matheinatioally the behavior of gaww on the birsis of StuvUminn 
mechanics it wouhl mumi more fitting that the law of iHjuipitrti' 
tion sliouhl Ire deduced as a oonsetiuenee of the imitniitirins of 
the funrlamcntal kinetic theory by Icjgical tnaihenmiieal prnei'sses, 
and then be used in predicting Avogadro’s rule, mther thnn tin, 
reverse. It happens that th<» first rigort^us attmnpts at such a 
deduction resulted from smne of the analyses rnadr, in the prrMsws 
of the deduction of Maxwell’s law of distnhutiem of veicwitii* liy 
the Boltzmann method. Furthermore the Maxwell dwhietion 
of this law also contained the tacit aasumptions of this law of 
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equipartition restricted to translational velocities in its funda- 
mental postulates. Finally the application of the law of equipar- 
tition to the interpretation of many physical problems is made by 
the use of the distribution law in such a form that it expresses 
the law of equipartition of energy. Accordingly since the law 
of equipartition of energy is bound up so intimately with the law of 
distribution of velocities it seems fitting that a brief discussion of 
its derivation should occur at this point. The application of the 
theorem of equipartition to the study of specific heats and the 
limitations of the theorem may, however, be properly discussed 
in a later chapter. 

Before proceeding with the discussion it may be well to point 
out that very few questions in the kinetic theory of gases have 
been the subject of so much controversy as the questions of the 
validity of the various attempted proofs of the theorem of equi- 
partition. While in the earlier years the problem was treated 
from the point of view of elastic molecular impacts, it has in 
recent years been studied almost exclusively by the more general 
and powerful methods of statistical mechanics. Unfortunately, 
the study of this subject would furnish the material for a book 
in itself, and so cannot be discussed at this point. From the 
more elementary point of view a very good idea of the problem 
can be obtained from both the elastic-solid-impact analysis, and 
from the elementary analysis by means of statistical mechanics 
given in Clemens-Schaefers ^^Einfiihrung in die Theoretische 
Physik/' vol. 2, part I, pages 401-403, and Chap. X, page 418 
and especially pages 450 and 458ff. This^® does not contain 
a critical review of the subject. For this reference may be made 
to Jeans '^Dynamical Theory of Gases, Chaps. Ill, IV, and 
V.^^ There is also a very exhaustive study of the problems of 
statistical mechanics in an article by P. and T. Ehrenfest^^ in 
^GCncyclopddie des Sciences Math^matiques,^' vol. IV, I, Paris, 
1915, which contains further references to later literature and a 
comment by Borel. 

Historically, the theorem of equipartition of energy of mole- 
cules in a system of varying masses was first enunciated by Water- 
ston^^ in 1845. His proof, according to a footnote by Rayleigh, 
could hardly be accepted as valid, although at the time Rayleigh 
commented on the importance of the contribution. Maxwell, 
in 1859, independently arrived at the same conclusions. In 1861, 
Boltizmann^^ again brought the question into prominence and 



S2 THE KISETK* THFJHn < tF f. T-/ ^ 

extciul(Ml it to ail rnnaloin in rquilihriiifn. I Im* inaltrr 

wan again illstnis.scMl by Maxwell ii» a pafna^ in IhVH. Fiuw ftim 
the ({lu^fstion lias Ixaai variously atfai*k«M! b\ many 
includiiig Lonaitz, ( }i!)l)S,'‘'' Joans, and nflna * rlm^fly tn iIh^ 
field of staiisti<%ai nHadianies. J<aan^’"’ in partimlar brlimn*! fn 
hav(^ derivial tin* tlKM^rtun in a rkr,in'ini< I'a' Iumii. i Hhi*r ui»rt<a*a 
appear to be; dissaiisfitai with Ids drdurfinn, and af ftf'r‘»aif if is 
dillicult to judg<‘ tla^ (‘xa<d. sf.atus of tla* qun' tiMU. dlie qur; f ion 
lunges la.rg(dy on th<‘ irnpliiaations iradudfs! m tie* pt + ,f nlaf t*: «in 
thct basis of whiidi (ia^ parlitadar <haiin’liun i inad<a riin r\art 
sitiuiiion inigtii. b<* stat^e^l as follows: Mat Immal teal pi tna of the 
th<a>r(an of <a|iupa-rtit ion ha,V(* been giien «lui*!i \ery nearly, 
if not <aunpl(d.<dy t <tsta,blish tiie theorem as a result of fhe nndt^r 
lying* a-ssumpt.ions of the npplieation of Xe\\ toman metdianies 
to gas(^s ina.de np of moving partieles as postuiafed by the kme'ije 
theory. On the oiiun* luunl^ whih* Ihe experimental eiidenre 
to Honu^ <txtent liort* out the prediet ions of the Iheonam if seemed 
to fa.ll seriously short in many eases, d1ie e‘\|danafmn ot' fins 
failure of th<MHiuipa4*tition tiun^rem was infrupf ei*^d m tlie lighl 
of th(^ new <tnantum sigtdlieanee of the-e fUle«ds 

S(Huns to li<^ in a direidion which points towanis a failure of the 
N(^wtonia.n nHHdutnicxs and t h<‘ laws of eieef rody uaiiueM under 
certain conditions. If this expinnat i<»n is eorreef, the failure of 
the ecfuipartition tlaamun may in stuue measure be led bark bt a 
failure of th<^ moksnihNs to obey the laws of Newlomau meiJiaiues 
assxinKul in the (kaluetion of the eciuiparl i! ion t}n*oreim dltis 
type of departun^ from idassiia^il meehnnies is lo l*e s«*en in tlii^ 
case of the biduivior of Fjr'^ for !!« at kuv presMiires mid is nof^ 
related to tlu^ relativity modirH%n.ii<uiH, ddie Hf'iplifatl ion of the 
qxiantum nu'chanics to thesi^ phenomena lliem m reality, in 
not a modification btii rath(*r an extension of the theormn to 
cover the I'lrobkuns introducial non-Xeu f onian ineehimirM 
in tlu^ sense above numtioiHsh 11 uih it may tie asserfeit fhaf to a 
limited <axt<mtexp(uadn(mtb(airsimi tli<* pi’eiliel kms f»f the f heortuii 
of equipartition, whik^ it shows ekairly lliai flie iiinlerlying 
assumptions ar<^ not (‘ompletely mk‘qtmfe to tleserilif* all |*!iefioiii« 
(ma. ddie nrsult is tha.i it at prc^simt seems fuliti^ to disetiHH 
mueh further tlie (paxstJon of the atle<|uitey of the proofs of ihe 
theorem whim it is facial with the <!i{llculiies eneoiitiferia! in the 
<Itiantum effects, (‘onsiikunng th<' mudema^ ns a whole, it woukl 
be not far from corr<a»t a<HHq>t th<* theonun ns proved for prindJ- 
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cal purpoKCiS to the extent that the observed quantum effects 
will penuit ifc. 

In what follows a brief deduction of the law of equipartition as 
applied to translational motions of the molecules will be given in 
a manner similar to that used by Boltzmann following from his 
proof of tlu! distril)ution law. The treatment here given is 
ta,ken from (. Uemcns-Schaefer and is a direct consequence of one 
of tlui st<jps of the deduction of the distribution law as given in 
Se(!. 31. Following the derivation, a brief discussion of this 
tyi)e of dcirivation will be given as laid down by Jeans.^^ Finally, 
tla^ distribution law for translational velocities will be written 
in a form wliicih includes the assumption of equipartition of 
<'n<vrgy. The law will then be written in other forms as deduced 
by ( ■lenuais-Stihachir from statistical mechanics for the case 
rota.(.iona.l (uua'gies aTul for the case where the energies in equilib- 
rium may be in any form. The equipartition law written in 
tlK^sci forms, <w('.n though not deduced, will be of sei-vice in later 
appli<‘.a, lions of the theorem of equipartition and distribution of 
<m<‘rgi<^s a.mong tlxi mohicules. 

Jlcduction (if the. Imwo/ E(pd'p(iTUti()n for Translational Energies 
in (Uisco ns M ixtures. — All quantities referring to one of the gases 
of a bimiry gas<'.ous mixture may be designated by the subscript 
1, and all thosti of the other gas by the subscript 2. Then it 
is i)ossibI<'. to <“,onsidtu‘ impacts of molecxiles of one of the gases 
with ea.<‘.h other, impacts of the molecules of the other gas 
with (>a(;h othe.r, and imi)acts of molecules of the one gas with 
moltMiukis of the otluu’ gius. Now in Sec. 31, in the Boltzmann 
d<‘du<d.ion of the distribution law, it was shown that the distribu- 
tion law is defined by the relation expressing equilibrium in the 
form: 

E F' — VF' = 0. 

'This rtdation also contains a proof of the law of equipartition for 
th<i translational energies in a gas, as will be seen in what follows. 
Tlui expression above may at once be carried over to the case for 
e<luiUbrium in a giuscous mixture if the proper subscripts are added 
to the hitters. Before writing these expressions, the above expres- 
sion may bo reduced to the form independent of the number of 
the molecules present by dividing by the number of molecules per 
cm or N. This gives the expression in the form 

If - ff = 0. 
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Applying it now to iho itiixturc's of 1 lie two t hn-o oquaf ions, 

are obtaine<l applyinfi; in turn l.o g;i,s I. jaus li, nnil to (fm tuivturo 
of the teases. 

Jifi' ~ ' ‘’f^*‘*^** 

/■-'// " f~f~' ' ■ "■ 

f-ji I *■ 


Aa in Sec. 82, tiu; first two <'xpr<‘ssions leml io f he (list rihuf ion law 
witii the lu’ojxvr subs(u'ipirs juftk'ii it* the const nnt tcruis. 'these 
take tlic form 
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AecordiiiKly, 
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which may jiIho l>e <iir<Httly r<'late<l t<i Ihe .nver.une sqtim'ed 
velocities C'l® Jiiul (’a- l)y ih<t reliUfums found in .'nm*. ;t;». 'the 
third rehition betw<!<5n the (IjihIuxI mid undashed Jeffers jimi 


the accented and xauwicenUsl h'ttm-H will tlien Jh* expi eHsions of f Jki 
form above, in winch tlie velo<-ity veelors «, /\ imd ir take on tln< 
designation iippropriid.e to tlmir type. Simple nlgebruie manipu- 
lations of these expniHsiona lead l-o an i^xpres-Hion l«*fweeu the 
1/cci and 1/aa, which, tj-auHljib'd in b>rmH of the averag«*d H<puir<« 
velocities, give the simple relation 


1 

2 




1 

2 


tiia<'a 


This is the same expressitm (hslueaid from Avogadro'H rtde fijul 
the pressure relation in a gtia in Sec. 9 and which Htafeseejusparti- 
tkm. Thus the theorem of etpiipartiticm haa been proved for 
translational motion for the ease of a gas, using the assumpf itins 
of chistic impacts only, ''the vali<lity of such ji j>n»of lies only in 
the question as to whetlier the conditunw implying eijuipnrtiiam 
wore not contained in one of the iK»stulat<*H underlying the theory. 
This was, in fact, done in deducing th<* hiw of distribution of 
velocities in Maxwell’s hwhion, through the aHafimption of inde- 
pendence of velocity coordimites eoupkal with the oihttr awumfj- 
tions. The proof of etiuipjirtition in the iiolt/.miiim treatment 
above is as correct as the assumptions underlying the dorivatitm 
of the distribution law. Accortling to Jeans,*' the tierivation »jf 
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Boltzmann is not much better off in regard to the implied assump- 
tions than Maxwell's original distribution-law derivation was. 
In Boltzmann's case the proof included the assumption of 
independence of space and velocity coordinates instead of the inde- 
pendence of velocity components among themselves. The ques- 
tion of the distribution law has been discussed by Boltzman'^'*^ and 
by Lorentz.^^ Burbury^^ questions the validity of this proof, 
but the doubt is not shared by Jeans. In any case, the proof 
here given is not necessarily very rigorous, and as it is specialized 
in its scope, recourse should, in general, best be had to the more 
complete proofs in statistical mechanics. 

It is of use to consider certain modifications of the distidbution 
law which express at the same time the law of equipartition of 
energy. TheseHaws are deduced from statistical reasoning and 
will only be given here in bidef. The Maxwell distribution law 
in the form given in Sec, 35, expressing equipartition for trans- 
lational energies, may be transformed into a form frequently 
written and . indicating an energy distribution rather than 
a velocity distribution. The equation given in Sec. 35 was 

AN ^ 

N dc ^ r^e 


The and may be multiplied by m, the mass of a molecule, and 

the and by The equation then becomes 


Ndc 




7nc^/2 

c^e w«V 2 dc. 


1 

Now it was shown in Sec. 5 that giVmC^ = RT^ and in Sec. 35 
2 1 

that oL^ == whence ^Nmoc^ = RT. If the gas constant, R per 
o A 

cm-’, divided by N, the number of molecules per cm®, be called k, 
where k is the average energy taken to raise the temperature of one 

molecule 1°, then it is at once found that — kT. But is 


1 

the most probable kinetic energy of the molecules. Thus 

can be expressed in terms of temperature from the relation 
above. The constant k is called the Boltzmann constant. Put- 
ting this into the equation above the relation is had in the form 


Na 


4xiVl 
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m 

^hTj 
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me 2 
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THE KINETK' TilF.OEV (^E iriSES 

Occtisionally, it is found <*.<)nv<’ini<u»l. \vri(<^ I ho t‘\|>ro^04it m ahovo 

in another fonrx. Dcsigruitang 1 2iyr by tho l<<tor /o tin* oc|ua- 
tion becomes 



which is a form often us(h 1 in tlu^ lii.ornt tir<\ 

For the case of r<)ta,i/i<)naJ (H^uipartion tlio disiribntinn of rota- 
tional energies is giv<,vn l)y ^ ^ 

whore Ndc^ is tlie nuinbiu* of inohsailes <iuf of A' f haf liavo angular 
velocities IxitwcKUi co a.nd cuarid <ko, aiul / is the rnoniont of inorf ia . 
Another inhu’csting ea,se is tlu^ nundHU’ of molraulo.s iuP i if A' that 
fmd thems(vlves at a height a.bov<‘ tin* earfli in if s gra vilationnl 
field. In this (5as(i tluua’s is <H(uiIilaamn befwoon the inoIt^<MiIos duo 
to their translational h<uxt motions ami tla^ gra% itaf tonal ptiton- 
tial of the eartli. d'his law is <^\pr(^ss(a 1 1 ly 

N.t. Nlir' '-‘-fie. 

Heiro B ia a (lonatant and {/ ia iii<^ <M>ns1mi< t»f vif nf inn. In 
gcnioral, for molccnhvs with kin<‘(.i<MMid initcnti.'d fuiTgn-a un‘«niilib- 
rium the equation may lx; <!Xj)r(‘.s,s(‘d a.s r(dln\v.H; 

N.U! -- .VDr 

Hero NaM ai’o the mimher out <d’ .V moIe«-u!e« having a 
total energy, kiuotic or potetvtial, Ix-tween K and A’ } dA’, ainl 
D is a constant. The last two <‘<]uat.ions cam he used j<* gtv** the 
relative number of moleeuhw in two energy slnles by merely iak~ 
ing the ratios for two values of zat M. In thts <'a.se tin* eonstiuiis 
arc eliminated. 

37. Correction of Mean-free-path Equation of Clausius for 
Distribution of Velocities. — In the preeeding dedueliou ft*r the 
mean free paths (Hoc. IH), the v<*loeiiy ti of tin? moleeuleH was 
supposed to be the same for all ih(> moh‘euI<«.s. .\<dnu!iy, u is 
not the same and the derivation numt. be e»HTeet<‘d for this fact. 
In the Clausius deduetion the relative vcdijoity of appnjaeh 
between two molceulos was set as 

= n'i Jf. fi'i ~~ 2ui' eoH 4>, 

whei'o <p was the angle between the veioeil.itw, 'rhis was rtulueed 
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to r == 11^2 '\/i ~ cos 0 on the assumption that u = v. As 
this is no longer the case, the value for tl\e average relative 
velocity which is given by 

sin 4>d(l> y 

„ -2 ’ 


becomes 




luv cos <p sin 


2iw cos 


+ (u^ + + 2ot)' 


1 

6'^?^ __ 


(u — v)^ + ('ii + * 


The value of f depends on whether ti > v or v > tc, for if ti > 
vsolution gives for u > v a positive value for ti — and hence f ~ 

^ 2 ^ ^ — I - ^ 

Su ' ^ ^ becomes negative, the signs arc reversed 

and it is necessary to write f == ^ ' Now in the preceding 

deduction of Clausius, ti was equal to the average si)eed, or u ~ 
2 

- <x. fj however, must be determined from the chance of a 

“V TT 

given u or v taken from the Maxwell law. dliis probability for 


V is Pv 


v^e <x^dv, and for u is Pi, 


a'^'S/rr ^ 

now necessary to average f for collisions between molecules of all 
possible velocities. Bineo f depends on both u and v and on their 
relative magnitudes, it is necessary to proceed as follows: First 
assume u constant and take into account the variation of v. 
Then f,, becomes 


u^e du. It is 


„ ^ 4 r f 




3.,;2 _|_ ■iji _l 


'^rhe integration between 0 and u of the ■ term applies to 

o a 


values of u > v, and the integration from m to oo of the 


3V)« + 


term applies to values of m < v. 'The f„ is then the averages r 
for all values of v. It must next be multiplied by tlie chance of a 
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velocity u imd iutcg;rut(i(l from () f.o (<> take acermnf <>i fhf* 
viiriations in the vckxiity n. 'I'lic teiiidus intcKi-af itm will iu»t h<' 
oai'ried out here, aiul tlu^ nauk-r is rct'ern-d (o flu' iut<*ji;rat ion as 
carried out in Winkclinann's “ Ilandituch.”' 1 nt r^cai ii >n yields 

2<v\/‘J r 

f Mir y 2. 

x/ir 

Honco the relative vekxiif.y of t.lx^ uiuksade.s to he used in the 
equation for the free paths is new v'- liiues the average v<decity 
of a single niolecule. In ('la,usius’ derivatiun the value feiind 
was f == 4a./3, 'I'lius t.lx^ .Maxwellian distrilait ieii of veleeities 
changes the vahx^ of the relative velocity from I..'!.'! to 1,11, 
The expression for tilx^ naam fiaxi path 

- ' 


3 

Ijreviously dodmsed ixrw hecauues 

L 


no" S 


V'27r<r'-;V 


38. The Mean Free Paths of Molecules in a Gns Composed of 
Molecules of Different Kinds. - When mu- gax mnleenie of dium- 
otor <ri in a gas conipowxl of inokxfukxs of diameter le. is e<in- 
sidered the question ariseH as to whieli value of « to use in tlx? 
expression L = 1 / ■\/27r<r'W . A brief eonwiilenttion iif tlie «*k;- 
mentary deduction will show that for this simple eu.H<' the mole- 
cule of radius o-i will exchide in its imth h the eenfers of all 
molecules o-a which Ik; closiU' than <ri/2 | a-i 2 fnan it, for Jt 

collision occurs wluinever tlu? efuih-rs tippiasach within 

of each other. Thus for this (iiist! it is only necesHary to replac?t? 
the <r of tho equation for hoinogi'ix'ous nmleeuleH by a value 

0-,, — (cTi cr2)/2. 

The above expression was, how(?ver, d«?duced on the assump- 
tion that all inolecviIcH of diameter ffa an? at rest, and that only 
the one molecule of diamehir at is in motion. If now Jil! 
molecules are moving, that of diameter may have a vekx'ity 
(“i dilferent from those of diamtshsr o-a, whost? v<*k»eity may la? 
called Si. This case may bo rt\duc«d to tho <jne by t?on- 

sidering all the a^ moIe<;ul(?H at nwt and tho at inoleeulo ntoving 
relatively to them with tlw awrage relative vekxtity. 'rhis was 
done for the case of all moloculcH having the suma vtjlooititjs in 
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Sec. 19 and for the case of all molecules having the same average 
velocities, assuming Maxwell’s distribution in Sec. 37 of Chap. IV. 
In the former case the relative velocity was f = 4 c/ 3 , and in the 
latter case it was f = \/2c, where c was the average velocity. 
In the present instance the cri molecules have an average velocity 
Cl and the 0*2 molecules an average velocity C2. It becomes 
necessary to derive the expression for f for the case where the 
two velocities exist. For the case that the 0*2 molecules move at 
right angles to the ai molecules the relative velocity will bo 
V'^ci^ + C2^ for the relative velocity is the sum of the two 
velocity vectors at right angles to each other. Thus in this case 
f/ci = a/ci^ + C2^/ci. In the earlier deductions where the 
molecules were all supposed to have the same velocity c, f/c = 
and where Maxwell’s distribution was assumed, the mole- 
cules having the same average velocity c, the ratio was f/c = 
These values, in turn, put the factors fi and the \/2 
in the denominator of the equation for L. Hence wore the 
expression above the true one for the relative velocity considering 
a cri molecule moving among <72 molecules, Li would become 


Li 


TTCTa^N-' 


1 

Vci^ + 


Cl 


For L2, the mean free path of a <t2 molecule moving among <ri mole- 
cules, the expression would be 


TrcTtcJN— 

C 2 


It now happens that if the rigorous analysis be carried throtigh 
assuming a Maxwellian distribution of velocities with average 
velocities ci and C2 for the molecules, the integrations for the aver- 
age relative velocities, assuming all angles of motion of 0*1 mole- 
cules and (72 molecules, yields a relative velocity f = a/ ci^ + c*/. 
This, strangely, is the value found to be the case for the motions 
at right angles only. The detailed analysis of the strict averaging 
is, however, too lengthy for inclusion in this text, and reference 
should be made to the noteworthy deduction as given in the 
appendix of O. E Meyers’ ^‘Kinetic Theory of Gases. It is of 
interest to observe that if Ci = Cn this term gives the Maxwell free 
path. 
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One cnm of inU*n‘st now atfriitinri aad fhaf is 

'iho (lucstiou of th<^ fna' pat.h of a f> i lauhaoilr in a l^a:s^^a|s iiu\ttirn 
of niolo(nil(‘s of thc^ <f i i-ypo and A'- nudmih-'- of t hr r , i\ pr |>rr 
<air^ To thisi ono <‘an rolh‘rl that a,, tfjf* a\rrai:o \«*!nrhy of 
tTeo*i ttioIiHado, dividcsl by /o-, tho moan fron pafti ih' tfiaf inuhaado 
in tho inixtAins g;iv<'s tlaMiuinbor of muhaadar onrountta* I* |H*r 
a(H*!<)U<J of Uf fj'i mol<aaiI<‘ witli a and ff-‘ mohaaih*: , It flirif mo \ s 
of tho molxMaihss in a. oin’', t la^ n i nn ilotadr wdt «•« »lli* l*^ u it h 

f’t ,, ..,1 

- ivr f \ a ■. A j 

/ 4 

of inol<aai](^s of its own kin<f |Ha*soo<uni. If I !h*i »* ar«* A ; of f hr ♦r-. 
inolcMmloH in a, (an*^ tJa^ a i m<d<‘fadr ill rtdlido u itfi ^ o,/rr /' \^; 
\/rV*' h r-*' ^ t'h<* niolotadrs prr srrotid, 'Urns flir nundaa^ 
ofimpacd.s p<M' siaamd td* t !io o i mol^aailr will I m* 

Tf ' A‘ aha h‘ I ;nn,"A’->\ o," * r,.'. 

Since L\» ,V’ ilnm 

* j 

A‘ jO i“ ! A^>r y S r A * !■./' , , 

Hiniihirly, ilu^ mean fna* path /.-? of fhr rr,. nadrrnlo < m thf^ mi\- 
iur<'. willlx^ 

/ 1 

lj*2i , , 

V'2n'.V ( /rA(),,, "\ ct ’ I <'> 

39. Mean Collision Frequency of Molectiles of n tiiven Speed, 
Mean Free Path of Such Molecules, TtiilS Free Path. In 
37 the Maxwell fn^e {mth for niohs’uloM tonvioK w iih a MuwvfUinn 
distribution of veloeities was dodui’cil, ThiM do'iiudiim ftnvt' the 
mean free path by dividing the average s|M*ed >• b.v the mean num- 
1)0X8 of colIiHionH jht second averaged over all moleenleM, 'I'he 
deduction was made by computing the average value of the colli- 
sion frecpieney for tnohanilcH nu)ving with a Mawvelbaii iltstribn- 
tion, and divi<ling this into d. 'i'he pna-ess by wlneb tliis wjis 
aeeomplished can be H<‘en in Sta's. IK ami HT, where d «iedueed. 
'I'he matter may be regunh'd in another light, however, which 
leads to different resnitM. It is olivums Muif fh»« coliisiun fre- 
qvieney Z must dep<‘nd on t!ie velocity of tin* moliande con- 
sidered. If one earn calculate Z, this fnapteiH'.v for ft iiioiecuie of 
speed c, then one Cfui cfdcuhite the mean fn*e path of ji moleetUe 
of speed c among the other moh‘«nd«‘s m«»ving with Mitxwell’H 
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distribution of velocities. This will lead to a value for the mean 
free path Lc of a molecule of velocity c. It is of importance to 
know this quantity for such a molecule, and it will, accordingly, 
be calculated in what follows. Having this, it is then possible to 
determine the average value of L for Lc averaged over all possible 
speeds. Such an average path, designated hj Lt^ is numerically 
different from the ratio of the averaged velocity and collision fre- 
quency of Maxwell. As both are used in calculations, it is essen- 
tial to know both values. Different modes of averaging are 
appropriate to the different problems of kinetic theory in which 
the mean free path plays a part, just as variously averaged speeds 
axe useful in discussions involving the molecular speeds. It may 
be pointed out that the Maxwell free path is the one commonly 
used by physicists in developing approximate discussions along 
kinetic-theory lines. The legitimacy depends on the particular 
use of the free path, and it is questionable whether either is more 
universally serviceable. 

If the attention be fixed on those molecules which have a 
particular speed, it is evident that the mean number of collisions 
per second of such molecules with all others will depend on the 
speed of the molecules under consideration. The evaluation of 
this mean number of collisions per second, Z, for molecules of speed 
c moving in a gas in which the most probable molecular speed is 
a, will now be carried out. 

On the average, a molecule of speed c will collide in unit time 
with all of the molecules of speed o' contained in a cylinder whose 
base is and whose height is the relative velocity 

^ _ 2cc' cos 6, 


6 being the angle between c and o'. Choose polar coordinates 
having the direction of o as axis, then d and <p give the direction 
of the velocity of the other molecule o'. 

By Sec. 34 the number of molecules in unit volume for which 
o' lies between o' and c' + do', d between d and 0 and 

^ between <56 and (p + d4> is 


_N 


dc' sin ddBdp, 


so that the mean number of collisions per second will be 

c'a 


N(t^ 
x^\/ ^ 


- Vrc'^e dc' sin 6ddd<t>. 
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'TIk^ ioial 'nunil)(*r <>f <‘()Ilisions by n 

<’ui(^ of h|K'<hI (' is ol)tuiiiotl l^y intoiJtT.'it iu^, thi> uifh ro.s|i<M’t 
from 0 to to 0 froui 0 to ainl to ♦/» from it tn 2- , I utopr;if ioti 
with r('SiM‘<‘t to </> isonVot^o(i at, onoi* by nHTo!\ urituo,'; ui 2r; for7i,/>. 
Int.i^grntion with rosiHa*t, to nuiy bo rtMi\ oiunit l\ out hy 

UHiTig* tJu^ r<*liitiv(' v<‘Ioait y as variablo. ^ >ih‘ has 

I ‘.^/br r'f*' sin 

Marking tlnsso su!)st it at ioas, t ho tiifal nufobor « ^f oolloaojo- fna- 
<^x|Ha’i<'no<M 1 Ijy a,, moh'ouli' of s|»oo4 r m;i\ bt^ o\|M‘oM.s*"tl by 

O'** o 

niio iotc^gnituai liuuts witti rospoot to l\ nro a?i 

/ ^ . I* 

0 • 0 \\ r o' I , r 

/; , w I r I o' I r r' I o 

HO that inb^grutioa wil.h rosjaM*!. to \\ yi4*hiw f«o bifToroof o\pros- 
nioas a<u;onling to tlu‘ rolativo sixon trf r' ant! rr I’ht^so nro 

r o 

i ” 

b 


VAlVr 


ib/*l 


j f 2 o‘b 


j ^rir* I 2r'' 


Tlio total muiilHn’ r^f oolUshum is mov bo oblninod by 
grating ov<w all vahion a! r' from to *«* * using tho npprofiriuto 
, integral acctording an r' r or r' j * r» /,r*, 

V^TiV^rV 




4 

:{Jo 


I :^rnr - 7 /r' 


b 


;' f 


rUx'^ I 




It will be observed that tlie teriim in tl»' braokobs nro idiysioally 

* » r 

(limcnHicmlcHH. They hinn ii functioti of n vnriuith? ^ 

« 

<lormc<l by meauH of integration with reHfM*et to the vurialile // 

.y 

Th <5 fae.tor outKitlo tiu* braeket.H Iuin the »iimenHU»n« of 


a 


rcoiproctal time an it Hhtnihl havi*. 

Tho moan number of oolImionH {Hsr mieotul in tinw; 

Z » VjrAV«« . 


* 


in which T(a;) stancln for the terma in braekete, i,e., 
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A ( 4 / ” 

g (?/'* + Sx-y-')e''^^dy + g I + Zxy^)e'“'^^dy, and 

c 

X = 

a. 

l^his function can be reduced to somewhat simpler terms by 
means of the integration formula 




x^e~^‘'dx 


n 


‘Jx- 


^dx 




the result being 

'3>(x) == + (2x- + 





From this formula values of ^^(x) and related functions have 
been computed and may be found in tables. 

The result of the analysis is this: The mean number of collisions 
per second experienced by a molecule of speed c == xaj where cn 
is the most probable speed, is given by 


where the factor 


'F(x) 


X 


Z = 

X 

can be obtained from the tables. 


Thus the moan collision frequency of molecules of a given 
speed has been found to depend on the particular speed of the 
molecules considered. Their mean free path, similarly, depends 
on the speed, since 



in which c is the speed and Z the mean collision frequency of the 
molecules chosen. 

Applying the expression for Z from above the result is, for Lc, 
the mean free path of the molecules of speed c in a gas in which 

the most probable speed is a 

j = a;" 

wherein x = ~ ■ 

Oi 

This formula might be written : 

T _ 1 "s/ 

~ ttN^^ ■ -fM'' 

in which form it is recognized that the first factor is the Clausius 
free-path formula for the case where all the molecules are at 
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rc^jst Htivo IJk’j oih) whosi^ pu-t-h is ronsi* i^M'af itiii ir^ar. Ito. 

This C()rms|'K):nds to the path in the present analysrs of' a 

molecuki for wliieti ,r is v*'ry lar^e. 1lie srruinl tain<»r may 
thus he rega.nl(ul as a eoi*r<M*t i<in factor whirli alliO^s lor I ho fart 
that th(^ nioUHaiI<’j unU(‘r eonsi<lt‘raiiun duos not move with mlmiie 
speed with r(\sp<M't to the ot■hta^s, \\alu**s ior ttu* soeoiid taefor 
may Ix^ found in tahlrsse* 

Stairting wit.h the assumption of a. fre(‘ path \ar>imr uilii the 
speo<l as dcalmaal aho\a\ 'I'ah. (‘ahaifated a new fuean freo patle 
^rait\s (aiieuhd-ion of t.lu^ mean fna* path differ'*, fr'ont fhaf i^{ 
Ma.x\v<dl in tha,t it. starts from tlie formula for the nasan froo path 
of uioUamk'S of a. gavmr soeed r am! a\'ora^e*s the \ aluev i,|* ^ 

W(u*ghtinf 2 : t-hem a<e<aualinK t.o t<!ie (iist ri hut ion t*f \ elof'it ie*;. Fa if "s 
iV<x^ path is thus given by: 

I r * hr t * y/.r 

7rA\;'\|n i'Oio 

The definito ird.<W’^il (xanuTing here has been eompufed hy Tail, 
who finds the valuta OJ577, so that, the Tail fre<* path is 

UAu7 
hi \ ‘ * 

n A (If 

It is imi)orta.nt t.o H(*e why Tail’s free path differs fieun that 
of Maxw<dl. Examination of the «{eri\ationH of fhe two that 
hav(^i IxHm given will slmw that Muxuadls free path is oldained 
by dividing e, tlu^ nnaui specxl, by Z, tlie mean number of eolli 
sions per H(xu>nd aviuaigcxl over nil fhe moteeules, t lu fhr oiJier 

iiand^ Tait takes tlie vidue of the free path npproprinle fo' 

each speed and averages this over nil ila* lunl.'fttlf.'i, « d.viun.Mly, 
still another free path woid<l bo <.biHiin*d if th<* jih-hii vnita* of 

the spcicsd 6 were to bo nmltii)liod by the value i»r ^ avoruged 

over all the molocidoH, and still <ith»*rH <-ould 1 m* obtuine.l by 

I 

averaging in different ways. Th<‘s«t will all ilejwnii on 

for their oixlcr of magnitude, but will <iifffr in tla? vahn* of the 
numerical factor for much the same reason that the root-mean- 
square speed of tiu! mole<!uleH is not the same as fins arithmetic 
mean of tlui speeds. 

40. Number of Molecules Stracing Unit Surface per Second.* - 
A,n excellent illustration of the appHcatkai of the distribution law 
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is given by the rigorous calculation of the number of molecules 
striking unit surface per second. Take an element of surface dsj 
and consider an element of volume dv with N molecules per cc in 
it. Then in dv there are Ndv molecules. This volume is r cm 
irom ds along a line making an angle 6 with the normal to ds 
(Fig. 21). The volume dv may then be written dv = dr X rdd 
X r sin Od<j>. Of these Nr^ sin 0d6d<pdr molecules, the number 
which have a velocity between c and c + dc, are, by MaxwelFs 
law, 

4 -- 

. c-e dciVr- sin ddddct>dr, 

a^'\/ TV 





Now each of those starts a ne/w path ^ ^ times a second, 

wliere c is the average speed, and L is the mean free path. The 
number that leave dv per second moving towards ds with a 
velocity bc^tween c and c + dels B times the number of molecules 
above. Of these only the molecules emitted in the solid angle 
subtended at dv by ds will reach ds. This fraction is given by 
the ratio of the area ds cos d to the total surface of the sphere 47rr^ 
Which molecules from dv going r penetrate. The number of mole- 
cules that leave dv and that are headed for ds is given by 


4NB - 
e 

OL^'S/ TT 


7 0* j-j ds cose 

dcr- sin SdddSdr • 

4xr^ 


Butnf those headed for ds only those cross it that go a distance r 
dr more without an impact. The fraction going V or more with- 
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out an iinpa-ci is g;iv<‘u fnun f ho law for I ho 4 nhtil itui uf fn*** 
paths tm <’ whcu'o 

/. r' 

1 liuua^ tlu^ nuinlxa* of inoItHuih^s loa^an^’^ *h' por .“‘aM-niHl tliaJ strike' 
(As is f*;ivcui by 

i\ ,i ml, ‘u I tt . ** (’ I'/r/' sin th/ tfi/ t*ii f V , f 

<r’v'/r 

llu*! nuinh(u‘ vvliicli strik(^ /As p(*r soronh from thf* \^iiolo Npn(a» 

jibovc’5 is obtaintal by int<*j.^rai r from O |t» • . a from 

</) from 0 to 2r, a,nd (’ from b to Homa* t ho nuinlior <if mo!o- 

<nilcs striking (As p<*r H(*(»ond from abovo is 


JVd« i **"(/(• X // ( r ^^' 7 /r I sin H 00s 

Hincc/i — 

c 

A' A 

^ ' \| d.s, wIuuH* r is tlu* av<u*ag(* S|Ha*il. 
tuuubc'-r striking 1 <*ni'’ |mu' staamd, ho that 


) 




n 


d 



di^tn 


r is iiiti' 


.Vr AV'v'« -ifr A f ‘ 

V'b;?' 

An interesting ai>plieati<ui of this law may la* iiimie t-c* aid m 
calculating ilui vapor piawun^ of a Hubsiaman "fhiH lina actually 
been doncs by Langmuir,^ Quoting from it paper by Langmuir: 

Txdi us consider a surface! of metal in t*(|uilibriuni with its Nalurniccl 
vapor. A(u*.ording to t\m kimU-ic ihe(*ry, we |«*ok u|“«*si tl«* ei|thlibrinm 
as a haliUH^e In'twenm the rate of cvHjtoraihiu and rate of condenHiiiimu 
That is, WC5 coiuauvc! of tlu! time processes as going »n siiindiantsiusly iit 
ec|ual rates. 

At tciuperatunw so low that tlse %uuK>r of a laihstiuice i:lo« 

not excecal a millimetcu', we may emisider that raleof e%ui|iora« 

tion of a BubBtanee in indeiamdeut t»f the presence of vapor ttruitiid it, 

Hus merely means that the presence of atoiiw or nioleculci of 
the vaporising substance at a mm prciHsure doesrmt iriimderciwidi 
evaporation by acting as a reflecting layer that tlirowa the evap- 
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orating molecules back to the surface on their first free path. 
This action is not taken into account in deducing the equation 
above, “that is, the rate of evaporation in a high vacuum is the 
same as the rate of evaporation in the presence of the saturated 
vapor under these conditions. “Similarly, we may consider 
that the rate of condensation is determined only by the pressure 
of the saturated vapor. To see how this works the equation 

Nc 

may be transformed as follows. Multiply v = by m, the 

mass of a molecule, then mv is the weight w of substance striking 
a cm^ of surface per second and thus also evaporating. Thus 


w 


mv — 


Nmc _ pc 

“4 -4 ^ 

M Mp Mp . 

r’’w~w 

p is the pressure, and M is the mass of vapor in volume Y 


where Nm is the density p. But p 


of a mol. Also C = as c == C, c = = 

"v/s 

4 


Therefore 


w = 


1 Mp 


1 8RT 

ttM 


4:RT 
= 43.74 X 10~« p 


^S2irRT 


4 


T' 


Here M is the molecular weight, T is the absolute temperature, p 
is in dynes per cm®, and w is the weight evaporated per cm® per 
second. For tungsten at 2800°abs., Langmuir found w, the loss in 
weight, to be 0.43 X 10“® grams, per cm® per second. This 
gives p = 28.6 X 10“® mm of Hg as the vapor pressure of W 
at this temperature. 

41. Experimental Verification of the Maxwellian Distribution 
of Velocities. — Up to the present no direct and precise verification 
of the distribution law has been achieved. Three experimental 
tests have been made. The first of these is direct but inexact, 
although capable of much greater precision than was obtained. 
The other two are indirect and depend on assumptions more or 
less justified. They lead to results that are, however, more pre- 
cise. The first method is due to Stern.® It consists in measur- 
ing the displacement of the deposit of silver from a stream of 
silver atoms moving with their thermal velocities, due to the 
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itu»v(^nunit at right angles lo slrrani, i»l ffn* filalt* tnt 
whi(^h 'Tha s<‘t*<>n(i lui'lhtHi i ^ «iiir tu O. \\\ 

H.i<iharcls()nJ* la.tli*r (lirocfly nirasurtai tfi*- distri- 

bution of (‘loct^rons iunititul fi'om an inoantiovrtuif snurr«a 'Ilia 
a,SHUinption ina.<l<^ is t.hat, th<‘ oha^irtuis ar'o oniiffotl a a rrvulf (,f 
tluar hoa-t motions and an'; in I iHuanal t‘quilibrium with tin- atuuis 
of tho nudsil wtam t.lH\v Ioa.v<a thus [»(>^so:-sing a Ma \ 

it.y <listril)ut<iom Tho last, rm'thod d^^pouds tin* 1 ^uf iplmdfdof d 
<luo to tin's tJua’inal volo<atios, on atoms omittim*; • ptsUra! linns 
iu ;i dis(sha.rg(* (.ulxs 1 1. was suggosi<s| by Iju*d Ibt > Inighd and 
<*,a.rri(al otit first I>y Mioliolson 'band latta* by I'abr.'v' and Ibdssmtd* 
As tlu' Hoppha’ shift is too small to Im* ob“*<<a’\nd dirnnlly, if Ls 
obtajdanl l)y a.n a.fnal\'sis of tln‘ width <d’ tin* lin<*s by a mtsasurn- 
inont of tin’s pa.t!i <liriVr<‘mM^ (»vnr whinh inlnrlVronno fringes arn 
visibhn All t.hns's mothotls agrot^ with tin* prndinfiotis from fhn 
disfributum hiw watJuin t.lu^ limits of an(*tu\'u\v of tho ovporminnfs, 
42. The Average Velocities of Molecules or Hlectrons Kniitted 
from Hot Bodies. -- If a.n erndosure rontaining alom?.* molmaihvy or 
(fiiW.trouH in o(|uililjrium at a, (em|MTafnro 7* is roiradonHl tlm 
distribution of v<d(na*t.i(NH is at oma* dcSinnd by t hr rvafuafion 
of (t (the most probabh' Hpcaal) fr<un the tompmaf urn. ‘Urns iti 

I 

Sec. 5 .it was found tJiai HT llnunn* dividing 


by Vj the numlKu* <»f m(d<n‘uh*H pnsstmt in fhn volumn r, on** ran 

write wrr ( 'ailing h\ one tdrfaiits man' 

p p 2 I 


From th<> uI)ov<% F' I ' 


wfoTO «( IN {Iut 


:urr 

III V -s/ 

weight of a mohnnile aanl M Ls the wnighf, of n grnm-OiiolnruIn 


li being given for a gram-moletmhn Hinen ir\ 


or 


4 


2 kT.^ 

m 


it is soon at ontui that tlu. Jiaviiig a 


V()l<>(iity c in the <!iu!loKure is expressed hy the eijtiaficm 
4N • - 

A^<;« “■ - / F"<'. “*Or, (See See. :«». ) 

a V w 

If a small ()p(!ninK h<. made in the enetosure so that the nude. 
cul(5s can stream out into an evacuated space, tin* average velocity 
of the molecuhis (unittxsl will not la. the suine ns tlm av«.nig«i 
* Th<! <|uan(,i(y /,• m known as (he Ilolt^titmaa outMtimt io»d it ia the viihic 
of the KUH (.oimtant k per iiKdmnilc iu equilihriam. H in the Kiis eoimtiiul; 
for the mniibcr of nu)h.cuh.H e. 'fhe c» hero i» rtmlly the (' of H«.e. M. 
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velocity of the molecules existing in the enclosure, as a little con- 
sideration will show. The molecules inside were in equilibrium. 
Those issuing are not, and the number issuing in unit time is 
the greater the greater the velocity of thermal agitation of the 
molecules, for it is only by virtue of their velocities that they can 
emerge. Hence the chance of a molecule emerging is proportional 
to its velocity. The number emerging at a given velocity c 
will then depend on the product of the number N do of particles of 
that velocity present and the value c of the velocity. Thus the 
average velocity in such a steam Ci will not be that given by 


C 


jZkT 
\ m 


but will be greater than this. It may be found 


as follows: In getting in Sec. 35 its value was obtained by mul- 
tiplying N dc by integrating it from zero to infinity, and divid- 
ing it by the integral of N dc from zero to infinity, which was N. 
To find the value of Ci^ under the conditions of the emitted beam, 
the product of into the number of molecules N'do in the stream 
which have a velocity c, to wit cN dc, must be integrated from 
zero to infinity and divided by the integral of the number of 
particles issuing with a velocity c (i.e., cNdc), taken from zero to 
infinity; that is, the value of the average in a stream, isgiyen 
by 

4iV 


Ci^ 


r-, 

Jo 


6*" X c X cM ^'^dc 


- . - c X c^e ^'Xlc 

TT 


2a. 


In the inside of the oven = ^a, hence Ci^ = Ci =^= 


== Thus the average velocity of the mole- 

\ 3 \ m 


cules in such a stream is C'l 


4kT 


in contrast to the aver- 


age value C 


4 


‘SkT 

m 


inside the oven. 


43. The Rate of Escape of Molecules from a Hot Surface, and 
the Distribution of Velocities after Escape. — In one of the proofs 
of the distribution law it will be essential to know the number of 
molecules or electrons escaping from a heated surface having a 
component of velocity u normal to the surface. From the eval- 
uation of tl^iis quantity it is also possible to show that the dis- 
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tribution of volcxnty among t.lHM‘sc%*i.ping iiMl<‘pf*n<l«‘ni 

of the work doiu^ in passing through flte surfaca\ a fat*f wlhrti 
Bimplifies iJK'5 consic halations invajlvtal. Thus il sooms of iiifi*re.st 
to inv<^stigate th(\s(^ points in what folhovs. In !|uh iii.srussifjn 
thci inohxniles Ixtow a hounding surfa(‘o ma> hi* assumed in 
cquilil>riiun witli a, sour<u^ of <uu‘rgy. A eorlain nuriihf^r of 
arc passing outwa.r<l <nu*h imsta.nt. in viiiuc of t heir iicaf. nmlions. 
'The nunil>er of sutdi that h»fivn may ho found hs hdlows: ff is 
obvious tliat tin’; compoiHuit of vtt<H*ity a norinal fo ffio stulam 
is the only oiu^ <tT(s*tivc in driving ihiun through it. If iliorn 
arc N vioUcuUus per prcs<‘nt» th<^ tmtnUw with a. volocify 
eoinpouent v, whi<di would st.rikc an area tis in a time #//• are fhosn 
lying in a eylirnhu* of lengtli iu/t and base d.n That numtier is 
Nu(H(L^. Of t!u'S(^ N moI(andcsp(nuuu‘\<mly /i a k/a fnavea \r|ianty 
bctw<a,ui u ami -+"■ da. Hcnre, if d»s* is I etit amt d/ is ! see. fhn 
number passing tlirough I ein- pt*r second is 


N,u,da 


Ah/ 

/ 

(t \^’ K 


iff 


For the type of appheations to In* made il is simpler lii transform 
this equation by intnxluction of a mnv set of eonsfanfs. Since 
these (constants are frcHjuently <*neounfc*red in ptibltsticd paiHus, 
their introduciioti will not be amisK at this point. If was fonml 


that in e(iuilil)rium (f- 



!f one chIIh /i 


! 

2/; 7' 


then 


(r^ 


Himx^ f' 


3 

2fnk 

e<}iiation then b<Hn>m(*.H 

A^iwjda 


a . 


tlnu*cfore o 


Ttn* ntnive 




tw Mu. 


Thes number of molocubsH liaving all hoiIh of vobirify wnuisoriont^* 
u normal to the surface tiuit pass otit thmuKb • ciu^ jM»r wrc»mi is 
obtained by integrating iV(K,f/a from « Ut inbnify. 'llmt is 

.V 


^ iM I 

Jo 




‘2iwhm)f‘» 


From tliis N = 2ri(Thm)>”‘ and so 


N(u)du Bs 

Henoo the probability that a molecule will leave a mirfiu^e in a 
gas with a v(5looity component porfx>«dknlar b* it lying Ix’twwn 
u and u + du is given by Niu)du/nt 

Fiujdu »* 
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If now the hypothetical surface through which the molecules 
above escaped be replaced by a physical boundary, in escaping 
through which the molecules have to do work, the question pre- 
sents itself whether the escaping molecules will maintain the same 
velocity distribution after escaping as they had before. Assume 
that Ml be the velocity of the molecule impinging on the surface, 
and Mo be the velocity on leaving the surface. Then it can be 

2 

shown that Mo® = Ui^ — where 4> is the change in the work 

function in passing through the surface. The number of particles 
escaping per second with velocity between tio and tio + duo will 
be the same as the number of molecules impinging on the inside 
of the surface for which the normal velocity component to the 

O J 

surface lies between iii and Ui + dui. Since 

m 

one may write uoduo = uidui, whence^ as 7}o(uo)duo = 7ji(ux)dui 
»jo(Mo)dMo = N^^y^^oduoe 

Here N is the number of molecules per cm® inside the boundary. 
Those molecules which escape per second have mq > 0, so that it is 
possible to write that the number that escape per second no are 
given by 

iV € — ^ 

” 2 {vhrn)^‘^ 

Therefore N is given by — 

Thus, ^ 

VoiuQ)duo = 2/iMoi7oe“*“““ dMo 

Whence F(uo)duo, the probability that a molecule of the emerging 
group have a velocity between Mo and Mo •+• dMo, is obtained from 

F(Mo)dMo == = 2^mMoe-'‘-«o»cfMo. 

Vo 

This is exactly the same form as the probability that the 
molecules of velocity Mi will impinge on the inside of the surface 
which was F(u)idui = 2AmMie"'‘”‘“>'‘dMi and which was a direct 
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<‘misequon<‘e of tho IMa-xwoll’s tlistrilniliun at vtlorit ii*s iiisiO?* tlw 
boundary. TIiuh on<‘ <‘an <‘on(‘ludo that f la* di t nbiif iun law ia 
lUH^hang’cd wIhuj t.ho inohaailrs <lo wnrk in aonn* ihruiudi tiH*atiiv 
fa, no. li oa.n bo slunvn that Itio tlwtribnlaui |iara!!i-! in ihr sur, 
faoo will also l>o \nia.ltaro<b d'hus thn di-tnlMiiion la^luiatinH 
ajuonij!; tho nioh'oubss or {*lo<‘t.ron.s ha\i!u/; a .''aniaft* i ; rnrnjtlab‘ly 
iud('.poiul(‘u(. of tho work dono in inano, liio.uyti tltr 'url'aff* iata* 
a, Iso H(‘o. S‘l ). 

44. Measurement of Molecular Velocities by ttu* Rolitting- 
plate Method. Sbaai*’ nnndo a dinad nl«^a^a|rt*IHrnt ut Hh* \‘t'l(H,af'y 


(/ 


wln(‘h atoms td" silviU' h^nw a : n!larr nf multrii 



d/r/’ 

M 

silviU’ a,i a, toniiwaaiinre 7Mn a vactnnn. I rtuii an uioatidf^sr^mi 
ware If in Idg,’. 22 (*oat.ed with silvrr a Mlroann <»!' •alvnr alonw 
* is projr^ofrd in at! dirarlioiiN, By 

moans taf a slO irt itn^ dtajibniKin 
I) the part id’ the stream esraping 
towards tlie plate t* O'. omifnanl to 
n narrow prism 

wbioh proiliioi-n w fien condens- 
ing the plate l\ n ’diur’ply defined 
narnnv band .!. ltd taov, the slit, 
and the i)lato are set in rapid rotation ahonf I hi' uue ffh tlien, 
while th<^ atoms irawad from lb to J\ the plate roinfes throiigha 
finite angle, the haanl produeed hy th«' eonttoi,u.rd si!vr*r at-oiim 
will he detha^ted t»o a |a>int away from t la* f»osil mn of I he band firo- 
<iuee<l wlnm at rest in a diredion oppostle to I hat of I fn* rotnfion 
by an atnount clepcrniing on tJn^ velocity of rolafioii, say to /h 
for simplicity, assume that /> is vtaw close to }l\ ’Hien catling 
the distance l)I\ L, the time iidien for tin* afiun of vrlocitv r 

c 


to fly from /> to P is r 


If f-tic plate roliilcs r 


timcjs a second, tln^ plat*<* moves 2ir/on' cm in the fame r. Hiima 
single atom of v(docity e will have its point of iiiri*leiiee on the 
resting plate displaced a distance h wlimt the plati* rotaf.cH, given 

I»y th(! relation « == 2rLnr j’- 2k ' **■ 'rhtiK. if f lje lM*niu vve^nt 

e 

infinitely thin, ninee other atoiiiH have all vc’loeitioH Kiviai hy Max. 
wcfil’s law, it would Ixs Hpntad out into a difTuwe diHuIitecd Imrtd 
whoHe maximum oorrcHpouded to an « which ia ^ 
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this maximum could be located, then the value of s could be meas- 
ured by its displacement from the undisturbed line, and hence, 
knowing L and v, v could be at once computed. If the value of v 
so obtained was found to be equal to that obtained by an optical 
measurement of the temperature of the filament as given by Ci 

~ distribution law would be partially proved 


as regards the actual values of the velocity. A more complete 
proof would come from an actual study of the distribution of the 
silver atoms deposited on the plate in the displaced deposit. 

In practice, certain approximations had to be made to simplify 
the experiment. The distance L was not a constant in practice, 
owing to the length of the filament. Calling a the distance from 
P to W, and 6 the half length of the filament at W, then L lies 




between a and '\/ + b^. Its average distance is 

For the experiments performed, a was 6 cm and b was 1.5 cm. 
The error in taking L = a was about 3 per cent. Furthermore, 
since the length IFD is finite compared to DP, a correction must 
be made for this. Calling DP, Lx and WD, L^, the correct equa- 


tion for small values of s, the displacement, is s = 

The system of wire slit and plate, which for mechanical balance 
had two slits and two plates mounted on the same straight line as 
the filament W, were placed in a frame which could be rotated by 
means of the shaft from a motor which was coaxial with the length 
of the filament. The shaft passed from the gas-tight glass hous- 
ing carrying this part of the apparatus through a complicated 
series of packing glands to the motor. The housing was pumped 
out to 0.0001 mm and the speed of the motor used was 1500 r.p.m. 
in the first experiments and 2700 r.p.m. in later ones. 

In actual experiments the direction of rotation of the motor was 
reversed, so that the distance between the maxima of the two dis- 
placed lines could be measured! The double deflections so 
produced were between 0.7 and 0.8 mm at 1500 r.p.m. 
and between 1.26 and 1.12 mm. at 2700 and 2400 r.p.m. 

Another correction has to be made in the computation. The 
distance from the maximum of one line to that of the other when 


halved gives a = provided the beam had a negligible 

width to begin with. But for practical purposes this was impossi- 



1 ()» 


tup: KiSKTK' T{/p:<>/n' of <, \ffs 


1>I('. Ana.ly.sis will show that the infi-ii“if\ <tf thf tiihliTtctl 
iK'Jini lit .S' tail, from the uinlotliM'f i><i 1 ii'aiu, i.s yi vt*ti ! i,v the rolat ioii 

.S'i« 

• ■< r '' ' . ■ / . 

J(i .hi .^1 ^ 

V vn/ 

.S' : '/ 

for the v.iiHo of iitorns wi<-h the <Iisf rihtit ii^n result ini’; from 
th(^ einiHHi<»n from t»ho filannuif-. Hen* S,, is the nui hir tie* 

luoHt |)roba.hl(^ spia^h tJiat. is souri^ht, and would hr fi^ivrn hv the 
ina-xinniin for a, si><d. \vld<*h %vas iidinifrly thin, uuh I hr platrsai 
n^at. '‘Mh^ inh^gra-t-ion siiows that, tfa* tHaxnmuu i»h;nrrv«sf for an 
un<^<dkH'.^.<^d spot of width d vvotild hr r/o,o r f hr r adf/h r^'d 
than th<^ tnu*: va.ha’' of as Ihuirr, knowiiuf, d, and ntisaauriiwt the 
diHta.nc<^ Ix^twrcui th<^ inaxiiun.. produt*rd hy rhHn,eHtg f hr ilirrrfion 
of rotation, tJa^ true dcdhs'tion for Ihr rtiosf prohahlr spiaat A’.* 
ran tx*. nHaiMunah lOvnlualaon for fhr rorrrrt iofi for ftiia width of 
tli<^ slit in th(^ (*xp(U*iintudH with loiKt r p in. yirhh^d It! iniiL 
neiHX^ ihii (hvhtadaon N rornssponding to Ihr trnr vahn* of r itial 
used in its (^.valuation "wuh Uria to O.aP non in plnrr t4 thr valuf^s 
Odif) to 0/10 nun obmnwaal. ddir early vnbi(*s tibtmnrd Ity Stern 
at 1500 r.p.nn wcua*? <a)mj>nred with the vehanUeH <»f atonm 
comptiical from tin* <'Htimatml value of the jihonent lrmfa*ratur<i 
and found to aKmn| Ah then^ were errors in flus eulriitiit.iiin, 
due to ShaadH nc^gk^et of the highm* average vrloeity of ilai 
emitted atoina, tlienc*, nwdtn will not be givem Hie didteetami 
Sa obnerved at 27(.)0 anrl 2400 r.pju., of 1.20 nttil tJ2 iinn.i 
yielded cornuditul valin^n of 075 ami ti-h'i itiriers fan* Hvvtnut for ha 
The value for fh eoinputeil for 12IHr< h was 072 ineiers |ier Heeoml, 
in accord with the vaIu<^H ohH<!rved within the limitH of iix|a:*rb 
mental error. 

These experimentH are capable of a far greater precdHimi tliiin 
was obtained. It would Hcuan worth whik* to have tlieiii ext4imleit 
in driving plates l)y .meaim of a higleH{M*ed iiir ttirbine or motor iirt- 
ing on the moving syst^aii in its ghma easing by meiitiM of a fiiiigiietie 
coupling. An electrically heatcnl oven whose tetii|au*itiitre eoiitd 
be measurial optically could also Im uwah Tla^ preHimt 
mentH were not carried further by St^uni ilnyv Mlatwadr' 

from tlm value of the velocities obtained, thiit tint silver eyap^ 
rated in the aiomte form. This tliaeovery tiiicl tlie iipplieiit^ft 
of the techniquc5 d<^velope<j in the preliriittiary extMudmtlife 
reported above led Stern at once to hm now clii»Hieiil axp*riitiefiti 
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proving the spatial magnetic quantization of the silver atoms in 
divergent magnetic fields. 

45. Distribution of Velocities among Electrons Liberated 
from an Incandescent Source. — A theoretical study of the behav- 
ior of electron atmospheres has shown that these are in all 
respects analogous to gaseous atmospheres. They differ from 
them chiefly in the smaller masses of the electrons and their 
mutual repulsion due to their charges. For the great attenuation 
of the atmospheres in a number of experiments the distances 
between individual electrons becomes so great that the potential 
energy of the forces of repulsion are negligible compared with 
the kinetic energies possessed by the electrons at those tempera- 
tures. Thus the electrons sensibly obey the laws of a perfect 
gas, i.e., pv = RT, orp — NkT, where N is the number of electrons 
per cm®, k is the gas constant per electron or per molecule, and 
T the absolute temperature. Hence it would not be surprising 
to find that in such an atmosphere the average kinetic energy of 
3 

one electron is -^T and that the energies are distributed accord- 
ing to the Maxwell distribution law. 

Now it was at one time believed that these electron atmos- 
pheres existed even in the interiors of metals, and that thus the 
electrons might be in thermal equilibrium with the atoms of the 
metal. Thus on heating a metal, if the Maxwell distribution 
law held inside the metal, electrons emitted because of their 
heat motions would, by Sec. 43, be expected to show this same 
distribution outside. This assumption, according to Richardson, “ 
may be applicable even if the electrons are emitted from the 
surface and flow away constantly without attaining a steady 
state. Whether the Maxwellian distribution exist in the dense 
electron atmospheres assumed inside the metal surfaces, or even 
whether such atmospheres exist at all (a point which is at present 
open to a reasonable doubt), the fact remains that Richardson 
has predicted that the electron streams emitted from the surfaces 
of incandescent metals have the energies corresponding to elec- 
trons in thermal equilibrium with the surface, and that their 
energies are distributed according to Maxwell's distribution law. 
Such a definite prediction deserves experimental test. If it is 
found to correspond to fact, then it is a fact of great importance 
whether the initial assumptions of Richardson (which he has 
in part modified) are correct or not, for no matter what the mecha- 
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nism is, ont^ would !in<vo chdiniti* proof thai t‘lrrtrrm.. nuiltoil hy a 
hot. body n.r<*: (1) iu ti^niiiHM'id ur*‘ oquiltbrunu with if :itMau*diii|r 
t.o tin-, liiw of o<|uipa.rtit-i(U]i and of Ma\uoib and If ffial fl^* 
cku^.tirons lia.vo a. dist.rihut.ion <»f voltMalit^s pr**dirl»‘d tty .\Ia\wol!’H 
laov. Thns ono wouhl ha.vo a diroatly iuoumi rablt* qtaaul il at i va 
Vinafi(ai,iion of a i\Ia,xwalHan di.st ribtit ioit nf xTlMiuuos r\iv.fifi|r 
th(^ hixaJf luotjons of parti<‘los <»f mat for, Flii; |Ha.nf uuisl ha 
.str<\ss<al, for for tla^ two tMlior |»nM»f ulu»*tt aro yivou in 

thiH <dja,ph‘r, both whirii flopond on thi* nurfaut > rlotiiirtbla 
from ilu’i MaxwoH law» oo <liro{'t- voriraaafion of tin* di:lrtbulioa 
c^xlsta. ()ut.sid(^ of t.hc'sc^ t.hna* oxporiinont a.l \ oritiraf loua, tha 
distribution law is unprovtal <*\poriuM‘n! all>\ f‘»»r if itn!> apprarn 
in <':onsta.nt-s of tJu^ kinelit* Umory w!m»so \alnt‘ is tho stibjaaf of 
disput<^ owini^: U> unoortaintirs in a \ orayiiu?:. dlnis fho r‘\pori«* 
m<mtal vanafusaiiou of surh ronstants ttp to ftto prosont fnrrtiMtwH 
no (uaiuHin pna^f of t.ho vniidit.y of thr prosonl law, ;ind^ a!! avail- 
abl(% i^vidiuua* is (jf valms 

In Houh, ‘!2 and 43 iho nvuraf^o \'ol<Haly of partivlos onraji-* 
from th<^ siirfsua^ of a lad. sourru and tlm imndfor of oiniffafl 
partich^H having a (U)mp<uHmt of Vfdotaf y bofwoon // and a f ttn 
normal to th(^ stirfata* wuri* <l<alti<aMh bhr rnnnftrr of ohairmiH 
omittod with vohxaiy uomponnnt.H lad wnon a and a \ da along/, 
th(i normal to tla^ surfact* of a platinum ribtain lying in ftm //, 
z plains p<u* H(HH)nd, was 

Niu)<h( ifdhtftiif 

In this <a|uat.ion ^ wa.H t-hn totid immhor of ninrtrona oiuitp^d from 
tlm surfaeo in unit tinu*. For thr (^omponoidH |iara!!o{ to iiia 
surface of the ribbon, to wit // and it is p'ri?«iHitiIu lo wrifr af^ oiirti 


N,,.idv - 

Ihffi , 



Nuv)<Jir 

jhm , 

Nr'- ' 



for the y and z componeniH Intve the Huine values insitie a aiirfaefi 
or plane as when einittcnl outsitle, the number id eieetrons with 
these components emitted laung tminihienetai by their velocities, 
If the yz plane of the rihhcm form purl of one plate /# of ii 
paralhd plate coiulensmy the other platr^ of wdiieli is f b the elee- 
trons going from L to 1/ in virtuij of their tlierniai velocnties in a 
complete vacuum will constitute a etirrent from !* to /.„ This 
current can be maasunul by an <deetroineter attaehiHl to tJ. It 
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the plates are close enough together so that the radius of the 
plates is great compared to the distance between the plates, few 
electrons will escape laterally from between the plates. Also 
the lines of force between the plates will be uniformly distributed, 
parallel, and sensibly in the direction of the a;-axis. Let a poten- 
tial V be applied between the plates. The equations of motion 
of an electron at any point between them will be 


dH du dV 

= m ™ — 

dt dx 

dt? ^ , d^z dw ^ 

== = 0 and = m~ = 0. 

dU dt dt^ dt 

Call u = —3 whence, integrating the first expression, 

uZ 




'UfQ 


-- eV, 
m 


if Uo is the velocity of emission of the electron at a; == 0 (Le., at L) 
and u is its velocity at a point where the potential is F. As € is 
negative (for the charge of the electron is negative), if U be made 
negative V will be negative, and electrons will be repelled by the 
upper plate. Under these conditions u will become 0 at a point at 

which V = » - For this value of V the electrons of velocity Uo 


will leave h and be turned back at U returning to L. Electrons 
with a value of Uq greater than this will, however, still reach XJ , 
Thus by measuring the current to TJ for various values of V the cur- 
rent due to electrons which leave L with a velocity Uo equal to or 
greater than the one corresponding to the particular value of V 
chosen will be obtained. Thus by measuring i = ne, the current 
for a given V, the number of electrons n corresponding to those 

^YYhUj ^ 

whose xiq is equal to or greater than the Uo given by V = —~ 

IS obtained. Thus if F{uo)dUo is the proportion of the electrons 
for which the u component lies between iio and Uo + dUo, and if 
f{vo)dva and f(wo)dWo represent the corresponding functions for 
the V and w components of velocity, the current to U will be given 
by 

oo Hh 

F(uo)duo I f(vo)dvo I f(wo)dWo- 

—TO U — oo 

^ m 




lOS 


Till'! KlSIiTIC TUF.OliV HF <- F'-Fs 


7 ] iH the number of eh'etrotis emitteil per secomi by tlie soiirec at 
nil veloeitkw. If Maxwell’s law is (-(U-reet, /*'i Is iiori<- other 

than the <iuantity <*valuat<‘(l in See, hi, ‘^fninn ’e ,//e ami 
f(:v„)(iv„ ar<“ givim at the beKinninu; of this dismission. 

Integration yields 

l 711 f 

and since rjt is iHiual to t., . thi' value of /. when Id. the opiiosing 
field, is 0, then 





Now h was and taking the logarithniH of !*oth Hides of the 
equation one obtains the simple relation; 


log 


K,« Nt , 1 .V .V 

kr~- HT ' '• ■" * *• .vt - H’ 


N being the number of molecules jxir cm®, and H th<* appropriate 
value of the gas constant for 1 cm* of gas. Now ,V» is the Faraday 
constant of electrolysis divided by 22.d(XJ, an*l /i is 3.71! X 10® 
ergs per degree ( Vmtigrade. Thus if Maxwell's distrilnttion law 
has the same form as the distribution of electronic velocities, 
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q 

log . plotted against Fi should give a straight line. Now 

to 

Richardson and Brown carried out this measurement of -r as a 

^o 

function of Fi and the results of one set of measurements are shown 


in Fig. 23. It is seen at once that the relation between log ~ 

to 

and Vi is a linear one, and careful measurements have shown this 
to hold within the limits of experimental error, which is 1 per cent. 
Later measurements were made to verify the law for the com- 
ponents parallel to the emitting surface, and sufficiently close 
agreement was found to make this seem true if the results were 
taken in conjunction with the very nice verification in the case 
of the normal component. 

Another equally important test to be obtained from these 
experiments was whether the average energy of the electrons was 
that to be expected from the distribution law and from the 
temperature of the filament, in other words, whether the elec- 
trons had the energy corresponding to the molecular energy of 
agitation at the emission temperature of the filament. 

This can be tested easily as follows: If log ~ be measured as 


Ne 

a function of Fi the constant factor can be determined 

KJ. 


% 

from the slope of the straight-line relation between log — and 

to 

Vi. If the temperature T be determined optically from the 
filament, then, since Ne is known, R can be determined from the 
experiments and compared with the known value. In the early 
e.xperiments, values of R between 4.36 X 10® and 3.08 X 10® 
were found as compared with 3.711 X 10®, which is the true value. 
Two sources of error, however, existed, in the measurements, 
which were not eliminated in this work. Both were due to the 
heating current in the filament. This gave a fall of potential 
down the filament so that electrons had more than Uo for a 
velocity. Also the magnetic field produced by this current 
changed the paths of the electrons and thus disturbed the rela- 
tion between u, v, and w. Schottky^® ingeniously got around this 
difficulty by using an alternating-current device, heating the 
filament on one phase and cutting out the heating current in the 
next one while the measurements were being made. He obtained 
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tides are at rest, then the light would be entirely monochromatic. 
Under these conditions the light from the source would be such 
that a portion of the train of waves would interfere with any 
other portion of the wave train, no matter how many waves 
intervened between the two portions of the train coming together 
under conditions where interference was possible. For example, 
in a Michelson interferometer, interference bands would be 
observed for light from such a source no matter whether one 
arm of the interferometer were 10 meters longer than the other 
one. If, now, one of two things occurred, this would cease to 
be possible. If the phase of the vibrations of the light centers 
in the atoms were disturbed through molecular impacts, then 
the interference over diiferences of path length corresponding 
to the number of waves emitted over a free path only could be 
observed. In the discharge-tube light sources used, however, 
such low pressures exist that this period is quite long. Thus 
the visibility of fringes is little altered by this cause. On the 
other hand, since the molecules or atoms are undergoing heat 
motions, the frequency of the light emitted by them undergoes 
a shift to longer or shorter wave lengths, depending on whether 
the atoms are moving away from or towards the observer. As 
all velocities exist on the distribution law, the initially mono- 
chromatic ray is broadened in both directions from vq or Xo, 
having a distribution of intensities in this finite band which is 
determined by Maxwelhs law of distribution of velocities. This 
finite width of the spectral lines will act in such a fashion that 
after a path difference of many thousands of fringes the part of 
the fringes due to one portion of this band will be overlapped 
by the fringes produced by another portion of the band and the 
fringes will become indistinct. The rate of decrease in visibility 
of the fringes as a function of path difference must therefore 
depend on the width and distribution of intensities over the 
width of the band into which monochromatic lines are drawn 
out by the molecular velocities. 

It now becomes necessary to study the change in visibility 
of fringes as a function of the breadth of spectral lines. If two 
monochromatic radiations of the same frequency v and ampli- 
tude a meet with a phase difference d, one can, in calling 0 the 
phase of one of them, represent the resulting vibration by 
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for Xo^ approaches X 1 X 2 . Hence 

^2 — _ 26 
pq Xo 


In the particular case considered, is constant with Pj and it is 
obvious that 


/ 


Idv = 2a^ (va — vi) 


where the integration of the above expression for Idp is taken 
from yi to V 2 with a constant. For finite values for — vi, 
the intensity (when the cosine term is 1, for example) depends 


on the value of the factor a 


sm -y{v 2 — vi) 


ltd 

V 


(j'2 — Pi) 


) which is now a 


function of 3. Hence longer independent of the 


value of 5 in the cosine term alone, which is periodic, but it 
depends directly on a 5 in the denominator of <x. Thus, 5 here 


does affect 
where p = 




For values of <5 small compared to Xo (Le., 


is a small number), the factor a does not differ 


ttS > 


sensibly from unity, for the product '^(^2 


Pi) is a small 


quantity, and the sine of such a quantity approaches the quan- 
tity. When, however, p increases so that the argument of the 
sine approaches tt the quantity <x vanishes, that is, the fringes 
vanish, for when the cosine term is 1 the whole term is very 
small, and the change in intensity from one maximum to a 
minimum is negligible. Before this occurs, that is to say, at 
any particular value of a, the interference fringes have an inten- 
sity which for the maximum is 1 + a for the case where the 
argument of the cosine term is positive, and 1 — a where it is 
negative, that is, there are variations in intensity at the points 
at which the fringes have a value of 1 + a for the maxima and 
1 — a for the minima. If a is unity the contrast is great and 
fringes are visible and if a is 0 there is no contrast and they are 
invisible. Thus, viewing the fringes, it can be said that the 
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llie question arises, Plow does one subjectively judge the vis- 
ibility, that is, under what conditions (i.e., what value of «) do 
the fringes disappear? Lord Rayleigh arbitrarily decided that 

the limit of visibility was reached when ^ = 0.95. This esti- 

mate certainly is not far off, perhaps being a little high. It is, 
of course, subject to individual variations among the observers. 
Under these conditions a. takes the value 0.025, or y'io- 

this value of a the sin 2xp y is so nearly 0 that the product 


V 

27rp y must be nearly equal to tt. This leads at once to an expres- 

d V 

sion for the order of interference p = ™ given by p = that 
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is, in order that sin 2xp y hei 0, p must be equal to Hence 
p — 0.5 when the fringes disappear. Now the average 


velocity of the molecules c is related to the temperature of the gas by 
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85 X 10“^. Whence the limit- 


ing order of interference p is given by p = 1.03 X 10® 


This theory holds for the very simple case of all molecules 
having equal velocities. If, however, the Maxwellian distribu- 
tion law holds, this must all be modified in accordance with the 
distribution. The distribution of velocities along the line of 
sight are in this case the only velocities which must be taken 
account of, for it is only in the line of sight that motion produces 
the Doppler effect. The number of atoms in a gas in equilibrium 
whose velocities lie between u and u + du out of N atoms 


observed is given by the distribution law as rjdu ~ 
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Thus comparing the Rayleigh value for p for the case of a broad- 
ening due to molecules all having the same velocity to one having 
a Maxwellian distribution, it is seen that p changes from 1.03 to 
1.42. Thus the distribution law merely changes the value of 
the constant by a numerical factor which is of the order of 40 
per cent. 

The actual measurement of p was first made by Michelson and 
seemed to bear out the theory fairly well. The later results of 
Fabry and Buisson, however, seem to give an even more satis- 
factory agreement. The light from Geissler discharge tubes 
which were immersed in thermostated baths to keep T constant 
was analyzed by means of an interferometer. The difference of 
path of the interfering rays was then increased until the inter- 
ference fringes ceased to be visible. This gave 8. The gases used 
were the inert gases, such as He, Ne, and Kr, as well as some ordi- 
nary gases like H 2 . Under the conditions of the experiment the 
frequencies used came from lines known to have only a simple 
structure — ^that is, no complicated lines were chosen. Such 
lines come from the atoms of the elements, as is well known, 
for molecules give broad bands. Further experiments were 
made with the Geissler tubes immersed in liquid air to gain 
another value for T. M was given by the atomic weight of 
the gas. The value of p obtained from the value of 5 at which 
interference fringes disappeared by dividing by Xo is given in 
column 4 of the table following. The calculated value of p from 
the values of M and T for the gases are given in the fifth column 
for room temperatures. For liquid-air temperatures the values 
of p' observed are given in the sixth column. The ratio of the 
value of p' observed at the liquid-air temperature to that at room 
temperature is given in the seventh column. The theoretical 

value for this, e.g., is 1-73. Thus it seems as if the discharge 

warmed the gas slightly above the temperature of the bath. 
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THE MORE ACCURATE EQUATION OF STATE, OR VAN 
DER WAALS’ EQUATION 

47 Introduction. In tin' (iist-iissinn of fin' g.'is laws (ni (fu* 
hiusis of tlu' kinetic theory, whi<'h has jirccodoii this <'ha}>tcr, fin* 
inolocul('H have for the most part heen coDsniori'd as pointn 
whicdi hav(' no forc<'s acting hetweejt them. In f he deduct ion of 
th<^ ('xpression for tin' mt'an fret' jaillts in ('imp, III it fiecanic 
n(*<a'.H.sji,ry to (Htiisidt'r tluit the inolei'tiles iuive a vttlume, nini iw* 

} 

was made of ti. <iUHid-ity h relnteil to .^nrhV, the total vttiurue of 

tiio mokwulcH pn'W'Jit in u cnP. In fact, th<‘ presMure of a gaa 
as euleulal.t'd by ClausiuH in S«a‘, I!t made an idlowanee for such 
a term. As was shown its tin' second <'hapter, the kinetic ijyjto- 

tln'sis k'uds to the exitression /»' /i’7’ .jcarf - fur the tyiHi 

of ga«{!H postadah'd. 'riiis is conunundy known as the Boyl<*'H- 
t diaries' law, and it holds true for the " permanent gases under 
the experimental e.omiitions nsttnlly employi'd in the rominmi 
laboratory eourses in phyMic.s, within the preeishin obtainnhle 
in such experim<!ntH. Kvi'n Hoyle in his hrsi measureiiientH, 
however, noted that it did Jioi hold rigorously, ninl stated the 
fact. As will presently lx? scs'ii, nreurai»' exjM-riments sluiw 
that this law iloes not hold at all iu’«*urateiy over large ranges and 
with a higher pnseision of measurement. The departures from 
this law, in part foreshadowcid hy t’lausiuM in his theoretiftal 
treatment of the pressure relation, haid \’an «hT Winds t«» his now 
famous equation of state. The <leveloiniu'iit of the latter equa- 
tion and its application to the interpretation of gawanis iMdwivior 
will constitute the Ixxly of this chapiter. 

It should further be ixiintetl out that, in turn, the Van der 
Waals’ equation has its shortetiminjpr, While in its pr(‘sent form 
it covers the general behavior of gaww Ixjytmd the rmtlins of 
Boyle’s law satisfactorily for a large nurnlxT of gases, it hixtaks 
down quite stiriously when compared with still more accurate 
results. To replace it, various modifications or extensions have 

m 
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been made to correct the errors introduced by the simplifying 
assumptions underlying it. Thus, while specifically Van der 
Waals’ equation extends the Boyle’s law equation by endowing 
molecules with volumes and forces, it assumes these volumes con- 
stant and the forces independent of the state of the gas. Actually, 
these conditions are not fulfilled and the extensions of the equa- 
tion, some merely empirical in nature, attempt to correct 
this difiiculty. They, in general, succeed in being of use for one 
set of phenomena involving the law, but none of them have the 
general applical.>ility of the simpler equation. Necessarily, the 
better ecpiations of this type reduce to the Van der Waals’ equa- 
tion in the limit when the factors causing the deviations from the 
ecpiation are reduced to vanishingly small quantities. Again, the 
Van der Waals’ equation itself reverts to the simple Boyle’s- 
Gharles’ law when the molecular volumes and forces approach zero. 

It is of interest to note in passing that the development of this law 
is a beautiful illustration of the progressive advance of physical 
science. First tlu^ro is the discovery of a general regularity or 
law of nature through crude quantitative measurement. This is 
'foUowed by a stimulating “explanation” in terms of a mechani- 
cal analogy. 'Then, as the I’csult of more accurate measure- 
ments, what might be called second-order deviations come to 
light, b’cllowing these appears a brilliant extension of the mechan- 
ical theory to include the deviations. It is to be noted that such 
a change in the theory is not retjolulionary in any sense. Nothing 
is upset and no errors have been made. The further investiga- 
tion merely indicates the limitations of the fundamental assump- 
tions. Such limitations being discovered, a further extension is 
possible, and the accuracy of the theory is extended perhaps to 
another significant figure. Following this improvement still 
more precise measurement again reveals deficiencies which require 
extension of the theory. Thus the knowledge and comprehen- 
sion of the phenomenon can continue indefinitely, new improve- 
ments in technique making further experiment possible, new 
extensions in mathematical treatment also making perfection of 
the theory possible. It might seem as if this process could go on 
ad infinitum. Unfortunately, as accuracy advances progress 
becomes increasingly difficult, owing to the increase in mathe- 
matical complexity. Thus it soon becomes almost impossible to 
handle some of the resulting involved expressions. A simple 
example of this also appears in the practical application of the 
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<‘<iuai it)ii of *r<H'hisilay iuu-’4 laiiaia'iT'' ;ir«\ f^r >■ a. a pliaiiy^ 

lunual la assuiua ila" lU^yU^'s lau aquafaai. saa-a t fir* 
iians iainHliaaa! by t'lir rnura a<a*urata \ an <irr \\ :ia!'/ aqnntuni 
alr(\‘i<ly KH\u‘iu t^-o iarraasa Ua* a» anpl*- Mt \' mI liaar aahaiInliunH 
aiari^ tha,n t.h(‘ inaraasa in a<»niraay \vt»uM \\ :m r a nt . 

Tlu^ Va-n dar \\\*ials’ <M|uatinn, aartu'dinaUa lu-abi-a furnisfani^ 
n,n a:(lnunil>l<^ sa<aind a p| )rn xima t i«*n f a f h»* I I'ua I \ inr tjf 
van l><‘ <>r valua in indiaaf ini': mannr}- uf' *4' Nraaitifii* 

I'.hnught. !*‘rn!n what has paaaaflad. it a^ lliat, uluh* it ba.H 

it.H liniit-at-ions, it* is parhaps tha innst ;-*'r v iat-:i.b!a ap,iiafi«fii, Un\ 
nwinii,' to it-s still <'oiisitiara.t>la sutiplnat>. H inalv»-'i it |ius~rihjt» in 
<l<alu<u‘ dia valutas of t!ia atnistants involvad ^ tfa* m/o offing 
mola<'uii*.s and t.ha tanislant of attraalion'' a first Mnita* <jf 
aiPproxiinat'iiJin Wdth tha uior*'* aaayrata loodifiaaf ions tha 
iiHa‘<aa.sin|,.s: a<Hn{jhaxity of tha ipiant if i**s' r'aialor snali. o\a!uatiniLH 
inon^ <liliiault., and tha loss of |,n‘narnlity in a,ppiiantiMn randam 
('orrala-tion ht7waan tin* lanj^lanfs of fha apiiation ol»f iunod iVniii 
a. vari<‘t.y t>( plunioniana, iinposMlila, 'riois by its luaajis, as wilt 
ba saan in t.his ahapfiny I ha niotarnlar tsmstunfs a aaid h i-nn im 
d<h.tnanina<l, and I'un ba found toa|.p'at* frtun flirao apparantly iiaitv 
p(uidani» H<d.s of datu*n t*o wit : f H daviaf ion fiont lira laws, (2) 
arit.i<*.ai (auistantn, (d) t in* Jonla^rhonison allmU , 

48 . Deviations, from Boyle^s Law iiiul the Daducfioit of Vta 
der Waals^ Equation. If iha produai pr L*'/' ^ aoia4Hnt m 
ploticnl an ordinnt^aH a^^^ainst /n tha {irassiira. m nltsatsMan iha 
rc^Hulting aurvi! nhould In* n. st might, hna jiiindlal to I to* OKW of 
ahmimwn an long as H«>yl(*'’H law liol*!s. Huh is shown in innw'a b 
h'ig. 2’b d'han^ any luwvavaiy no ga-MOM for whiah this is frui^ if 
ilu^ nHUiHununiud^H urn acaunttaly iniidta h*or tlia giasas Ib^imcl 
Ha tha prodind'. pv |>loit<*d ngaitmi p givas tiaar!y a siraighi linty 
whicdi risoH gratiually an p inoraHs<*H. d1ia bafia vior bu'’ ih»*aa giisim 
iH HCHUi in cnrv<^ 2, h'ig. 2-f, Eor niont giisas, }niwt*%a*r, iha aurvii 
for tlur prininat pn at first fullH Indow pr isimds a annstitiii a« p irn 
oraaHC^H,and latiU’- riHeHahcna* thm fiian Fort hpmd Xi iliiHiaiiraitHo 
is sliglit, while for tla:i more eondanmbla gfiHas iiia intiiitl ilrofi ii 
morn pronotniml. Such a curvi* is shown in aurvtt Ib Fig* 24. 

The. ^explanation of thene planioiiiaiia in qiiitJiiiiiivaly siitipte* 
la the first place, if (diuisius* diHliuitaai of tha prawiira ridiitba 
wliicln allows for the volume of the iiioIwiiIoh is aorra-at (Hiay 19), 

tJUf if p{v h) « H/P thf*n pp ' ph ilTt lM?ttar, 
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pv == RT + pb. Thus, as p increases pv increases linearly with 
it. Its rate of increase is then determined by b, the coefficient 
of ?? ,and the greater b the more rapid the rise. This b is nothing but 
a function of the volume of the molecules, which was taken as four 
times the total volume of the molecules present in the volume 
of the gas, so that it should be possible fi'om such devia- 
tions to evaluate b and hence the size of the molecules. Thus 
the deviations of the type-2 curve is satisfactorily explained 
by taking account of the volumes of the molecules. The initial 
fall of the curves of the third type in Fig. 24, however, still 
requires explanation. This curve demands that, as p increases, 
the product pv must first decrease, that is, v must decrease more 



P 

Fig. 24. 


rapidly than p increases. Such a change in v can only take place 
if some pressure other than p is active in changing the volume. 
Now the fact that molecules condense to form a liquid or a solid 
under the proper conditions indicates very definitely that the 
molecules attract each other. Thus the forceless molecules pre- 
viously assumed must for all gases be replaced by molecules which 
attract each other. If this be assumed to be the case, and if it be 
further assumed that the attractive forces of the molecules extend 
over limited distances only, then the more molecules there are in 
a given volume the greater will be the attraction. Hence it 
would be expected that, as the volume decreases, the internal 
pressure due to the attractions of the molecules would increase. 
Thus it is to be expected from the behavior of the pv-p curves 
that, besides the external pressure p on a gas, there is an internal 
pressure p' due to mutual attraction of the molecules. This 
pressure p' is a function of the volume of the gas and must be 
added to p in any correct gas-law equation. 

Van der Waals, in 1880, had the insight to derive an expression 
for the value of this pressure p' and thus to deduce an equation of 
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state which stands today as the most ijiiH'ntllE saf istacd.ory 
approxirnation to tlie p;aa(a>tis Ix'havita*. H is e\ alual ol t!a» 
pressure was l)as(Ml on an ana-Iogy tt> Laplaeo s famous equation 
of surface teiisiom Surfaei^ teusioti is again a* phenomenon <lu 4 ^ 
to the mutual attraction of nuttH‘ul<‘s, and luuaa^ it is tmi surpris- 
ing that the type of naisoning smua^ssful in (me case shmild 
equally smaa^ssful iti a- similar cnsi\ If one' <^onsid<a‘s the outer 
layer of gas in a (a)nta.ining V(\sstt» on<^ n(d(‘S lirsi tia* (*\t(*rnal 
pressure p on this lay(U’ <^x<a't<Mi by t.iu* walls, ff, tunvtnaaa the; 
gas moUxuihrs attriut. ea(‘h ot-Iaa*, ttarsc^ ort the will 

not Ik*: attra<d.(xl out-ward, a,s (.Ikuh^ is gas pr(*scitf to at tract 
them. Tlu'y will, howmau% suHer an af tract ion innard hy all 
inward l3dng mol<xaiIt\s. Now it is <^hvi(ms that lla* ntiraiitve 
forces of mohnaiU^s on ot.hcr nu>l(x*u!(‘H mnst^ vary with flu* dis- 
tance. llcmecj it is <x)mxavai)h' that mtdeaaih'S lying far away 
from a giv{ui mohauiU^ will stiHcr ni'g;ligihh‘ attrat*li<ui from it. 
It must, ac(iordinglyj l)e nsHumed t-hat-, in gommad. there is a dis- 
tance X in a gas h(*yond whi<di tlu^ at 4 ra.(*t i(m of cuic molecule for 
another is n<igligil)le. What mugnitaah* <4 this dislatua* is is 
not of mat<vrinl importamx^ for tln^ pisaseni disf’UHHiom It niust 
exceed tlie av(aaig<i distamx^ h<*tw<xm thc^ molecules in a gas iu 
be enectiv<^ at iilL Probably it is of tlu* order af n numfsu* of 
nuain free paths at N/lMh One can, t-ficrefore, consider n layer 
of gas X (an thick, ov<uO-he out.(‘r surfata^ of the g^is, in whiidi eac*h 
mol(Knilc ha.s an inward (xiiniiommt of foisx* exaai 4 al on it by flat 
molecuh^H lying within x cm initna’or in it, for thi^ inward corn- 
ponents of forests on these moliMUihxs iirn not balanced by out. ward 
componemts of force, simse tluax^ are no molecsilt^s more ftiii-n 
X cm outside of tins laycm to attract tlienn* Since the fiirce on 
the layer is due to the inohnnikiH, it must !m prfqM;»rticinal to the 
ninnber of mol(:^.culeB in it. The smaller the voinnte in wtdcli n 
given number of mohnnilcm arc (xinfmed tlie greater the inniitK^r 
oh moleoules that find tluunHidvcss in iliis layer of thiekneKS jv 
Thus since dccnxising th(% volume r in which the a nioIecmli-H are 
confined increaw’js the 100011(0* n' in the aurface layer proiKirtlonally 
1 

to ' , the forexi which is <ixert(al by the interior moI<*riiles on 

*“ Thesro arcs of (tourncj, fona^H cixcatcsi on ihv inoknndirs hy I lie walls of the 
eontaiiiing vessel!. Thc^m^ are, howewer, negliglUh* f*oin|ii$rcd tO' ilie fiirrm 
between' th(5 xnolcKsilcjH thenmc^lves and bo may he negl<«S,etl here, d1ic mmis 
for this may bo seen in the nature of the tul«irlaHl-giw on the 

walls (see Sec, 84, Chap, VII). 
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the siiriace layer will be increased in proportion to n', that is, to 

. Jhit, again, since deci’easing v also changes the number of 

inoleculcs n in the interior of the gas, which are close enough to 
the outer layer x cm thick to act on the molecules in it, in the 

proportion of , the total resultant force, must be proportional 

to ^ o, tliat is, since the number of attracted molecules in the 
out(n* layer x a.nd those inside coming close enough to x to attract 
them ar (5 l)otli increased in proportion to the resultant 

incrcn,H(i in force on the surface layer must be proportional to 

and one may write 7 / where a is a constant of proportional- 
ity. It is obvious that a must be a constant characterizing the 
attractiv<^ forex^s for eacli particular kind of gas, and should be 
independent the volume v of the gas. Thus the equation 
prop<>:rly descrilnng the behavior of a gas must contain 
l>oth tli(^ cornMdion for the volume of the molecules and for the 
valuer of internal prcBsurc. Thus Van der Waals^ equation 
may be writt<m 

— h) = RT = 

It is this (Himition whicjh, in gonoi-al, most conveniently fits the 
behavior of a gas to a second degree of approximation. By its 
applicjat.ion to gaseous behavior the values of a and 6 may be 
found for diff<u*iuit gas(^B. 

Thus in the explanation of the curves of type 3 of Fig. 24, 
which was disciiBScd, the cqtiation takes the form 

pv = JiT + 

Since a and b arc both small is a small quantity of higher 
order and may be neglected. Hence the expression for the quan- 
tity pv becomes pv BT + ph — This equation very satis- 

* Th(5 n hero used ropresents the molecules in the volume v. It will here- 
after bo used in place of the v formerly used. 
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t'xplains t ii<‘ itiit i:il drop ol I tio pr (‘ur\ t* ar^ /? 

l^'or if <i its gr(‘jii.ar i.lutii /^, a,s /' (U‘(*r<‘aHi*s (h<* trfni inura 

rilpidly tJuin pif irii<*rca.s<‘s. If s<Maiis a.s if f !h* rasulf inij; *larr<‘:i,sr 
pi' should g'oorii ind(dhut.i‘l y. Ast ho prussurr yot*- s! ill hiiduua htnv ■ 

<‘v<u*, tlu^ vohuiH^ IxM'ouHSS SO siuall flint f ho molorulos iNXMaiH* 
<*rowd<Ml iogxd.lun' aud tho spaix^s Ixdwooii fhotu h»MauiH* uf fh(* 
s:iino ord<M* of ina.p:uit.ud<‘ as ilio iui>h‘tMi!os t houisolx t*>, W haa 
tfiis point is r(‘a.<^h(‘<h furfJior <*haii|iX‘s in p |iroduro <’ornpar%af i vo!y 

srnaJi (dia.n.t!;<‘s in a (/.n.y ^ is no lon/ijor propuriiona! fo /> a Unis 

the pl> txuan iner<\'ises nnux^ rapi<l!y fhan f he J ferin and soon 

btaxniHSs tla^ irnport-ard. ra<d>or <%ausinn: the enr\e lo rise again, 
With H<! a.nd II(‘, luovever, tiie- n is s<i sniall as to muse htth^ or 
no (dninge in tJo' slopes of tlu^ <nirve due to and f ho I >'| a-ej 
nssult, I on<‘ may already <|ualilat i v«dy seo f In* dilTerenees in 

ga-stams Ix'hn.vior du<‘ fx) a, differema* in l!t<* eonstant o, 

49, Note on the Value of Van der Waafs /n !n ( Ilf if: 

Wits sliown f.hat eaxdi mohanih^ ex^’Indeil fhe eenfers of a!! the 

mohuvuh‘S (umsidinxal as points from a volumo \ where a 

2r, r Ixhng th<^ ra.diuH of tJa* mohaailes. If was pointed out, how- 
ev<n% in Seen HI that^ sima^ the poinf. mohamie waas ahtf» f<» strike 
hut ont^ Inmusphere of tlu^ sphen* of nedion tif a motetmle wtlli 
whiedi it (mllidtal, tiu* real vohimt* from whieh every other mole* 

•t , 

<uil(^ wa.s <^xelud<al wm not huf^ jusi oin^-half «*f fhiH, iliut 

. 2 * 

is ddniH tlui volume? n-vailahU^ for free motion ivas I* - Ip 

2 

whim) b — oTTcr'ho IdiiH vahn^ of h gitvit ii eornaiion leriit to the 

t> 

iticiui free putli, which for ramfied gancH (/.<., nil rontiimti caMfH 
of application) coiihl las n<*Klcct<Ml. Siuco, how<n‘<*r, the h in of 
great imfKirtanccs in Van <U*r VVaarn <‘<{nati«»n and tuin be of m'rv'uH' 
in detonnining r, tla!! radiuH of the inoifienleK, it dinnandH a more 
complete discuHHion. 

The vahie of h al>av«5 may hci d(ulnee<i a little diJT«>renf ly. A 
simple deduction of the eepjation for the mean free path was given 

r 

in Sec. 10. In this case L was found to lie i'quu! t<» 


if 
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tlio correction for relative velocity were added. Here n is the 
numl)er of luolecukis in the volume V. This deduction assumed 
that the u^ol(H!ul(^ acted like a disc of radius <r. In impact, 
however, if the molecules have volumes, then the impact must 
occur at vn-liuw of L less than this. Oonsider spherical molecules 
with n, radius r colliding. If the collision be head on as in (&), 
big. 25, tiu; hmgth of path will not beL as in (a) Fig. 25 for disc- 
like molecules, but L — a, where <r = 2r. But impacts of the 
type sliown in (c), Fig. 25, may also occur. Hence L will 



take on a value between L — <r and L. Now the quantity 
re(|uire(l is the average value for this decrease. .This can be 
fouml as follows: Impacts, according to Van derWaals, are equally 
probable on any portion of the surface of the sphere of exclusion 
of radius <r drawn about the fixed molecule. One may then ask 
what the average tlistance of approach in collisions of this type 
would be. If n molccxiles impinge per cm® on a spherical surface, 
then the number impinging on a zone of width ardff and radius 
a ~ a- cos 6 (see Fig. 20) will be 2»rno-® cos Odd. The distance 
of approach for the impact characterized by this zone at the 
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unf>:l<' 0 IK O' Kill lli'iHV' (iic (listaiicr of apiiroacli is 

givaai us 

n 

I //27jrr'* sin 0 (‘US thlti 
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This change in L is due to the volume of the molueuleM and must 
yield b. Hence the K — b which must be inchuled for such mok*- 

2 2 

cules as have a real volume is given l>y b « or b ,, 
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(Sttv'*?/.) == = 4w, where m is the volume of all the mole- 

cules in th(^ ai)ac(t. This is the same value for h found from very 
simple considerations in Sec. 20. 

Tliis arf!;ument contains one fallacy, as Van der Waals himself 
lattu’ recjognissed. I’he impacts on the hemispherical surface 
were in the deduction above taken as equally probable. This is 
in error, since the k’ig. 25 is drawn so that the shortening of the 
free jjath is along the line of motion only. Thus the impacts 
are not <;qually probal.)le over the surface of the hemisphere 
about th<i end mokjcule. They are really equally probable over 
the base of tins hemisphere, which is perpendicular to the direc- 
tion of motion. The average must, accordingly, be taken as 
follows: If n molecules strike a cm^ of surface at right angles to 
tlui motion, the number striking the zone add, of radius <r cos 6, 
is not 27mcr'^d0 cos 0 as before, but the projection of this at right 
angles to the motion, 27rn(r® sin 6 cos 6dd. The average 
dist,aiu!e of approach is, then, this quantity multiplied by the 
distancui of the zone from the base of this hemisphere, that is, 


by a .sin 0, integrated from 0 to ^ divided by n times the 

IxiHc of the hemisphere. Thus the average value is not x as before, 
but giv<5n by 


/ _ Oi) 


2-n-ncr® sin* 9 cos OdO 


= 


rrer^ 


2 

3 


<r. 


Hence Lg = La 


3 


and 


h 

La 


= 1 


3Lrf 


= 1 


2o-/4 2 > 

3 ( 3 ^ 

V 


V — ^7rcr®ro V — 

„ 

16 

Thus 6 = o w =5 5.33w instead of 4« as Van der Waals assumed. 

o 

Neither this deduction nor the one preceding assumed a Max- 
wellian distribution of velocities. In both expressions the correc- 
tion for a relative velocity with molecules having equal speeds 
was used. 

According to O. E. Meyer, ^ Van der Waals later altered his 
average distance of approach in conformity with this correction. 
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In doin;>: so ho jilso oNlicnidcd (Jm (mutooI ion to foKo onro of .Ma.'i- 
ua'll’s dist.rihutioi) ol’ \'('looiti(‘S ami tia- !a<'i tliaf hotii luolocuh's 
were moving. ( 'aJoulat ions I'or whinh tlinrc is no jilarc in (lu.s 
text, give t.h(^ (ihangx^ in // uinhn- iiic.so condifions as lin* quantify 

“\/2 

^ In this ihi^ (fnanfify L.i from fin* Max- 


ij(i 




W(dlian (listribul.inn of vc^lncitias rimst 1 h‘ ustai. 'This quantify, 
it, will he nunerulx'rcah was ^ ^ (Her. .‘‘7 n fln» ^ 2 I*ein^ 

\ 2 /I a ‘a 

introdinaai by the vaJu<‘ of t-h(^ aAa*ragr r*‘lativf‘ velurily. Hein'r 

. 2^ 2 7/ 

/.I La :i V 

r 

nen«a‘ h ™ 4c*), a-s Vaai der Waals originally fouiuL 'Thtis the 
most (a)rreri vahu^ of I) from this t-ype of ronsiderntam is h h*j, 
It is n> strange eoimadcuHM* t,hat this vnhie fin^ L should ngrrr* with 
Van d(U* Waals’ originally errontamsly drthnaMi value. 

^Staa’ti^g froin aii entirely dilTeren! I>'p^' eonsideraiions, 
m^ghadJng r(4a,tive velo<uti(^s and disfrihiit ion of v<4orities» H. 
('lansiuH" aanl Ja(‘ger’M'mlependenlly arrived at a different value 
for fh Ja-eger’s dedmdaon is more forma! and of a genera! natitre, 
It malo^H us<^ of a. n<nv ideal involved in tite nature of elaHtie 
impaets.'^ "riia-t of < 'laatsius is a direet c’onsecpamee of the 
gen<*ral va,lu<^ for th<^ meuin path d<*dueed in Seers. HI, IT, iind 
19j find merits Ixang gi vein 

4fi 

It was tl)er(i found that L ,, , wlau*e f is the total 

js 


available volunns and jS the nurfaw' again.Hf, which the molcculcM 
inqjactod, (/ wan at that point taken iw 1" //. In tluM eon- 

Hidoration b ~ }^va^n (tan prop<‘rI.y l>e calhal the t(»tiil vadtnne 

from which eacjh moI<a:ul<> ia (‘xchukai. 'I'ln, tjuantity <t in, hh 
h(iforc, 2r, wlutm r is the mdiuH of a imdecnkf. He«e<» U = r(l 

Now ( UauHiUH pointH out that tlu; nurface N m not 

4v<r‘^n, the total surfaces of all the spheres of e.xelusitui, It is less 
than this, for it often occurs that many of the m(»!t*eu!(*H ant so 
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close together that their fields of exclusion overlap while the mole- 
cules are still separate. Those then cut out the overlapping parts 
of their surfaces from the available surface for impact. Thus 
from 4ira'''>i. must be deducted the area ;S" of all the n surfaces of 
the spheres of exclusion which are overlapping. These are 
unavaihibh^ for usual impacts, as a triple collision is very rare. 
Tlie value of S' can be i-eadily calculated. An overlapping takes 
pliUKi for all molecules in which the distance between the centers 
is l<%ss than 2<r but not less than <r = 2r, for no two molecules can 
come closer than 2r. (lall a any length between <t and 2cr, that is, 
a < a < 2<j. The chance that the center of one molecule lies 
bestween a and a -f- da from another is then simply the ratio of the 



volume Airahuia to V, the total volume available, i.e., Pda = 
'iTTubtda molecules are a cm apart their 

spheres of action intersect each other and the plane of the circle of 

contact is la from the center of each (see Fig. 27). The alti- 

^ ■ 1 
tude of the section of this sphere above this plane is <r - ^a. 

The surface of this intercepted portion of the sphere of action 

which ceases to be effective in collisions is then 2Trcr(^cr — 

Thus for the n molecules the surface given by the integral of the 

product of 27 ro-^<r - and the probability Pda from a = <r to 

a == 2<r, to wit 


S'- 


n 


■c-n—i-y 



Tin<: KiM'ri'K' riiKOHY op u' \si>:s 


i;r2 


i.s <,h(> snrfaco which must sub(.ra<‘t<‘(i fnmi (tic whole surfaci' of 
the inoleculea preneiii, siKaiii.sl, which inipacf can (akc place. 

I’he value of this integral is n" ^ y . 

al)Ie for iiiipiict is 


't'hus flic ■•surface avail- 
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Since in See. 17 the value* of /. was set equal f o /. 
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On division through by .^-iriicr^ and tn‘glccf of higher ordcr.s of this 
term than the first, the etjuuf.ion yields 


U-.( 'i"'™’) 

r j 

TTur'*^ 2.r>ti>, 'rhis correef ion %va.H made inde- 
pendently of any aHsuiuption of the valocifics the molecuh's. 
Therefore the relative velocity correction term in /. intiHf beiuided 
as it was in ('hap. III. In order to dt* this it must, however, 1 ms 
assumed that the relative veloeitiiss do n(»t changs* tins stirfuce .S' 
exposed, lliis is obviously not cornset. 'f’he r«’lalive \’eIoeiti«»s 
would inereaso the chance of eneotmbsr and henee iruTeitsc the 
value of b. In a more r<‘cent book Jaegs’i*** UK<*«i Van <lef Wanls’ 
later value h « 4w in place of the value 2..'iw<(f ( 'luttsttjHansl him- 
self. Ah will later Ixs whui in the derivation of \'an tier Waals’ 
equation from tlus theorem of tins virial by 1 1. A. J.onnit*/. (Ht'c. 
50), the valu<s of 6 foutui comes out as >tw. Hineci this is a very 
rigorous deduction it may bo tiusumetl to la* tiomatt. Accord- 


wheruie b 
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2 

ingly, it seems that the valius of h givttti by \'an dttr 

Waals is the most roUabhs value, and it is the one most fn*quently 
used today. It mtist be added, however, that too groat a roH- 
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ability <;annot bo placed on the exact numerical value of the factor 
4 , as is seen by these considerations. This place offers an example 
of a tleficiency in the kinetic theory which too frequently occurs. 
In the type of statistical discussion appearing in the theory it 
can happen that fi’equently two different viewpoints will lead to 
(>ntirely diffeu’ent processes of averaging. Such processes yield 
dilTerent values of the numerical constants, and it is sometimes 
impossible at tins present state of knowledge to decide 
whitih mode of averaging is the correct one. One is therefore 
frequently hainp(;r(Hl in checking the theory experimentally by a 
considerable tnicertainty in the values of the constant terms, 
llius the striking numerical agi'cements between theory and 
experiment whicli should be possible arc occasionally vitiated by 
unc<irtainti<>s of tlu^ values of constant coefl&cients which may 


rciach many per cent. 

/60. Deduction of Van der Waals’ Equation from the Theorem 
of the Virial. — A more rigorous and perhaps more satisfying 
d( 5 du(!tion of Vjin der Waals’ equation comes from a consideration 
of (llausius’ " well-known Theorem of the Virial. As ibis not readily 
acc(wsibl(s to the reader, it may not be out of place to discuss it at 
this point. 

It is first n(H>.essary to deduce the theorem of the virial in order 
to understainl its function. The derivation here used is taken 
from the admirable treatment of Cllemens-Schaefer.'=' Let it be 


assumed that tlus equations of dynamics may be applied to the 
centers of gravity of each of the molecules of mass m of a homo- 
gemeous gas. Then one can write for the equations of motion of 

these n'lolecules 

d^oo — , d^z 


m 


dt^ 


X, Y, and m 


dt^ 


Z. 


In those equations the coordinates of the molecule along the three 
axes are x, y, and z, while X, Y, and Z are the three components 
of the external forces acting on the molecule. Multipl 3 dng these 
(HI nations through by x, y, and z, respectively, 

.. d^z 


mx 


dt^ 


Zz. 


Xx,my'-^, == Yy,mz'^, 

Since, however, the quantity rtix-^ may be expressed by 
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!Ui<l similarly for (ho // ami oottii>om-n(s. t h«>so oiin.-if ions of 
motion mn,y bo writ.i.cm in ( Ik* lollowin^' fashion : 
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Addin/i; ihos<^ fiua.nl,i(i('S (.oja:o(,hor, 
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'rhis i‘(j«a(.ion applies to ono tmili'oulo, and it 
sumnuHl up for all moloouh'S of the gas. Ttnis, 


m ^^ (I-' 
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'Phis (Hjuation can now fio mult.ijdiod by an olomontar.v time 
int(!rval /// and intogralcal ov(‘r a comparatively long time interval 
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Or" f //" 1 z-h/f. 



I^ividiiig this (pmntity by r, 
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If, now, the valuen of all veloeiticHarni eoorhirifitoH iiri* 'Poti«*invinl 
of m remaining within finite liinitH, then for li relativr^ly large r 
th(^ flmt term will iKaaane vaniahingly Hinall while others 
renuain finite, for the fimt term in (livichnl hy r hot rimtalnH mi t 
while the other termn eontain r an wt^ll an being ilivtiltHl by r, 

* "riuH iimo interval ihhhI he. long otdy in tin’ wenne of the iivemge liiiieH 
between (liHtnrhan<^(»H of tiie luolion of a inoleenhn Hiiiee the iiteiui free 
path k of the or<lt*r of 10"'“*^ eia and r k of the t*rder of ICO the time 

for such an oecurrtnicc! in 10*^ see. Hence for the integratioii iti qinmikm r 
need not be a groat fraedion of a scaHuaL 
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The term that does not vanish under the above conditions is 
nothing but the total kinetic energy of agitation of the molecules, 

averaged over a finite time. This may be written 

The term on the right-hand side of the equation is the average 
value of the sum -{- F?/ -h Zz), taken over a finite time 

interval, and it can be written as -{- Yy Zz) . Now 

the ejuantity ^2*^“ really nothing but the average total 

kinetic energy of the molecules present in a given volume, to wit 
j 'anmf-’S wluwci n is th(i number of molecules present. 

Then tlic equation becomes 

+yy + F2)= 0. 



The quantity + Yy + was called by Clausius the 

" virial ” of the mechanical system; and the above equation states 
that th(i total kinetic energy of the system is equal to the virial 
of the same, ''f'his constitut(is the famous theorem of the virial. 
/ "I’his theonun may at once be applied to deduce the expression 
for the equation of an ideal gas. (Consider the gas enclosed in a 
parallelepiped of volume V = ahe, the sides a, b, and c being 
parallei to the coordinate axes. For the ideal gas, no forces act 
between the molecules at all and merely the forces experienced 
by the molecules in impact with the walls need be regarded. 
Consider the two walls of the paralellopiped which lie parallel 
to the ?y 2 !-plano, the one wall having the x coordinate equal to 0, 
the other wall the x coordinate equal to a. Now, denote the time 
average of the force on the wall per unit area by p. For the 
wall at a: = 0, p is in the direction of the positive x-axis; for the 
wall at X = a, it is in the direction of the negative x-axis. Thus 

for the first-named wall = + P&c 0 = 0, and for the 


second-named wall X^Xx^ = — P&ca = —pV. Exactly the 
same value is obtained for each of the other two pairs of walls, 
whence — + Yy-F^z)^ = |pF. Thus the theorem of the 


virial at once gives 


1- lnw<7® I,. «„ 

^nmC^, or p = -^ ~y~ ~ 
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''J’his is the simple' (‘ejuaiion for an idnal gas which was (io«liicc<! 
in a very elemc'nt.ary fashion in Soc. ■">. 

It now h('<!om<'s ntHa'ssary to carry fliis licducfiun dver lo the 
<aiso of the non-idea! 'I'his tn'atinent is also taken from the 

admirable text of ( 'hmu'ns-Sc'hiu'fer." lu this easi' iut ermoleetj- 
lar Conies act on th<i gas molecuh-s beside t he forces assumed 
above, f.c., thosei of t.lui walls, d’hese lorces must be taken 
account of in t.lai virial. 

lA'ii it, Ixi asHunu'el t.hat the' molecules urc /nird t htuth- upfnnA 
/xi.irrrfi irli/r/i JorrrN <tcf ii'/iirft tin- J'niirfitiiis t>j' Ox- mi n Ihfin t ii 
tfu' inoU’CxIi'A, Lei it In' Jurlhcr nsutitm ii thui iht fm'i’i s r/cc/vesc 
rapiilbj to 0 when the distaix'es Ix'tsveen the moleetiies exceed a 
c('rta,in viihu'. (’all <t>ir) t.Ia* fttree between t molecules 
Io(ia,t<id a,t tlxi poinis .r, y, and .r'. </. z'. If th*'n follows 
that r, the dista,nce b('tw<‘<‘n them, is given by r" f.r .r') ' [ 
(// ■■■ ?/)" ' H s')'’’- ’blui force componeuts .V. Y, 7, and 

X', 1", 7/ acting on theH(‘ molecules are then given by tlni 

following r<'hd,i(mKhipH; 


A' 


A" 

X 

f 1 
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>' 


r' 

i/ i/ 

r/iirr' ^ 
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;; 
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(he., they an* tlut projciitions of </»(/*) <»n the A’-, and 

'Fhc unaveragtal virial for the-so two molecules fhtjs bc'comcs 



r 


** - ” *'x'| + ; "’ll 


On roarranging thciso tenna one arrivoK at the relation 



- “ ®0* 4- (1/ ~ //)=* + (a - zT] «. 

Therefore the unavoraged virial for all the rntdeculisM for thcise 
forces is simply d’ho tiouble attttuiiatlon k 

carried out for all pairs of mol0ouU*s, This correction for 
attractive forces must bo added to the virial term dodtieed above 
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for the pressure of the walls in the case of an ideal gas. The 
equation therefore becomes in this ease 

The averaging over a given time interval may be left out for the 
last term, for]^2y''’^(^') ^ constant for the equilibrium condition 

which is being dealt with. 

It is now necessary to determine the value of To this 

end the action between a single molecule with the molecules 
lying in a volume dr at a distance r may be considered.. In this 

voh,ime, on the average, there are dn = ^ dr molecules, so 

that the force between this element and a single molecule is 

given by ~yCj 3 {r)rdT. Changing to polar coordinates, dr = 

• ‘Th 

T^dr &m Od&d<j>j and one has the force given by y(t)(r)r^dr 

siix 0d0d<t>. If in place of the single molecule considered, one 
regards tlie niolecules in a small volume dr', in which there are 

ydr' molecules taken at the point where the single molecule 

was, one has for the force between dr and dr' the quantity 

*x 

dr' y,^4>{r)r^dr sin ddddcl>. To get the whole force, these volumes 

must be integrated for dr' as well as for dr. The result must 
however, be divided by 2, since otherwise the whole volume would 
bo taken twice. Thus 

M 4>(r)r^dr sin 6ddd<p 
= <j!.(r)r*dr. 

Since <^(r) was assumed to decrease rapidly"^ with r, it is possible 
to integrate r from <rt infinity instead of integrating only over 
values corresponding to the volume V. This integral is therefore a 

* This assumption is the same one contained in the other derivation of 
Van der Waals' equation. The latter assumed that the law of force was 
such that the force between molecules fell to zero for distances considerably 
less than the dimensions of the vessel (t.e., that the radius of the sphere of 
action was small compared to the dimensions of the containing vessel). 

t <r is here sum of radii of the two molecules. 
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71uis ilu^ t^xprtvssion fnr i pn^ssun* a^suiuii^»: fnixa-s mI aUriHiioii 
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'This (*(|Uit(Tin has so far lakt*ii fla* prupts" aaruiint ttf |ht* jir<*H- 
stirt" tsaiirihiif ion in I la* tapiafitni of tf t|ot*s nof . howovt»r» 

<aHiia.in tJu* rt^rnnhion for tin* vt^nino of tho inttloaulos. TTt* 
<hT<s*f of flit'St* nioh‘<ajlt*,s on I hi* virial in fo ;oi^i rt-pnhata* forr«*H 
aJ. surfatM'S t^f tla* nutlofulos. Ha* ralruhitnai of I la* <7lVi*t 
of fhtxst* was iirsf rarrit*<l thnaigli hy Ih \ hormt/, 

'This parir of t ia* virial may ho f’alloi! I la* roptihax o virinh nml 
itr may In* (losignahsl hy A*. Af iho instant of impa<7 lot it htt 
assuim‘d tha.t f-ht* nmltamlos at^ a «tiNtuiM‘o a of t>t}ior 

a. forca* Aj ■ //•• <aH*h on iht* otlmr* Hto rtiailsivo virial finis has 

tlu' vnlm* jj\a for tin* pair. Hn* ftifnt virial in ohtniiind hy sum- 


ming <ivor ail pains th* molmnih^s for a snHtriont f mn* r and tlivitling 
hy r. Hms it has fin* vaim^ 
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tin* 


f/nr'h// 

or<i(*r of Huntimiiion ami 
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Now ih(‘ fon’<* /<• uct.8 only tiuriug (he tuiio or and r 


IH tliorofom nuM'tily thin tiiiu' of hiijiart. 'I’htiH tl»* j 

.It) 

tinui intcg;rJil of th<* foNto, that m to Kiiy, tin* ittipulHO Rtvon thcs 
tnol(?culc5. 'riuiH if Cr in th(^ ndativo v<‘lnfity (if tin* moUHtiikiM 
and On tho coinpoiuint of tins riornud Ut tha taoKontial {»lnn« at 
impact, then, in irnpaet, thiH <iimntity aione iw chan^^eti. I’ho 
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nioniontmu transfer is thus /: Mt, which equals mCr,,, the 

momentum change. The truth of this is at once obvious, for it 
is well known that equal molecules of mass m, if one be considered 
at I'cst and the other moving relative to it with a velocity Cr, 
suffer a change in momentum along the normal to the tangential 
plane at impact only (sec Sec. 28). This change is equal to a 
change in momentum from m(7r„ to 0 for the moving molecule, 
and from 0 to for the one at rest. Thus one may write for 

Slimmed up over all pairs of molecules which 

collide duririp; the time r. Now this summation of all the mole- 
cul<\s colliding in a time r can most easily be performed by a 
consideration of the a typo of impact discussed in Chap. IV, 
S(KJ. 27. In Sec. 27 of the chapter on Maxwell’s distribution of 
V(docitics the number of collisions per second of molecules whose 
velocity components lay between u and u + chi, v and v + dv, 
w and io + dv) with molecules of velocities lying between w' and 
+ didj p' and ?/ + A/, and w' and w' + dw^ was shown to be 
given by the cxiiression* 

cr cos Odkdiidvdwdu^dv^dw'. 

Since N == and multiplying by r, 

V'^CV cos 6dkdudvdwdu'dv'dw\ 

V “ TT'* 


p,t WJIH in 27 shown tod)o given by 

ss />''('//,, '/>, w)F(u% v% w')^^Cr cos ddkdudvdwdu'dv'dw' . 

From H(‘c. ,31 it was found that Fin, v, w) imd F(u'i)'w') were expressed as 
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u- -h 4, 7/1 a 


■5 '^'2 


and 


AT 1^2 + 7/2 4 


wlnmco 


F{u, a, w)F{u'jV'{w') 




c2 4- r'a 

' 


where c- » and c'*-® ~ 

Calling ^ one has the above expression given by 

' f ^•“/ 3 ''Cf :2 4 c 2) ^2 ^ dkdudvdwdu'dv'dw', 

TT’* 

For purposes of convenience in this deduction the previous Swill be replaced 
by <r. 
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If this munbt'r h(‘ multiplied by I', flu* volume, flieu one has .all 
the impacts in (he v<dume 1' in the time / tpveu by 

?/i,r ''’v - i '.y iiihil ii'^l ii'ilr'il ir' . 

1 ';i'' 

Now f'r eos 0 i.s tiln' same as tlu' < used altove. It. is tlie normai 
eompoiH'uf. of relalive velocity of (he mi>leruie.s. 'I’lms to «(>(, 
the sum <»’ eollisiou.s only, one has but to multiply 

t he uumb(U’ of <u>IIisions /)„r l.»y <', <’<is i). Thu.s 

N't' .^c /''V j t <■'’ V‘( ' " <'(is'‘ Hilkiliii/rilirilit'iir'iiii'', 

tK 

lutini tlk, tiufirtiip a,!ui 

<t Hinra ({k nin// ihr avar tlit^ dtit 

giv<\s tlia ftipUiV 2w, and tha.t nvnr f/k uf .silt auH" f/d// from 

0 Ui jLijivrH ^ at iinputds hnl wnpu thi* niolaanlaM 

wit.h the* vidtHati<‘H //Pip mul (i.r,, thn A ntid B t.V|M* innla- 

cnli^H in th<^ vnlimut T (nnn S(n\ 2H| (hr 

y f V “f " A'y e ’ ' • ' ’*f -di/div/irdu'dr'da ', 

4 // 

I'iw intogratinn itvnr thc^ dwlvdw u.iid rri{tnr«*H a trium- 

fnrniaiinn nf varia!>li*K, Lot 

^(w f a') - r;, ,/ a , fN 

]^{v f- a'j I'l r' e IN 

b w/j - ir, «■' f/> - n\ 

'rho quantities with the Hul>seript.s 1 are the <*ompf}nents of veloc- 
ity of the eominon center of gravity of the two moleeuloH, and 
those with the subscript 2 are the ctuuponents of the relative 
velocity CV. d'he product i(iu(lu')i(lviit<' } must ikiw Iks 
changed in terms of tho new variables. From the almve, 

dUi ™ Ijlu 4- 2‘‘^'d. 

eff/j jB (In 4~ dn'^ 

Thus dUidU% *■ dudu' and similarly for the F luui IF comiKHumts. 
Hence dudvdwdu'dp'dw' »« dUidVidW id(/%d\\dW\. 
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Also C~ + c'- = _|_ ^/2 _|_ J ,2 y /2 y ;2 _|_ ^/2 

= 2(C/i® + Vi^ 4- TFi^) +^(C/2® + Fa^ + TFa^) 

and Cr = 

Ifcnce the expression 


27rn2(S«T<r- 




■>v 


Mc^+<^’OC,^dudvdwdu'dv'dw' 


becomes 

2'7r 'tiAQ ^TfT ^ 

r^, ‘ .. (. ~/s=[a(n,s+ri 2 +iri 2 )+ 3 -i(w+F 2 !H-TF 2 n](j 722 _|_ 

+ W" 2 ^)dJ 7 ,dFjdlFidC/ 2 dF 2 dir 2 . 

Since in polar coordinates 

Ui — (7 sin 0 cos cl> Us = Cr sin 6' cos <i>' 

Vi == C sin e sin <j) Vs = Cr sin e' sin 

TF. = (7 cos 0 TF 2 = Cr cos e' 

and dUidVxdWxdUsdVsdWs 


= (T^dC sin eddd<l>CrMCr sin e'dd'd<i>' 


therefore the ccpiation becomes 


2x ^ _^,( 2 r'»+ViiC,»)( 72^/(7 

O TT'* K 


sin 0d6d(j>Cr'^dCr sin &'dd'd<i>\ 


Now and 6^ must bo integrated from 0 to ^ 0 and d' from 0 to 
TT, < 3 ^ and <t>' from 0 to 2x, and finally the expression must 
be divided by 2, since the expression has been integrated over 
all A molecuhvs and all B molecules, thus counting the impacts 
twice, dlxus 



27r n**^ 

•J Y “ 27r« 



->-/32 [2C2-l-HCr21 


C^CA sin ^ sin d'dCdCrddd6^d4>d<l>' , 


Integration over <t> and gives 4ir^j over d and gives the factor 4, 
whence 




IGTr^n^jOW® 


37r»F 
which finally yields 


f " e-wo-ewe ( 

Jo Jo 


0‘Cr‘- 


e-2fi^c^C^dC \ e--2~Cr^dCr, 

n^TTff^T 2 fVC^TTCr^T 




V 


This yields for B the repulsive virial, B 


-mira-tn^C^ 

W 



77//C K/A'K‘/7r rUFnin ( o l 


I 12 

71ius th(' virinJ uuisl still Im* t*<u*n‘rtrtl In /«*!<» |.m‘| thr tnu* 


tapiat-ion of 

st ;if i‘, 

and 

on<* lias 



/ 

(t 

\ , , / 2 n 7/ ‘7 ' 

\ I 


V' ' 

r- 


or 



r },Nnif ■■ 1 1 ! 

2 :ni ■/. 1 

;i 1 1 

2 <07/ 
Now .pf , . 

. » » 


1 .. 

^ ( >r h»\ wht*ro *•' 

In f la* \7 »Ihi tH 


niohsnilrs it\ unit vuhuiHs 7’hi> quanfif \ uas (\Hilial /i 
in tin* |)r<*\'i<>us <ln(lu<*fi<ni <>t Nan ^l*‘r \\ t^puaJiMn, I hus 

OIK' <';ui writn 


/ 


1 


O' ' 

,,„)l 

.poet 

^ ^ J 


7A) a. first npf^rnxiinnt iun this |.»^nna uvnr fin* f«a’in 

('■ ' "■■)'■ 

/ a 

and harH*a ( t y,. 

This is the \’a.n dnr W'aals* inpuitinn ilrdtnaMi in a inuah snuplrr 
rasliion in S(aa -IK. h'his thaliHi imi in, Hu*rn ri|/.t»ruUN, 

a.inf it. (t<M*s show tjiiilo dofinitoljs' wliat i\ po i>f torro i art* ui\ olvtal 
a.ntl whai jissumpf itais niusf. la* inatlt*. 'r!aM*sNt‘itf lal aNsiirnplion 
(‘onoorniuK tJa* f/ar) was tlia'i it was atiivo ovor slaai tiis- 

(4UHa,‘S fJia.t it. mash* n<» dinVnaira* whntiMa* th<* liiuhs tif 
(,ion for r won* ovor t ho ttiimaisions ttf l!a* v«*nno1 nr lu intinit.v. 
Ida* simpli' (ha'ivaJitai alst> otmfaiiuHi I ho asNuin|ttitHi tiutf fho 
v<xss<‘l wiiH S(*vt*ra1 t4na*s la.r^t*r than tho radios nf tht* sphort* of 
aciitan 'Tla^ vn-ha* n( t-lio ftaaa* funotion thus siilf rouiaiuH 
tHHlotonniiHsl and ii d,<7HuidH both on thf* iiiartniiUflo of fito foroo 
(HjnHta.nt and on t.hi^ vnriafion with r in dtdtaauino whofiau* if wall 
ob(^y thc^ conditions iinposod. din* stnaJl si/4* of I la* oorrootion 
tornm lunl. ila* «agroo!nont of tlio tafnafion indionft* flint tf. is fith 
filhah This d<a.tu<daon a4sti gives tho propor Juslilirnfatui hir tiik« 
ingh which was tiiscnssial in See, dih 

61- DeterminatiO'H of a and h from Meiisurements on the 
Expansion Coefficients of a Gas* Evaltiafion of the Ahsolwte 0 
of Temperature." Hinca* the dcwdatiotis of the taaie gases from the 
l>chavi<a of an i<I<ail gas are caused^ fo a first iippiaiximatiotp by 
the cmistantH irttradncrul into the more correct \htii itf*r Wiuils* 
equation, a study of these cleviationH shoulii iriakc' It fiiissitilc^ to 


a 


ad 


iV 




7o/d' ' 
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evaluate those constants. Experimentally, the deviations appear 
in the behavior of gases with change in temperature. If the 
volume and pressure changes with temperature are evaluated 
experimentally, comparison with the coefficients for the ideal 
gas will permit the values of a and h to be determined from 
the relations to be deduced. Incidentally, it will be found essen- 
tial to evaluate a., the coefficient of expansion for an ideal gas. 
'The value of this quantity a leads at once to the establishment 
of the experimental value for the absolute zero of temperature 
in terms of the ( Vuitigradc scale. 

In proceed ling to tiu^ deduction, it is well to recall the definition 
of the coefficient of expansion for an ideal gas. As was shown in 
Sec. I , the ecpiation for an ideal gas pv = RT follows at once from 
tlie experimental r(4ation giving the volume or pressure change 
of an ideal gas with temperature which reads 

V = ?’o(I “b cc£) 
or p = p()(l + at), 

Since tlie ideal gavS has forceless molecules and the molecules 
have no volume, a is the same in both cases and both p and v van- 
1 

ish wh(ux ^ • 

a 

In the pr(^sent case that of a real gas), however, the gas 
docs not hav<^ tlio i)rop(u*tieB of the ideal gas, and its equation of 
statx^ is expressed by 

(^p + (*' - 

Since RT was cicrived from the value of oc for an ideal gas, BT is 

^ wliore a is the expansion coefficient for the ideal 

a / 

gas. Since p„v,„ on the kinetic theory is ^nmCo^, the RT may be 

r('j)lac(Hl by th(! expression + at). For the sake of 

simplicity in this deduction the value of C at 0°, which is 
dcmoi,ed as (■„, will Ix'. written merely C. Hence the equation of 
sl.att^ (for a real gas) for th<i present purpose takes the form given 
by the equation 

(p + -b) = }gimC\l + at). 

For convenience from now on the volume of the gas V will be repre- 
sented by V, 


<xpd‘ 


i 



IM 


TUK KISKTK* TUEom' tH' t^ASKS 


Now for a, n^al ga^s Mio volinuo anti pnwur** af 0 ' aJ'»s. will laif. Ih^ 
0, for the niohaaihir volunu^s and int rianuliaadar lurens at 

0'*^ ilhs. TluiH tlu^ (aadlieient- will nn hojgvr fjpifv ttn* mhimr 
or pr<\^.suiT eo([(f!riiAit of exfiaiLsion of a real gaa. 

The prvsHure <UH[(!irirrtt, expansi< at is defined as ; 

that iSj tlu'‘ pn»ssiir(' ati f'' I^ess the presstu'e af 0 " divieled hy t limes 
the pnsssun^ at 0'\ It is the rate cd' ehaiige of |>res.sure with 
ieinp(M‘atin’<‘ divi<!e<l hy th<^ initial jn'e, satire. Ttt ohiain tliis for 
a. r<ail gas, pt a.n<l /n. nmst. he introdmnal from 'Wan eier Waiils* 
e<pnttion : 


(in 


Snld.nndaiig to g(»t p/^ 


:■-) 

:0 


(r h) 


(r h \ 


tttfii \ i itf 




I H ;• MO 


pot onf‘ ohiains 


lldmce /'t 
I nnU 


Pi 


H V 


Ip,^ 

ami tJua’cton 


(/a 

is givim hy ii 




■n I amf’ 


hi r 


htif 


('" • :0 




o( 

p. 


O'- ' ;0 


or 


(■ ' ,;)■ 


If « W((rc known, tiu’H, Kimu* fi in tnotwunnl cxiMnsiunniHily, 
knowinjs i> mni (i coulti l«* clntnrmhind fnr tin* 

IIcuKH'! tluH (Hiuafiion (^aii Ihi <*f Ht)mn nw* if «* in kinnvn, '!'«» gnt 
furthor infnmiation, ilnn t'aliniir nonfjicinnt of nmwt Im 

evaluateci in fcnnH of V’an dor WaaiH’ ion. 

The volume c(H-JJicient of oxpanHion for a gaa ia dnfiniHi m 


«<> 


Pt 


Vu 


tth 


TlniH in analogy to the ofwo for tho pr<‘Msuro riK^ffiRiont, 


0 ' + 
(p + 


h) hoM('"(l f <» X Oj 

*# 

6) 


p<.v. - + » oe .0 - “''Co - .'■) ■ 0’ + V.’) 

and vt — Vo >" avVot, 


b)at 
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therefore 

— »\.)( p — a 


(p - a ^ l°^ab = (p + — - h)at 

\ VtV„/ V„-Vt^ y WoV 

aaj a^abtVo(i) I — v„) { , a\, ... 

pcc.v„t - + ^(p + - h)cd-, 

dividing by vj., 

a,nd therefore 


«» = « 


G' + ^)(* ~ 

p _ j!!l + Ji) 

\VtVo/\ VaVt / 



Thxis a* is a much more complicated function of a, a, and b than 
was /3. It is seen, however, that if the constant a for an ideal gas 
can be evaluated for certain gases, and if, from the expression 
for jS, a can bo found for gases other than those used in getting a, 
then b can be found from a„. 

These two expressions for and in terms of a, b, and a merit 
some discussion. 

First the expression leads to one result which has been verified 
experimentally and is hence interesting. 

^ ^ «(i + 

Thus /3 plotted as a function of po should vary in the following 
fashion: a is a constant, a is also a constant, while pov is nearly con- 



TliH Ki\Nr!i‘ 77 //': n /,’) I '-I 


for sonio pri\ssun*s. IhoiiM* nv^r Itif^ r;u}*M^ u p ■ is run" 

stjini», aiui since* a,s /;.» into’rasc^, thr rcninnnnc ' m ' !* ‘C!*ras(«.s^ 
th(*n*rorc /i shonlel start from a |.n\<’n \altir airl im-rc.-trs „\t. 
t.h<* point wlH*n* t-lu* \'oln!uc lua'oiia':’ • fii.alt tiiaf. owitn!; fu tin. 
size of tin* ino!c<*ul(Ns, r docs ind di*crca r a la f utci'cascs,, 

i.i\y wlj(*r<* /^oc'^sta rt'S t.o increaaso, then s' diouid (‘rrui fu d«'MTi*a,>c. 
Tlius a. <airv(* for' /t as a. functionol /#,oi tliofican ■ hnu n m t'jtn 2S 
shonid la* ohtaiiH*d. The <airv«* ahuwrr i afiiiali\ tac* fotmd 
(*xf><*rina‘ntally for oxVfO’O Kas. 

A|y!;a.in wratJiig tJic t^xpt’cssions fja* o and .s fie* loHuw'mi; 
nia.v he <iiscnss<*d : 


■(' ‘ 


ax 


1 f/' 


( 'asc L I f a 0 ft, 

dda* ^as is ielcal; f'i and m o. 

( 'nst* n . 1 f a d, * th 


'riH*n d o and o, 1 ^ J 

d'huH a is |i^rca7e*r tJinn <c. If o is ohlaiiiiM! from d, and if 
o,, is nicnsurtal, 6 may he evaltiated, Tins rase is nearly fidtilled 
hy tJu* gases He ami 11 •. 

( hiH<^ III. If a Ch h 0, 


■ n 


■(' ' 

(" ' ;:.) 


<'f « = <tf,/ ! 1 'I j " )• 

\ p> ,1.,/ 

Wiionoo tt» >(1 > (ti. Such aciiHC nujjihf he c(ivcrf*t! hy u cfindcn.si- 
hie gUH. 

Caso IV.~If, an m really the cawc for Ih aiut H«*, h • a .» (J, 
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and 

ap = a 

Yi - 1 :) + ( 

1 - 

) V- + . . 




1- \ Po/ \ 

Vo/ 




whence /3 > « and « > for 1 < 1. 

Po 

'’rixerefore for the gases He and Ha 


> a > oiv 

The ineciusdity in ( !ase TV servos as a means of evaluating a. 
practically. T'or 11 «, cv„ and (i have been measured. Thus for 
IT. a the accurate older values for these constants found are 
(8 =■• ().00.‘5()()2 and «„ = O.OCKKiGO. a was taken, with a fair 
degrcHi of cca-taint.y, to be O.OOilGGl. This value of a gives a value 
for the absulutci zero on the (Centigrade scale of — 273.15°C 
Tlu^ prescmt vslue is given as ~273.13°(C. from other data. 

'Tims having a, a, and b can be obtained. As a matter of fact, it is 
possilih^ to g(di (I an<.l b nmch more accurately from other data, for 
the diff(sren(i(iK in «„ and (i are small, and these small differences 
art^ v(uy important in evaluating a and h. As a and b can be 
d<‘tennin(Hl vv.ty inuc-h more accurately by methods to be dis- 
<niss(al later, f.hes<i more accurate values are at the present time 
inscii'ted into the ecpiations above and thus serve to evaluate ex. 
d’hus an acc.xu’atcx value of a is obtained and hence the value of T 
may b('. acJcund/xGy (kdxvrmined. T is, however, also more accu- 
ra.t<xly d<d.(u-min('.d txalay by the Joule-Thomson effect on thermo- 
dynamic re^asoiung. 

It also happens that both and vary with temperature in 
some gas(xs. Sinct^ tluise equations show how a® and /3 depend on 
a and b, th(x variaf.ion of a. and b with temperature may be investi- 
gaf.ed. Actually, these <tuantitics were assumed to be constants 
indcipendent of p, v, and T in deducing Van der Waals’ equation. 
A stiuly of th(i variation of and |3 with temperature indicates 
that ncnlTicr of thexse is constant with temperature for all gases. 
Thes(^ (hiviations and their significance can be much more profit- 
ably discusstid in connection with other work, and it will be seen 
that the variations of a and b with conditions lead to a still more 
profound understanding of the nature of molecular collisions and 
structure. 

62. The Graphical Representation of the Equation of State 
and the Evaluation of a and h from Critical Data. — In the preced- 
ing section Van dor Waals’ equation was used to determine the 
absohite zero of temperature. In using it no attempt was made 



MS 


THK KiXKTK^ TlU^nin ny r, isf:s 


U) plot it. or t.o tl«‘t<'*r!oino t-ho (iHnn of I ho oqoufitui. Siihm* it 
n^pr<\^onis tin* hoh:ivior of t ho ^'asos.if is tnana!\v,oif gruphi» 
(ailly. It. is siH*n ah <aH»o tlaai tho oqualitui 

/.) irr 



i.s an (‘(Illation in three irulependenf variahle... /i. i\ ntul 7'. hiu'injf 
i<\V() nonsl.aut.s wliose rela(i\'e and uhMtlnfe values \ ary from 
gas to gaa. d'o plot, it for a given set of vahn-s of ,i and It 
would not giv(' the gein'ral v'nnv of it reipiired, part teulnrly if a 
and /> are not known, Whth th(> uw* of the ealeulus, a very giHai 
general idea of i(.s .shape and it.s .signitieanei* e.an he olitnini'd. 

d’o Hiinplify t.he diseu.ssion, 7’ e(Kdd hi* considered a constant 
and t.ln> at.t.ention (>oncent rated on the relafitnt hefv,een p and c. 
'riam to gain a mor(‘ perfect picture, this could he done for a whole. 
Herie.s of different values of T. 'I'he (’urves plotted with p jm 
ordinate, s and v as ahseissa!, latldiug 7' a eonsf.anf, are ealled 
i»(it,!wrin(tl niiTvs, or im/thn-f/iN, the term eoniing from the < *reek 
7.W, meaning (‘(pial, and thn'iiiti.s meaning temperature. They are 
curves of (ajual hnnperature. It is seen at once that the X'an (i(T 
VVaats’ (Mpiaiion regarded in this way and nndtiplied out has th(' 
form 

r''jt r‘'(J<C7’ { pl>) 1 iir iih (t. 

It is thus a cuhie. (aptal.ion in e. Sueli an eipiation is known from 
<dementary algehra to have eitlnu' fhr«‘e real roof a or only one 
real and two imaginary roots, depending on tin* values of the 
constants that is to say, for one value of p f liere will he (‘itln'r 
threti real values of v or only one r(>al vahn*. The eonditkuis deter- 
mining tliese will lx* found later. 

Tho Van dor VVaals’ enuation may l«* written in tin* form 


UT 

V h e 


H is seen from this that for values ijf r near h the pressure p 
approaches infinity. For vahn*H of t- smaller thiui U tint «sjuation 
has no physical meaning, iis p is then negative. Furthermore, if 
V becomes very largo p Immtnm vanishingly small. 'I’hiw tho 
two extremes of tho curves are definitely ilcttitmiiiied, for as v 
approaches p becomes infinite anti a« p approaches infinity 
p approaches zero asymptotically. In the e.xtremeN tl»o curve 
descends in p as tt increases, approaching zero in the limit. It is 
therefore part of the way concave upward. In laitweetp it may 
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have maxima and minima, and, in fact, the three roots lead one 
to expect, under some (ionditions, a complex course. 

The maxima and the minima are found by setting the first 
derivative ecinal to zero, and solving the equation; that is, in 

finding the points were is zero. 

dp ^ ~Rr 2«_ 

dv (?f — 6)^ 

* d'l) 

In the expression above, is negative for values of v that are 

very small, for near h the term JiT/(v — b) 2 can become greater than 

the term. Again, is negative for very large values of 

V, for in this <jase, since r* increases more rapidly than v^, the 
second term becomes less than the first. Thus for large and 
small values of v the first derivative is negative, meaning that the 
ciu'vo slopes towatxls increasing v. Between large and small 

valties of V the term is positive under some conditions and 

hence the curv<'. slopes to the decreasing 71’s. 

The values of r for maxima and minima are given by solving 

the oqxiation above when = 0. This solution yields an 

equation in a, b, v, and T of the form 

_ 2a{v — 6)2 
^ Rv^ 

d’his is a cubic in v and thus has three real roots or one real and 
two imaginary roots. That is, there are either three values of v 
which satisfy this eejuation for maxima or minima, or there is 
only one. 7’'hus two conditions exist for the curves, that is, 

d/o 

they have either three points where = 0 or only one. 
Now the course of the equation which was deduced from the 
value of the sign of for values between v = b and v = 0 ° 
indicates that the curve descends with increasing w to a minimum, 
rises when is positive to a maximum, and finally descends 
asymptotically to 0 at r = <» . There appear to be between v = b 
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p , . cn t-hm, only ono inavinniin anti inininnint. 'I’liii 
roots o^f tlu^ o<{nalit»n i'nr aiul i{itnini:i 


ho\vt‘Vc*r, points t\i whiolt 


o. 


''Ilius ono of tiio f liron point: inn; t lit* of \nlnt' nf r Ir, ^ limit />, 
It is ilnn'i^fort* of no irnportarn-o lor tlio pr»- onf ;!n;il> i a I'hai 
the* t hird roof Iit\s in \ his rojidon nan hn hitu n h\ f mn lorninm tlin 
(npiaiion for maxima and ntinima to oft»* who o onajn i rtol nf U 
but- III Ik If this is <lonn tlio (‘\pn* , am In'romo 1*1'', h I irr^ 
— 2nm'' ' ' Oj whom a* /’ /s d'his f«|nafioii r\pand*‘d |,dv<\s 
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N<nv a- \v(*l!-known r(‘lation in thn thnttr> of opuaf lots-' that 

for a- <‘ubin tJm prodinh of tho thoa* rot>i' imi t tio oqnal fu Ihn 
iu‘gativn vahinof tln^ last form, that is. fliat ih?* fhioo roiUs as, 
and ast midli|)lind toi^p’lhor sltonhi bn opna,! to li\ bn! in 
tlio (H|uaf.ion abovn tho last Ifuan is po-iti^o ant! (touro onr of tho 
t.hn'o roofs must, In* m^K^divo. In snolt an opnation lor flto oast* 
t-ha-t. t-wo <h’ tJu* roots aro imniL^iinary and om* t‘n!\ i;- roal tlio roljo 
t-itm fnrthor huliontos that tin* roal roitl r nr|,faiivo, IIoihh* 


r<*f<‘rr<*d t-o h as origin, ono <»f tht» f fn’ot* point af n hirh 


tiv 


bo 


must a-lways lio ad nojL^ad ive* vatuos, I ttaf i.s, oiu* of tho t hrot* maxima 
(or whon thon* is only oiu* roal maximum or minimum that omd 
must lit^ n-tf va]tn*s iif o sinallor tlian /s dins aip“ros with tho 
(mruduHiouK a.rriv(ai ad- from thosdopns, nam*d\n that flio iHothman 
ha.s <dthor no rnnKiiimm m* minimum m' onl>'' fwa#, Ida* '-diapn of 
idu^ iHotlunanK must- t-hond'oro tako th<* form tadlior of llio ourvi* 
'mn.rk<Hl Id. r‘ or HH). b* in hdj-C. 2it for tho oasos whom iImto aro 
tfina* roal roots amt ono roal rotjf rospooi i voly\ ll is soon Itnii 
this (Uirvo. alsi^ fulfils tho <*ondition for throo roal root/*i of \'im dor 
Waals* original o<|uud.iotp fi>r a vuluo i*f' wall mforsiad. tho 

curv<^ in thnn* placaxs. 'ro linil lla^ viilnos for I ho maxima and 
minima, nunaadcal vaducxs for a, h, luul T waathl l«» roquirotL fly 

ovalnating for thono points, one- wtinld liml, from tda* sign 

(l*M) 

of to which vahus of v t!ic maxiuium iM'louKcih Lett tag 

d^p 

equal xcro would <lct<‘rmim‘ the piiHitiifu of the point of 
inflection between the maximum and minimum. 
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Now ((xprcissioM for f.lio muxiiua and minima, 


T 


2 a (?i — h)'' 
Jiv^ ’ 



is a continuous function of v. l-i'’or values of v small enough to 
approach b it has a small value, and for values of v which are 
very great, since increases more rapidly than (v — hy, it has 
Hinall values, l^ctween the two extremes it has a maximum 



rUK KlSHTh' TUF.Oh’Y tH' BIASES 


valu('. ilicni f\ist values of 7’ altma* lhi> maximuiu 

whi<'h luusi lif“ u1h>v(‘ this eurvi*. that tv. there are eoiuiitious of 
tcnipenittin' iu whieh the three tunxiiiia aiei loittiiiia lio m.f e\i.st. 
At sueh t.eiiii>era,t tires, however, tlie i^ot!leru^v still exist, hut 
th(>y (tan luive only the one tniniinuin : :ui»l thi one has \ ;iluesof)t 

less than h. In .such <turv(‘s the si(iii of i ' .'t!u.'t> s tte}j;ative, 


T ht'ing so largt' th.at, e.an never exeeeii ‘ The curve 

then slopes down coni innfill.v to higher values of r. 'I'h(> 
parf.itatlitr teniperatnre til. wliich fht* curve eeaves {,1 h.avt* one 
inininuun arid out' inaxiniuni ahovt* v h ctitt he called tlu! 
rritiral l.<tiup(*ni,|.ure. 'The value of T, when the function is 11, 


nmxitumn is found i>.v setting . (Sjn.al to /.ero and sohung forr. 


<iT fK/A’c"tc /»)" ) 2(//t*r''! 2c 2/o 
<h -ARr^ 

htc /<)" I 2c" 2ch h 

c‘ }hc 1 lih ' ft 

(c AliUv hi » 

c. ;!/. 

or c, h. 

l'’'or r,. 1), T is ztu'o and this is a minimum. Thus tin* iniixi- 

inuin is at r,. Ah. 

Accordingly, 7’,. can he found at onci* to l*e 

2a (Ah - HatF .H,i 

'■ ' Rmf 27HfR 27 m>' 


Thus th(;r<i is a value of 7’ cl<*pendinK on tla* ratio between a and h 
for which the curvcH paas into curves having no point of inflection. 

Thus if a family of iHothtsnns wiwe piotteri for the Van der 
Waals’ (Hpiation at dilYcrent va!u4*K of 7’, it would he found that 
above the value 7’e the curves were simple curves tiropping 
down to 0 at great values of v with no points of intleetion as in 
the curve for KM). 1“ ami -tM. 1” (Fig. 29), Below this valm* of T 
the curves have a minimum, a maximum, and a point of inflection. 
At the temperature 7’„ the curve passing through it hits the 
maximum, minimum, and point of inflection lying infinitely 
close together. IlencKi this condition shouki make it fKJSsible 
to find a scries of relations between pe, t>g, and 7'„ and the eon- 
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Ktants a and b at this point. To find these, merely three equa- 
tions need be used; 

RT 

^ {v -h) 

the original equation. 

(ip 

(Iv 


a 

-5’ 


RT ^ ^ 

U\-l "T- 3 


0 , 


( 1 ) 

( 2 ) 


{v 6 )^ 

the (ixpr(^s.sion for the maximum and minimum which now lie at 
the same point. 

cfe'" (?) — b)^ V* ’ ^ ^ 

the expression for the point of inflection. 

Sincci maxi muni, miniinum, and point of inflection lie together 
Eqs. (2) and (8) may be written in the forms 


KT, 

RT, 




3a . 

,ri 


by, 


where T, and now correspond to the same isotherm, the critical 
one. l<\)r this isotherm Plqs. (2) and (3) can be combined, since 
R7\. - RT,. 

Therefore 2a = 

Vc 

Therefore v„ — 3b. 

This was found before as the condition for a maximum T, for 
wliich throe maxima or minima ceased to exist. From Eq. (2) 
and the value for v, abiivc, 

dp _ ~RTc , 2a _ 
dv ~ " W ■'“.27&» 

Therefore T, — 

P'inally, from 7’’, and v, one has p, = ^ 

Thus one has a sot of three equations between T„ v,, and p, and 
a and b. 

Vo ~ 36, To ~ and p, ~ 27^ 

and if T,, v,, and p, can be measured one ought to get a and 6. 

Now the question arises, Do real gases follow these laws? If 
this is so, it should be possible to evaluate a and 6 either frorn the 
isotherms or from values of pc, To, and v, taken from observations. 



T!!K K/,VK77f' Tiil'nin OF i. ^^/;s 

Vjin (Icn* Wa.a-ls, who as a mat uro luaii \vit huoui*/.'' U? uialoiialo* 
st udy , dcalucod his now iaitiou: <*tnirsfioo in hi:- tioffor’s 
dissnriat ioii at. L(\vd<*n in isTd, Ailrtupf :i! hott^nini!; i\u^ 
idiad gas <a plat ioa !ia<l first hoon ntado h> ( lau iu- Sa(\ ISi, 

who int.rodiKas 1 tla^ <*orr*(a‘l ion Uh' (ho \ i»hufH‘ ut fhn n{o!tH»ut(*s 
int.o th(' cspiaXion by writing /* h in piano of and !<\ I lira, 
wlu) in tS(M a.<ld(Ml an n\pros?aoii in tho pro nro lorni fo (aka 
n.nconnt of (Jm a.t.(rartion of Hm' inohsado' . fhi tornn howovnr, 
(li<l not. gi\'(* I la* variation of I ho foi'ro with I Ito \»»hnnr‘. If was 
hy a. <a>nsid(*rat ion of I,aplaro*.s tta*or\ of ; uif;M*o Ion- ion 
\7in <!nr W'aals supplinti (la* nnssiin,!; ndation aiid romplolod thn 
tlaaiiy. Ahont. t(*n yaars prnvious t.<» flii" Andr«'W,- :"4ndiodu 
pianiliar plaannia'iani first ol>snrvod i»\ t 'aipnard do la ’ftair, 
ddiis was tJiah if a. tid^o rontaining Ii»pnd oathon daovitio worn 
laait.od gr'adually , a- tnrnporainro was roardiod o'd J 7 al whioh tho 
nH7iLs(ai.s dividing t-ho liquid and ga>oour. pha/o-. r!i'-appnarod. 

1 nv<‘staga4.ion showo<l that no inattor what tho pro airo hooanio 
a.hovt^ tJiis t (unporat un* tho t 7 r* wliiidi had horai partly in tla* 
gastaniH, pjnily in tin* li(iuid phast* holow thi p*Hn( oliangfsi loa 
honiU)g(ua*oUH, laanispan'id slafo in whioh thoro wa no nidioafitui 
of 1.1 a* gas a.iul li< piid, d1a* t oniporat nro at w tnoh t hi « H*ourrod was 
<adIod tla* (aat ioni t<‘inp(a‘nf tins d1ds (’urions oh or\ at lun throi^fod 
a.ft.<»nt4on t.o tho lH*ha.vior of gasos in gmoral af t !a' fngltor pro»,.MnroH» 
an<I othor gasos liko St >-• worn fcnnal wlnoh showod fhi ’ hohavinr 
ntair onlina.ry t4*niporai.uros. Todavn thr- toiiipor'a.t iir** ha:-'* hf*on 
d(dau*nfniHal for naistaif tia^ wolhknown gnsos aiid vnpiors. \ndrfnvH 
Ix^gaai n s<uai\s of inoa.snrtuniuds iwtonding fiauat IsiiU In |K7fn in 
wlu<di la*: Htudi<Hi iho hohnvior of tho isothornis I 7 r, at various 
ienqxuad.un^H and up U> proHsuros *itHI ni mospIroroH, ‘Thost* data 
gavo. Van <{(U^ Waals tho miiioriai upon whioh fo lost Ids fhrory. 

Van d(H* Waa-ls timt imod ilto noouraff* imaouiroinoitiH of 
R.<sgnatili on flat mothorniH of < *t)*4 whioh woroonrrusl ff» prosstiroH 
of 27 ainuoHphoroH* S<ilving for a and in ttsing tho nndJaalH 
<l<qHunling on tla* pnwnrt^ ami vtduino oooflituoiita, ho isHtiiofitod 
a to ho .00874 ntnamphoro ond% and If iti ho oink Intro- 

ducing tlu^Hc^ vahn^H ini<^ hin 4a|tiatrU>iu ho was ahlo to. ohlain a 
cloBcr agrcHuucnt hi'twccui liin curvt* and Ih^giiaiiit *h ovpiuimciital 
points tlian Hcgnault ohtaiiual with hm otupiritnif oc|iiiif.ioii. He 
then applied this ^apnition to the cnmjnttntauiH in tin* region of 
Andrews' nteasurennuitM. In thin tninv tin* agreenierii wm not ao 
striking. .In fact, the coinpariHon of the ootiipiited fuirvea and 
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tlic observed curves of Andrews are not given in texts because of 
the discouraging nature of the agreement. It seems, however, 
that tlic direct comparison is of sufficient value in indicating the 
strengtli and the deficiencies of the theory to merit reproduction. 

coiupute the isotherms it is best to use the values of a and 6 
given l)y the criti<ud data obtained by Andrews, since these are 
more a.c(nirat(^ than the values deduced from Regnault’s curves. 
(Tsing th(\s(i va.lues, it is then equivalent to fitting the system of 
theonducal isotherixis to one povnf^ the critical pointy on the 
obs(vrv(Hl system of isotherms. Andrews obtained for CO 2 the 
following values: T,, = Zl.VG,, pr. = 73 atmospheres, and 
= O.OOCH) cm*^ For a, cm/^ of gas at N.T.P. Before using these one 
might com])axo tln^so values with those computed by Van der 
Wiials IVom the (K|uation tising the a and b taken from Regnault^s 
data,, na.mely, a — 0.00874 and h = 0.0023. 

?V = 35, V(, = 3(0.0023) = 0.0069 cm''^ computed, 0.0066 cm^ 
ohservad. 


rj7 , ^ m 8(0.00 874) _ 307° abs 

27bJi 273 27(0.0023)^73 ““ 

Tc — 34 °( t 31.1°C. observed. 

Vc — 275'^ 27^(()^()0^1)^ =61 atmospheres computed; 73 

altnosp he res o b ser ved. 

For the computations of a and h from Andrews^ results it is best 

8a _ a _ .. 


61 atmospheres computed; 73 


to us(5 th(i eexuations, Tc. 


27bR 27P' 


(lillioult to obtain witb certainty from the measurements, while pc 

27 R^T ^ 

and Tr. could be accurately measured. These give a — -y- 

RT. 

~ 0.00717 atmosphere X cm® and 6 = = 0.00191 cm®. . As 

a partial check on these values, b can be compared with the 
observed = 0.0066. Since = 36, the data give 0.00573. 
Thus there is some disci'cpancy between the values which may be 
attributc<l to errors in measuring 6 as well as errors in the theory 
of the eciuation to bo discussed later. 

With the aid of those constants, the isotherms may be 
computed from Van der Waals’ theory as follows, taking 0.00718 
for a and 0.00190 for 6 : 


, 0.00718\, 


0.0019) = RT. 
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Now if i»ho pis \vor(» i0o;il i /.<■., it and u«‘n‘ O ;inii p warn 
<^x|)r(^ss(ul in a.trnosplu'ros whilt^ r was taluai as I rui \ pr wniilO 
\h^ unitry. Thus /N/' would l>u unity. Af o i \ and TtiO nuii pras*^ 
sure H \va)uld f>e ^wra 11ms lor I ho idoal pis 

nr ■- h^or Ihv real ji^as with a and h finito, lio\vo\au\ at, 

^ 2/ d 


(hXh aaul 1 aianosplien^ the taan^ p and the Irtu* r are pjven hy the 
ai><>ve. lliuuan tins alM»ve tapiat itut for I atmosphere and I ear* 
l)(au)meH 

({ f P.0P7ISP 1 P.PPPJ i lAHlXl 
Thi U’<l'(rn*j in onhu* launpute /) and r f he oqnaf ii ui I jeeumes 




I jMi5:t 


7' 

2V:i 


H<uic<q hy puttanji: iit tln^ values of 71 the nhsolute tempera;iun% 
and int.rodinung values <rf i\ t.-la* eepiation may la* solved hir p, 
Talking Una values of T and /* (a>rresponding to Andrews* experi- 
nuuital isidlierms for Id, I, 21.5, Pd. t, 55,5, IS.l. and IPP.Pl 
ilu^ V5ui <k'r Wauls’ isotherms were roniptiled from the ahove. 
(ujun-taom Tin* rtssultinK clashed eurves ma\ he se«m in eomjiari- 
H<m Andrmvs’ a,<*tnal eurve.s in full !int*s in 11^5 2th 

It is ohservaal at omaa that, in this region the etose agreement 
t,hat Van dvr Wauls foumi for Hegnatilt’s resutlH ttoes not exist 
hetwaam tJu* (»hH(*rved and eomputed values. It is, howe v«u% seen 
thati halving a (aal.uin feature of the low lempmxalaire iHolhernw 
asiih’j (/a*,, tlie ma,X'iinuin and uunimnmK the geiiernt sfia|Hm)f 
ilui (nirv<‘H arnl ihe evolution of their form wilti femiwaad ure are 
strikingly similar, ddu* luiture of the similarities indnaites that 
<|Ualiiatively tin* plumcummon is repr<»seiifef{ hy the \'an der 'WaalK^ 
<Kiuati<m. Tlin cauisf^ for the agreement of HegnnuftT values 
togetluw witli the apparent failure here ran he easily Siam hy looking 
at the <s<|uati<m as used for eominitaitoin 


i.{K)r>;{{ A' j 
O' - e 

It iH seen that p ih givt^n hy tho (lijfrrrurf of iwt» tiTinw. 'Phesa 
toriiiH for Hinall valuoH of /• am oHiMunally law »«“l anfoall ohaiigc 
in a or h will mako an cnorinouH c!hanK‘s if* p- 'I’huH uiiIo«m « and 
b worn cloBoly coiiHtant and known to «*voral Kignifioant fiKures 
an accurate superpowtion of tins c;urvf*« iti thin rogiori would Iw 
impossible. When ?>, howtsver, is larger, say nuiir 1 or 2 atinoa- 
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phcros, the corrections a and b become insignificant. Errors in 
their values are negligible and a close agreement is to be expected. 
Van der Waals, who was interested in establishing his theory, did 
not publish curves of this sort. Instead, he assumed the value of 
a taken from Itcgnault’s values. Then, taking p and v from 
Andi’owa’ results, ho computed the value of b. The values found 
for b varied between 0.0025 and 0.0015 in extreme cases, while 
they lay close to the value 0.0023 from Regnault’s work, when 
djita taken for v greater than 0.004 cm® were used. Now it can 
bo .s(ien from Secs. 19 and 49 on the value of Van der Waals’ 6 that 
if V is hvss than 26, the spheres of exclusion of all the molecules must 
interpenetrate. Thus, on a collision, the average distance of 
approach of molecules is decreased and the shortening of the free 
patli is changed. This change is of such a .nature that b is no 
longcu* 4u), but less. Hence, the rapid decrease of b with values of 
V below O.OO l cm® is a direct consequence of the kinetic theory and 
was to be expected. Thus Van der Waals’ initial assumption 
that 6 was constant independent of v was not quite correct in the 
(ixtreme cas() of Andrews’ measurements. Neglecting this devi- 
ation, it can be seen that the values of b computed by Van der 
Waals from Andrews’ results show a fair constancy, and the sen- 
HitiviuuwH of the plotted curves to these small deviations is 
demonstrated. 

Iiefor(i going on to discuss more in detail the causes for devia- 
tion, the apparently most glaring discrepancy must be discussed. 
The ('.xperimentid curves of Andrews below the critical tempera- 
tures do not show the maxima and minima exhibited by Van der 
Waals’ eeiuation. Below the critical temperature the flat portions 
of Andrews’ curves mark the point at which visible condensation 
was taking place. In the theoretical equation this discon- 
tinuity does not occxxr. In looking at the physical significance 
of the region lying between the maximum and the minimum of 
the theoretical curve, it is seen that it represents a region where 
with decreasing volume the pressure is falling. Thus the maxi- 
mum is a region of unstable equilibrium, for as soon as it is 
reached the volume decreases of its own accord, since the pressure 
is not needed to maintain the small volume. It is not surprising 
that this region cannot be studied experimentally. Neither can 
the other regions near the maximum and the minimum be studied 
because of the instability of the gas in contact with its environ- 
ment. In this case, however, it is the adhesive forces of the walls 
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which ac.t to <aius(‘ <*()ridciisaf.iofi nf tin* liqiiul uu fhiaa hi*forc tho 
liiaxiniuni is Arf-naJIy, incrrt aiii uiirrr yTrat rare 

is used in (Jic t‘on<lif ion t li<* «\*}n hi* h illi »\\rt| hi*y(Jiid 

the straigiit liii<‘a,r |)<H’ii<aiS ohscrvi^l h\' Vuilrms. lhaf i-., iiMaalniu 

castes, witJi stiiH‘rsa.<4irai<al vapors aad supiTrunli** 1 ive i*' ^‘uruleii- 
sadion is ;ivei<l(al i.eini)orariI y. !*i‘prf:;i*Hi poiiip. aloiiy flu* 

Iso’t.luaans r<‘a.<‘hinK into l!ie re^:iiHi tli^-etr^; »‘»1 hut umI h> fhi* nia\i» 
imunor rairuumiu. 'riussiat(‘ is, hu\w»vet\aouu f ahh Ahat su<iiieii 
naadiajiieal shocks, particles of <hisf» or ao\ ^!leh^ ♦ Ir- 1 rirl 
<a'iuse aiinost* <‘xplosive <a)n«lonsaf ion. II ohvions fhaf i| is 
iinpossihie i*<) carry on aciatralo moasun^nc'ut s in this oahon, 
llms tJa^ fitilure to hnd t lie niaxirna ami f hf‘ minima ot I he t tnnn'y 
is not a. w<aa.kiH'Ss of (lie tlaairy hut lies ui teehniea! difliimities 
invai'ivtal in nuikinii; measurenamts wliere exferaat ayemm^s sucii ns 
thi^ walls <io not intiu'vene. Ahovi* the erifieal femperalnre, of 
(arnrse, t-liis (linVriUH^e disapiwaars. \'o hquttl can ovist I hero and 
the *f.hc:ond4<?al a.nd ohservml isotherms csmld ho madt* to anu'ce 
witJi ivumvktihh pnadsion hy prop<u*ty e\ atuaf im,»: u ami h for 
th<w? (ainditions* 

d'hc^ serious (hnaahions the llnsu’y, as uas poinf od out, lie 
in n-Hsumptions as (<» tluMsmstainyv of o and h, I t uaf* slauvn that 
in t.he: most, iirtiaa^st ing n»ti;ion. that is, for r apprtciehumt 
should not he; a. <nmst.ant. Hiert^ ar«‘ oilier reasotiH wh> h stuaiht 
not h<^ n eonstaadu h d<‘p<md,s on t lu* radii of f iie jo suimsl inconi- 
pn^Hsibh^ Hplua*iea.l moleeult‘8. Now, aefually, if is known that 
moIcHail(*H nn* not. rijii:id spheres. They are eompti*\ planetary 
systcuuH of lu^gativi^ (*lm‘tri(ad <diargi‘S revedvini.^ aiiimt n {wish 
t.iv<dy chargeil (amt-raJ nmdens or sum witose mass iamn prises mostf 
of tln^ mass of t.he moleeules. The reptilsi^'e forervn in ifie 
4 ito!UH ami moI<HU{l(^H must he dm* the repidstons of the outer 
lu^gative eJiarges of the <*.le<*tronH whim the ntoins uppromdi each 
other stifliciently eloH<dyA*‘ dims the repulsiooH are due t<i the 
intenudaoriH of tlu^ force* fiehls of t.he eleef.rons al l!it» HU;rfma*H of 
ihe^ luolectilcH. ’'riuw^ hecoine apiireciahle wtaui ila* disfances 
iKd/WCcn th<^ out(U' <dia!tronH of two e<dliiling moleetiloH lw*ca>ni(t 
less than the distama^s l,Kd»we(m tin* 'eleetrons ami the tiiielei of 
their respective atoms. Tin? <UHtance iu wfdeli the molecules 
mtxst approach each oth(?r Ix^fore their kineti<* energy of a|ipr<aicli 
equals the potential energy of tlie repulsivi* forta*H and they ctm- 
Bcquently reverse their relative vc?Iocit 4 c?H tixid se}iarat 4 !,, having 
eollidod, is a function of their rehitive kinetic imergit^s. Tints 
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the faster the molecules move, the closer they must approach in 
<‘.olUHions, It is, therefore, not strange that <r and hence 5, which 
is proportional l.o cr'\ should be a function of the temperature of 
1/hc gas. Accordingly, the assumption of a constant h needs 
modi liciit ion lor changes in the volume and in the temperature of 
the gas.'^ 

Again a was assumed a constant. Actually, as is seen from the 
dechudion ol the <Hpiation from the theorem of the virial in Sec. 
50, this de|)(UHls on the radius of the sphere of action of the forces 
IxdwcHm nK)l(xmk\s, being small compared to the cube root of the 
volumes. ()therwis(^ tlui quantity could not be integrated from 
YAM'O to infinity, and a would not be independent of v. Whether 
this holds a.t values of r which are close to 26 may well be doubted. 
In his book, ‘'A System of Physical Chemistry,’^ W. McC. 
L(nvis (l(d.<a‘nHa(\s th(i value of 4>(r) (see Sec. 50) such that for all 
volumes a will be independent of v. It is argued that if a is to 

bt^ a. (a)nst/a,nt tluai the internal pressm*c must vary as If the 
la-w of foi-c(‘ gi v(\s th(^ forces as/ — the pressure p' will be propor- 


An inrcr<‘H(lnj[>; compa-rison is made by Jellinok® in his ‘‘Physical Chemis- 
try,’^ vol. 1 , Pa.rt 1 , p. liO 1. ilo shows tliat ouch of the isotherms of Andrews 
<'.aji bc: eloH(‘ly llti.cti ((‘.xc.c^pt in tlic unstable ref 2 ;ion) by Van der Waals^ 
(Hpiatlon if tlu'- propca* constants arc chosen. Good agreements can be 
obtaiiunl u.t fli<^ following tomp(U’a,tureH for the values of a and h given: 


d\‘nip(n*a,t.ur(^s 


o.rt’C. 

ni .()“(\ 

lOO.OA). 


h -- 0.0023, 

a ^ 0.008497 

<nirves lit for a 

curves fit for b 

0.008497 

0.0023 

0,007529 


0.000798 ; 

0.0032 


Thus tlic (Hpiation lUs for <nthcr h constant and a varied, or a constant and 
6 va,ri<HL Froin 0.5 l-o IOC’ tho a values vary 20 per cent when b is constant, 
a-nd for a <x)nsta,nt thc^ h valuers may vary by 30 to 40 per cent in this same 
ra.nge, Jcilbbulc says that the use of a variable a seems more adequate for 
(hie reason as well as from the indications of the data on the variation of 
pf the pix^Hsnrc coeifusiont, with temi)erature. On the other hand, Van der 
Waals' theory d<unatidB that b vary with the volumes when these become 
small and a might b(i expected to vary with volume also. So that variations 
in both a and 6 with volume and temperature arc to be expected, a varying 
less with voliimo than h and b less with temperature than a. 
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to say, the will condense. If not, there will be a resultant 

pnwsure measured by in Van der Waals’ equation. The 

hij!;her tlu^ temperature the greater the disorienting action on 
the molcandes and the loss chance there will be for the forces to 
act. 'The result will be that a is a function of the temperature 
just as the dielectric constant of gases is, and in this case would be 
<>xpecte<l to dcHirease as the temperature increases. 



One may well ask how it is that the molecules can at the same 
time exert attractive forces of cohesion and repulsive forces at 
impac.t. The (ixplanation is very simple. All that is required 
is that the forces decrease with the distance at different rates, 
h'or example, if the attractive forces of cohesion varied as /» = 
h 

while those of repulsion varied as fjt = then the 

forces could be plotted as functions of r at different distances, as in 
Fig. 30. In this case the repulsive forces are negative while the 
attractive forces arc positive. It is seen that at first the attraction 
predominates over repulsion up to the point where the curve 
intersects the axis. At this point repulsion becomes the greater. 



162 


THE KINETIC THEORY OE (HIRES 


If the particles were at rest close to each other th(>j' would aijproach 
to the distance r given by the point of intersection and rtunnin 
there. If there was relative motion, the p^^^ti(;l(^s luight approncdi 
more closely (i.e., until the kinetic energy of tiu' i)a.r(,iel<* tapiaied 
the potential energy due to repulsion). 'I'ln* va,!ut> of tr would 
be given by the value of r at the latter point. 'TIu' so-ctalled radius 
will, in general, however, not be far from tlu' i)oint when' a( (,ra.(;iion 
and repulsion are equal, because the real poweivs of r, .r, and ni -f- x 
are much greater than those assumed, as will b<' si'cn in a lai,('r 
chapter (Sec. 64). 

It is thus clear that the simplifying aHsum])tions mad(^ hv \'an 
der Waals, -i.e., the constancy of a and b, are ina<;(!urat<>,’ for a 
and b should and do vary with T and v. The failure's of th(, 
theory are thus to be attributed to these cauH<!K rathf'r than to its 
being an erroneous theory. Attempts to improve it whi(di are 
not purely empirical must endeavor to tains a(!eount of thew' 
changes, and the extent of success achieved will form the body of 
Sec. 54. Even with this crude assumption, how(n’'<‘r, th(; th/'ory 
has succeeded very well in giving an orienting picture (»f the 
equation of state of a real gas, and the unc(u-tain values of t, and h 
serve very useful purposes in helping to acciount for gaseous 


63 The Joule-Thomson Effect Interpreted by Van der Waals' 
Equation.— Ihe values of the constants a and b of \'an <l,.r 
Waals equation may be determined in still another fashion 

Joule "porous-plug” expt'rimmd, of 
Joule and Thomson. Inasmuch as the interpretation of this 
effect by means of Van der Waals' equation leads to a clear e.xpla- 

v^urtn complex phenomenon, it is of consiilerlhlo 

value to give the analysis. 

it by a volume t; against an outside pres.sure p 

In a real gas, however, the molecules attract each ot L r IndX: 

expansion of the gas against the internal ^ Vr 

energy. In this case the gas would alSbe^coZr 

did would result in increasin/thT!. * ^ ^ 

m increasing the potential energy of the g«, for 



THE MORE ACCURATE EQUATION OF STATE 


163 


if the gas were left to itself so that the attracting forces alone could 
act it would contract and the work of contraction would again 
come out as increased heat energy of the molecules. Thus for 
real gases an expansion against external pressure would result 
in a coolingj due to two causes — one the external work done, the 
other the work done against the internal pressure. To see 
whether the ideal gas law held or whether there were internal 
forces of attraction, Gay-Lussac performed the following experi- 
ment: Two carefully heat-insulated vessels A and B of Fig. 31 
were connected by a valve V. One was filled with compressed 
air, the other was evacuated. A thermometer was placed in 
each. When they had reached the room temperature the valve 



was opened and the air in A flowed into B, After the first air 
had entered B the succeeding air expanded from A and compressed 
the air in B. If the process was done so quickly that heat did not 
flow into or out of the system, the air in A should have cooled and 
the air in B should have been warmed by the work of compression. 
Since the heat of compression in B came from the heat which was 
present in the gas in A, no loss or gain from the environment 
having occurred, the heating in B should equal the cooling in A 
if no internal work was done. If work had been done against 
molecular attractions, then, since before expansion the gas had 
the volume A while afterwards it had the volume A + 5, 
there should have been a cooling due to the internal pressure p' 
acting against the expansion from A to A + The gain in 
heat in B plus the loss in heat in A should not then have equaled 
zero, but should have been less than zero, by an amount depend- 
ing on the specific heat of the gas, the volume changes, and the 
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magnitude of the p' = pressure term of ititermok'cmlar 

attractions. Since ^ is small and since t.he thermouxd.fu-s 

available to Gay-Imssac had a high h('at <^apu>(utjy jiiul 
inaccurate, it was to be expected that ho found tlie sum of tlu; 
temperatures in A and H equal to zero. 

A similar result was also obtained by Joul(\ In this (^xpeu-i- 
ment the vessels A and B were placed in a water bath, ddms 
if the heating in B were less than the total tiooling ilue to tlxi 
expansion in A and the work against the inbu'nal pre.sKur<?, the 
net cooling should have lowered the tcunperature of t.hc^ hath. 
Again, because of the large heat capacity of the Initli and the 
inadequacy of his thermometers, no cooling was obs<‘rvc‘d. 



Later Joule again attacked the problem witli tlu! help of Sir W. 
Thomson, Lord Kelvin. On this occjision tlufy ustul a method 
involving the continuous expansion of tlui gas through a porous 
plug of cotton wool. In this instance th(*y obtairuxl a positive 
result and the experiment has becomes famous in history m the 
Joule-Thomson “porous-plug” expciriment. 

The theory of the method is as follows: ( Vjusider a eyliiuler with 
a partition E in which there is a small hole. Also iinagin<« two 
pistons A and B, one on each sides of tlu; partition E in h'ig. 112. 
If a gas be in the volume AB and the piston A Im». movtul in 
slowly, the air in AE will be comprosHe<l. As a result, it will 
flow through E into EB. If B bo connected to some meclianism 
so that it exerts a constant pressure on the. giw M which is less 
than the pressure on A, the gas will flow fron» A E to EH and will 
move B outward, that is, it will do external work on H. K.xperi- 
mentally, this is accomplished by lotting air in an ext,ernal 
reservoir flow through a small opening continuously; the pressure 
difference between AE and EB causing the flow, and the pr<}ssim> 
in EB giving the constant back pressure. If O is the area of the 
cylinder then piO is Fi, the force on A, and p%0 is Ft, the force on 
B, If A moves xi ems and B mores ems then the work tlono is 
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FiXi = piOxi = piVi, Liikewise, F2X2 = P2OX2 = P2V2- After this 
process the work done on the gas is piVi and that done by it is P2'i^2. 
If the initial internal energy in A per unit mass of gas was U 1 and 
the final internal energy of the gas per unit mass of gas in B was 
U2, then, by the law of conservation of energy, the energy change 
per unit mass of gas is given by 

Q == — Ui + U 2 — PlVl + P2V2- 

The convention of signs used in this equation, and in what follows, 
makes the work done hy the gas positive and that done on the 
gas negative. U2 is greater than U 1, for the gas has gained internal 
energy, and U2 — ? 7 i is positive, for it is the work done by the gas 
in expanding against its internal pressure. It now becomes 
necessary to evaluate Ui, C/2, PiVi, and P2V2 by the use of Van der 
Waals’ equation for a real gas. 


U2 - C/i 


Writing the equation for the gas in AE and EB^ 


and 

Hence 

and 




(t>2 - 6) = RTi. 


p,,, + bp, _ g = RT, 

p,v, + ^ - ^ = RT^. 


Combining these to get P2V2 Pi^i, 

P2V2 — piVi = — ( + h(p 2 — pi) + 

\V 2 ViJ 


ah 




+ RiT^ - Ti). 


Now ab is a small quantity of the second order, and so may be 
neglected. The expression for Q then becomes 

Q = t 72 - Ui + P2V, - pxv, = - 2 a + 

b(p 2 — pi) — RiTi — Ti). 
To reduce the expressions in v into terms of p for practical use in 
the equation, the ideal gas relation pv = RT may be utilized, 

i — is a difference of the first order. An ideal gas 

Vi Vi 


for 
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differs from these by one part in a thousand or so. The error 
introduced in the difference between tlu^se two quajititicw 
expressed in terms of the pressure would lx; iiuwhj on(v(,(uith of ] 
per cent by neglect of the correetious, since !>oth ami Vo are 

volumes differing by a largo amount. 'I'hus /’« - *, and 

^ RTi 
~ Pi 


becxuiu's 


i / 1 l\ 

-i and the e.xprossion ~ Vi) 

BTi) ~ n\ T./l\ ) 


P-i 


Now Ti and T 2 differ by only a minute amount., as t.lu' <!arly 
experiments of Gay-Lussac an<l Joule showed. In fa<d., '/\ 7’.j 

is of the order of 0.2°G. The factors mvdtiplying {>■, au<l /o ar<^ 
of the order 

273.2p2 - 27;J.0/m 
'( 27d.2)(27:i.()) 

An error of less than one-tenth of 1 per cent would bc: intrtahuicxl 
in this quantity by writing this wlnu'C 7' could bc 

ehosen as the average value between 7h aiul 7b. 'limH 


Therefore Q is given by 

0 = - ^ (p^ - pO + Hp^ - 70 ) - - 7v.) - 

{wr ” ■" 

Now per unit mass of gas Q = JCv{,'l\ ~~ 'P-i), win^ro ./ is the 
mechanical equivalent of heat and (■„ is th(^ sp(‘cific heat at 
constant volume. Thus each unit mjiss of gas whitih goes frtun 
AE to EB is cooled or heated by Ti ~ 'P-i, and jis it has a specific 
heat Cv, the heat consumed in raising that mass fr<jm T\ to 7’^ is 
(Tx — T 2 )Cv Since the right-hand side of the e<pmti<)t» is in 
work units, Q must be multiplied by ./ to make tfu? iKpiation 

R 

uniform. Also an ideal gas has Cp — (!„ »= and in this 


experiment, since the gas is expanding, it is wliich is needed. 
The error produced by using this approximatic)n is negligible, 
for the heat consumed in overcoming molecular forccw is stnall 
compared to the external work involved. Accordingly, the etiua- 
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tion can have Q replaced by Q = JCv(Ti 

{Tr - ^2) + JCpCTi - T^) 
and one obtains 
- - T^) + JC^(T^ 


T,) = (J) 


or 


that is, 


AT 

Ap 


JC^(Tt - T2) 




(Pi — Pa) — B(ri 
(pi — Pa), 


Ta) 


1 f 2a 
JCp \RT 




whose value is given by 


'•'XT' 

0- 


where a and b are the 


Pi — P 2 

This equation says that if the gas in AE at a pressure pi be 
allowed to expand against a pressure p 2 in EB there will be a 
difference of temperature Tx — T 2 set up on the two sides of E 

1 f 2a 

jcXrt 

Van der Waals^ constants, T is the absolute temperature, R 
the gas constant referred to the units in which a and b are expressed, 
Cp is the specific heat at constant pressure, and J is the mechani- 
cal equivalent of heat. 

It is now of interest to discuss this result. According to the 
equation, the difference in temperature should be directly pro- 
portional to the difference in pressure. For pressure ranges 
which are not too great, this holds quite well. For higher pres- 
sures, the neglect of some of the terms in the derivation lead to a 
disagreement which is taken care of in a more perfect equation 

Furthermore, it should vary with ^ 


to be studied later. Furthermore, it should 
which is not surprising, for the higher Cp 
temperature produced by a given amount of work. If 


the less the rise in 
2a 

Sr 

is greater than b the gas should be cooled, for Tx — T% will be 
positive, indicating that Tx is greater than For some gases 
where h is larger than a, one obtains Tx — T 2 negative, that is, a 
heating of the gas. It is obvious also that for high values of 
2a 


RT the 


RT 


will be less than 6. Hence the effect should show a 


reversal in sign on reaching a certain temperature. The value of T 
for this reversal (the inversion temperature Ti) is given by setting 

2a ^ 2a 
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These conclusions may now bo tested by comparison with experi- 
ment. Since a and h are usually e.xprossod in cm'- X atmoHpli(u-(>.s, 
and cm® it is necessary to transform the cqxiation to the projK'r 
units. Cp, which is given per gram of gas, must l)o multiplic'd 
by p, the density of the gas. J, which is in ergs, must be (con- 
verted into cm® X atmospheres by division by 1. 018 X 10®. 
R is in this case K?;} for = 1 when p 1 atmosplucni and 
V = 1 cm®. The equation then is 

AT ^ Ty - 'J\ ^ ().()212/2(/ 

Ap Pi — P 2 p(',> I T 



For CO 2 , a = 0.00874, h — 0.0023, Van der Waals’ valu<>H for 
Regnault’s data taken at low pressures, (comparable' with the, 
experiments for KT of Joule. 

Cp == 0.000399, T « 273. 

AT • AT 

Therefore / - = 0.925, Joule obsccrve.d - 1.05. 

Ap Ap 

For air, taking a = 0.00257 and b = 0.00150 from (criticcal 

\'F 

t . . .rv 1 rrr If > • * 


data, using Cp 


0.000307 and T 


273, on(‘ obtJiin.M 


0.274, Joule observed a mean of 0.259 with vahu's nitjging 

from 0.244 to 0.288. For Ha gas in which h is gr(‘«it(ir tluin a, 
using more recent valiuis for a and h given by .Icdlinek,*''' and 
transformed to fit the equation sis here givesn, oiuc has a ” 0.00038, 
6 = 0.001025, Cp= 0.000305, and T = 273" ab». 'rhest.* give 

f .■ 7- 

Ap (pi — ps) 

AT 

Joule observed a value of — 0.039, that is, the gas 


Joule observed a value of 


was heated on the side RB by an amount equal to 0.03"( k above 
the side AE per atmosphere temperature diff(inuu!(n 

From the values for a and b the inversion t<nnpera{,un> Ti of 
this heating effect can be estimated for Hs. 


- 5 ? 273° abs. 
0 


0.00076 


0.001025 


273° » 202° abs.. or 


Hence, at — 71°C. the heating effect in hydrogen should tshange 
to a cooling effect. Actually, Olszewski^^found a r<iVOfsaI at 
— S0.5‘’O. 
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All these results show that, in general, there is agreement 
between the observed and theoretical values. Again, as in the 
critical constants, the effect depends on differences of small varia- 
ble quantities. Thus the numerical agreement is not entirely 
satisfactory. Further errors are introduced by the simplifying 
assumptions used. A careful thermodynamic treatment of the 
case, to which the reader is referred to Jellinek^^ gives the more 
exact result that 


\dTr 


dT ^ \dTj^ 

dp Cp 

Writing Van der Waals’ equation in the form 

RT a , ab , , 

2 ) — -[ - 5 

p pv pv^ 

and simplifying it by replacing pv by RT, 

p ■ RT^ R^T^ ^ 

/ dv\ _ R . a 2aJ)p 


Thus 


m - 


Sabp 

R^T^ 


Sabp 

R2T^ 


This differs from the former equation in that it has the negative 
term in it. Thus for large values of p, ^ should decrease 

with increasing pressure, as it is observed to do. ^ 

becomes zero for the condition that — 6=0. 


This is a quadratic equation in T and there are -thus 
two temperatures at a given pressure at which the effect dis- 
appears. This makes the pressure temperature curve for the 
disappearance of the Joule-Thomson effect a parabola and its 
course is more complicated than the simple theory which holds 
only for low pressures requires. 

The Joule-Thomson effect is also used in determining that 
temperature on the Centigrade scale which represents the 
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absolute 0 of temperature. The method is, howovcn-, ihermotly- 
namical and finds no place in this text. 

64. Other Equations of State. — As has l)e<m s(hui, Van d(vr WaaLs’ 
equation is but a first-order approximation. Its imix'rh'ctions 
have spurred various workers on to improve its !igi-(Minu;nt witti 
experiment. In studying the improv(unents proposeci, oiu^ might, 
with Jeans, use two deviations as criteria in discnissing tlu^ e((ua- 
tions. It was found in Sec. 52 that = 35 for ga.s<'s from Van 
der Waals' equation. In general, Vc is rnon; nc^arly 26. Also it 
should follow from the theoretical values of ■/>,., v,-, an<l 7',. tliat 
— %RTc. Actually, HTc is more luisarly 3.7[>,.v,. than 2.()(5 
PcVc as the theory demands. 

It is possible to write Van der Waals’ oqxiation in another form 
known as the “reduced equation of state." If for th(‘. variables 
p, V, and T one substitute the variables P, V, and 7’i r<‘Ia<.(vd to 

p, V, and T by Ti = P — > V = ■’ tlum from the 

■J G pG Vn 

values of the ciitical conataiitB (Sec. 52) on<^ ol>taiaH Vmi <lor 
Waals' equation in the form 

~ 

This equation is the same for all gases, for th(^ c!harac•,teristit^ 
constants a and h have been eliminated. It is nuwtsly luuiessary 
to find Pc, Vo, and To to express the equation in tiu^ nMluecjii form. 

There are two ways in which th(i improvenumts of Van <U‘r 
Waals’ equation have been attempted. I'he first is l)y imnins of 
added constants of an empirical nature. ’Fhe sectoml i.H by th(i 
more rigorous deduction of the eejuation allowing for temiMiratims 
and other variations of a and 6. 

With the relations above in mind, one may go to a typical 
attempt to modify Van der Waals’ equation to agree with facts 
more closely by the use of empirical relations. KamitM^rlingh- 

Onnes’® uses a quantity K defined by the relation K » 

which characterizes the deviation from Van der Waals’ (Hjuation 
as suggested above. This K is dimensionally a pure number. 

V 

Calling Vh =gthe Van der Waals’ equation above in this 
new notation reduces to 
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This can be transformed into 
PVk = — 




27 

64 F. 


which expands into 
PV^ 

y K 


SVj, 


+ 


/ 1 _ ^ j_\ 
\8 64 Ti) 


+ 




64Vk^ ‘ 512Vk^ 


+ 


This equation is, however, not satisfactory even when the 
experimental value of K has been introduced, for it was seen that 
it was not only the position of the theoretical isotherms but their 
actual shapes which deviated from the observed ones. In other 
words, making the critical isotherm agree in one point with experi- 
ment did not insure agreement of the other isotherms. Kammer- 
lingh-Onnes assumed a purely empirical form of the equation 
above and wrote it 

PV^ = rx(^i + ^ ^ 


Vk Vk^ ‘ ‘ Vk 

where JS, C, D are themselves series of the from 

62 . 63 I I fes 


_l_ 


F 


) 


B 


hi + 


+ 


+ 


+ 


Ti^ ‘ ‘ TF Tx 


+ 


This gives at least 25 adjustable constants. Such an equation 
has no basis in theory. With as many constants it should be 
possible to obtain close agreement with any observed curve. 
For a discussion of the success of this equation one may be 
referred to Jeans. It serves as an example of one of the most 
successful attempts at an accurate empirical representation. 

Clausius^® attempted an empirical modification of Van der 
Waals' equation. This takes the form 

(p + - « = -sr. F 

He introduces in place of the old constant a a new constant a', 
which is divided by the absolute temperature. Thus he makes 
the old a inversely proportional to the absolute temperature. 
Besides this, an adjustable constant c is added to the v in the 
expression for the internal pressure of Van der Waals. The 
introduction of a temperature correction into a is not quite 
empirical, for a is theoretically expected to depend on tempera- 
ture. This correction alone improves the fit of Van der Waals^ 
equation to the data leaving c out. Better agreement is obtained 
for a properly chosen c. The formula fits Andrews^ results in 
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CO 2 better than the original equation at higli (lonsit,i(^M; at low 
densities it gives a poorer fit. I'^or ottua- ga,Hc\s it, is <‘V('n less 
successful. Clausius then devised a still mon; (da.st,ie (‘<iuation 
containing one more constant and putting an un(let,<‘rnnne<I 
exponent on the temperature correction. These gave l>(d,ter 
fits for some gases, as was to be expected, but again failed when 
extended to more gases. Thus it appears that tlu^ agrcHuiauits of 
empirical equations obtained by extending Van der Waals’ e<]ua- 
tion can, by choosing enough constants, be nuuhi tf) fit (‘xj)eri- 
mental data more or less accurately. 'I’hey, ho\v(‘ver, teach 
nothing about the phenomena and do not sugg(‘st further inv(!sti- 
gation. They serve a useful purpose in e.xpn'ssing true 
behavior of a gas in a condensed and stwviceable. form whicdi 
permits of the introduction of such aceurat('. redations into 
applications demanding the relations whicdi they yi(dd. 

Two attempts at a theoretical improvement of the (‘(juatiou of 
state applicable to limited ranges of volume hav(5 mt*t with a suc- 
cess that merits discussion. The first attemi)t resultH in an expia- 
tion first empirically proposed by Dieterici which has now been 
placed on a rigorous theoretical basis by J«!ans.‘'’ d'lui lattxw 
deduces this equation from a generalised ealc.ulaf.ion of the 
gaseous pressure. This general expression for tlu^ pn’SHurx* is of 
an exceedingly complex character, involving the molecular thmsi- 
ties due to different conditions existing, .h'ans <‘valuaf,«*s the 
expression for the gas pressure, assuming splu^rixial mohuiuIcH 
having a definite diameter <r. I To allows forthe<‘.xisten(!< 5 of forces 
of cohesion, the method of attack involving a stmly of f.lus tdiangt's 
in molecular densities at and near the surfaxjo t»f th<^ gas producxid 
by these forces. Making certain approximations lu\ arrivtss at the 

jtgyi 

expression p == jTTZTft® ''^hich is Dieterici’s expiation. It is 
seen that it is the same as Van der Waals' expiation xixxtxqit that 

the p + — 5 , is now replaced by This xapiatixin givxm Van 

der Waals' equation when a and h are small, 'riuxoretixsally, as 
Jeans points out, this equation has a range of validity no bettor 
than Van der Waals’ equation at great pressurxw. It givxjs fx»r Vp, 
however, a theoretical value of 26, which is morx> nearly in accord 

RT 1 

with experiment, while K — or 3.6915, which fits ttio 

exjperimental values more closely than doe« the value 2.66 from 
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the original equation of Vail der. Waals. In fact, it was to 
obtain these numerical relations that Dieterici set up his original 
equation, this equation being the best of several proposed. It 
agrees with the data for isopentane well for pressures less than 12 
atmospheres, and holds fairly well beyond this range. In general, 
it is numerically slightly more satisfactory than the original Van 
der Waals’ equation, although it is far from correct. 

Finally, Ileinganum,i^ using the theorem of the virial, much 
as it was deduced in Sec. 50, carried the considerations for gases 
at moderately high pressures further by putting in corrections for 
h and a with temperature. This was accomplished through tak- 
ing account of the relation of the energy of the heat motions and 
the potential energies of the molecules due to the forces of cohesion 
and repulsion in evaluating the virial. The processes by which 
this is accomplished fit in readily with the development of Sec. 
50, but are too lengthy to reproduce at this place. They will be 
found in Jaeger’s® “Fortschritte der Kinetischen Gas Theorie,” as 
well as in Jellinek, vol. 2. The resulting equation takes the form 

C 

p. - +T-)+ 

c 

l)^>f ' 

If - be considered small compared to 1, division by the term 1 


gives a close approximation to the equation above in the 


form 


2n^4>{T) 




- 


An analogous approxi- 


mation was made with f -t- 6 in the deduction of Sec. 50. 
Thus — is the equivalent to Van der Waa 


is the equivalent to Van der Waals’ a, and 


is the equivalent to Van der Waals’ h. This new expression 
merely, therefore, accounts for the theoretical value of a and for 
the variation of a and h with temperature. The way in which the 
term equivalent to a varies with temperature is undefined and is 
left to experiment to determine for each gas. The variation of 6 
with temperature is fixed except for the knowledge of the constant 


c, which remains to be determined for each gas by experiment. 
'The equation has the disadvantage over Dieterici’s equation in 
that it has one more undefined constant and an undefined func- 
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tion of the temperature. It shotild, thorefor(^, Ix^ ruoi-fi <;asily 
fitted to the results than the latter equation and is pcirhaps a hit 
more accurate. The volume correction for a or h is ahH(uit in 
this equation, for it must be remembered that thi^ t‘xpr(‘.SHion vva.s 
deduced to hold only for conditions wh<u-e pnwsunw wcfrt^ 
relatively low. It contains this condition in tlu^ sptanfic assump- 
tions that at no time more than two mokMudew should he (^Ios(^ 
enough together to exert powerful forces on txKih otlun*. 

The last two equations thus give the Ixist tl)<x>retieal athuupts 
at extending Van der Waals’ equation and hold for relativ«^ly low 
pressures. As is seen, those are not especially Hue(!<‘.M.sful, and it 
might be assumed that the complications introduced by t-lunr 
use in practical applications more than ofTs<d. any ad va.ntag(‘s 
gained. They are, however, substantial advances and must lx^ 
so regarded. 
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CHAPTER VI 


TRANSFER OF MOMENTUM, TRANSFER OF ENERGY, 
TRANSFER OF MASS THROUGH A GAS. THE KINETIC 
THEORY OF THE COEFFICIENTS OF VISCOSITY, 
HEAT CONDUCTION, AND DIFFUSION 

66. Introduction. — In Chap. HI it wuh .shown that., in npi(,<‘ of 
their h rg h speeds, gas molecules liberated at on<^ point, in a spatte 
did not instantaneously appear at poinhs at inod<'rat(^ dista.iuu'iH 
from the origin. The reason for this wa.s shown t.o du(‘ to tlie 
effect of collisions with the myriads of mohicuh^s pi-eseid. in unit 
volume which prevented a molecule travtding for nnn-e than a 
very short distance in any given direction. Tliis led at oiuu* to 
the concept of the mean free path, which was discaiHsc'd in (hd.ail in 
that chapter. The correctness of this concc'.pt was th<*re (hunon- 
strated by direct measurements of the mean fr('<‘ paf.h and distri- 
bution of free paths all of more or less r<ic<u>t dat<\ When the 
kinetic theory was developing, the <%.xp(n-im<uital l.eehnitpu* ami 
the knowledge in such fields as electronicis had not ihnadoped to 
the extent necessary to permit thesti v()rificatiotiH. In fa<!t, no 
direct test of the mean-free-path con<!(vpt was th<;n possibh*. In 
attempting to demonstrate the correctness t>f the hyiK»tlit*HiH, it 
was natural that the workers should hav(i turncMl for its v<*rinea- 
tion to the striking discrepancy with the notion of rai)idily moving 
molecules (i.e., the slow diffusion and lusat transh^r) whie.h had 
led to the mean-free-path concept. 'Thus at a very efirly <lat<i the 
three phenomena depending 4l>n molecular v<jloeities ami fr<a‘ paths 
which could throw light on the low valucss of tlm lattt^r wer<^ cans- 
fully analyzed. These three phenomena (IcimukI on the transfer 
of matter, of momentum, and of energy through a gas. d’hey 
lead in an experimental study to three constants de{H‘nding on 
the nature of the gas, called the coefficients of diffusioii, visfsosity, 
and heat conduction. 

The analysis of these three constants from the kinetie~th(K>ry 
point of view led to predicted variations of the exinstants with 
pressure, temperature, and masses of the moleoul<«, some of 
which were at the time unknown, whoso verification, afforded a 
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striking proof of the correctness of the assumptions involved. 
They also led to predicted relations between the coefficients of 
heat conduction and viscosity, which were found to be approxi- 
mately correct. Some of the predictions, notably the temper- 
ature variations, were not fulfilled. Where this was the case, it 
was found that the theoretical simplifications and some of the 
assumptions (e.g., that of the independence of molecular diameters 
of the temperature) were not strictly true, and that to this extent 
the theory had to be modified. 

The deductions also led to relations which enabled the 
mean free paths of the nrolecules L to be evaluated. These values 
are in excellent agreement in order of magnitude with those esti- 
mated from the Van der Waals’ equation (Chap. V) and from the 
more direct measurements of Chap. III. The lack of complete 
numerical agreement must be ascribed to two causes: first, to 
the fact that, as the free path Z/ is a function of the temperature, 
the results of the measurements are not strictly comparable 
(e.g., as in the electron free paths, where the velocities were 
notably higher than those for ordinary molecular impacts, and the 
values of the diameter as deduced from the coefficient of viscosity 
77) ; and second, to the uncertainty as to the value of the numerical 
constants resulting from differences in the manner of averaging 
the velocities (e.g., the Maxwell and Tait free paths (Sec. 39) or 
Jean’s persistence of velocities) . ^ At the time, however, the agree- 
ment between theory and experiment was- most striking, and 
today, in spite of the more complicated analysis necessary for a 
satisfactory treatment, the study of these coefficients in the light 
of the kinetic theory furnishes ah inspiring example of this type 
of analysis. It is the purpose of this chapter to give both the 
elementary treatment of the problems and some of the later, more 
accurate findings. For the proper ,;:;.reatment of the subject, it 
seems best to derive the expressions in an order which places the 
coefficient of viscosity first, heat conduction second, and diffusion 
last, because of the relative mathematical simplicity of the cases 
of viscosity and heat conduction compared to diffusion. The 
chapter will be divided into three parts: Part I, Coefficient of 
Viscosity; Part II, Coefficient of Heat Conduction; Part III, 
Coefficient of Diffusion. 

66. Irreversibly Phenomena.- — ^Before proceeding to a discus- 
sion of Parts I, II, and III, it is of interest to point but a marked 
difference in the case of these phenomena compared to the 
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pheuomGnSi which forniccl the b<isis of tlui diHctisnioiiH of «ill pre- 
vious chapters. In. those chapters th(^ discussion wtus limitcMl 
chiefly to the cases of gases in Cquilibriiun. In sucdi <5ases t^l(^ 
temperature and the partial pressure of tlu^ gas(;s nunaiiunl 
constant throughout. In fact, the dedmdlons of (thap. IV 
depended on this equilibrium. Thus in tlui (!as<>s treated th<!r(i 
was no streaming motion in the gas and one jsart of the gas was 
like another part as regards constitution, momentuni, and <in(*rgy 
distribution. Part I and the following parts dc'al with gascis 
which are not in equilibrium and which are striving to attain that 
state. 

It is a fact of common experience that, if a gas is .scd, in motion 
in its container, the motion will be gradually <!i.ssipai(Hl until the 
temperature and the pressure of the gas are uniform throughout 
and there is no directly observable motion in tlu^ gas. 'Plaj 
phenomenon of the dissipation of internal motion is known as 
“viscosity.” It is perhaps the simplest of tlie irrev(>rHil)lo 
phenomena. 

Again, if the gas in a container is not at a uniform t.(mii><*rature 
throughout, differences of density arise, and so, owing to the 
buoyant action arising from gravitational force and govcnunl by 
Archimedes’ principle, convection currents aris<!. 'I'luwe motions 
are dissipated by viscous friction, and so, idtimatcly, t/<*miK*ratim5, 
equilibrium is attained. But there is a mores dir<set pro<!ts.ss by 
which the temperature equilibration is earBi<s<l out, and whi<5h is 
present in arrangements where (5(snve(!ti(snal HtiHsaming is pns- 
vented. This process is that of lusat conduction. 

The third principal irreversible plumomonon is that of diffusion. 
In this a gas consisting of a mi.xtur<! of different. variid-itsH, tho 
composition of which is initially variable from point t.o iK>int, 
gradually becomes uniform. As different gimm <lo not have tho 
same density at the same temperature and presHure, tlusn) is also 
convective action which results in mixing wlum the gas is, as is 
usually the case, in a gravitational field. The phenomenon of 
diffusion, properly speaking, is, however, one wliicli takes 
place independently of this convective action. It is due, as are 
the other two real processes, viscosity and heat <Jondueti«n, to 
the eternal and chaotic random heat motions of the molecules. 

The designation “irreversible” for thems phenomena arisew 
from the fact that all three are conditioned by the secomi law of 
thermodynamics, being processes in which the energy in ^legradod 
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(^i.e., in which the irtolecular chaos ^ mixed-upness the 

universe is increased). It is important to note that the second 
law of thermodynamics tells merely the direction of the phe- 
nomena — that is, that the streaming motions will be dissipated, 
that the temperature will become uniform, and that the compo- 
sition will become uniform. Thei'modynamics does not offer any7 
information about the time rate, or speed, with which theseC 
processes take place. Experiment and the kinetic theory, by/ 
giving information about the time rates of these phenomena, 
thus make a great advance over the doctrine of energetics. 

I. VISCOSITY 

67. The Experimental Definition of Viscosity. — Consider a 
gas in a container having plane parallel walls infinite in extent. 
Assume, now, that one of these remains fixed while the other one 
moves relative to it with a velocity u. Let the distance between 
these two walls be z. An arrangement of this sort could be 
realized experimentally by having the moving wall a long, fiat 
belt moving endlessly over two rollers, and considering a small 
region far from the rollers. Experiment has shown that the gas 
will be set in motion in the direction of the moving belt, that it 
will be at rest relative to each boundary, at the boundary (except 
for a slight slipping to be discussed later), and that the motion of 
the gas between the plates will fall off linearly from the moving 
plate to the fixed one-—that is, the gas next the moving plate will 
be set into motion by it, momentum being lost by that plate in 
transmitting motion to the gas. The outer layer of gas will then 
set the next inner layer into motion, suffering thereby a loss of 
momentum, so that its velocity will be less than that of the plate. 
Thus a gradient of velocity will be set up across the gas space, 
which experiment shows is a linear one. If the velocity of the 
layer of gas at the plane 2 : = 0 is designated as 0, and Sbt z = zq 
as Ui)f the rate of increase of speed with z, or the velocity gradient, 

is When the steady state of motion is reached, the upper 

plate is losing momentum to the gas, and as a result experiences 
a viscous force or drag which is equal to the rate of loss of momen- 
tum. Thus the viscous force of the gas is measured by the rate 
of change of momentum involved. 

Experimentally, it was found that the force was proportional 
to the area of the moving plane exposied to the gas, and to the 
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velocity gradient in the gas. That is, if / tiu' for(!<‘ on the 
plane, A its area, and -f the velocity gradicnit, then 


/ = 



and if F be the force per unit area, 

/ 

A 


F 


(III 

<lz 


Here 17 is a constant of proportionality charackn-istie. of tlu^ gas, 
the coefficient of viscosity. The negative sign d(niot<^.s that the 
foi-ce opposes the motion u. It is the .significants* of rj in tt'nns of 
the molecular quantitie.s which it is dt^aired to dtu-ive from the 
kinetic theory. In the e.g.s. sy.stem of units t] givtss tlio forett in 
dynes per cm=* acting on the surface whtni thti v<do<*,ity graditmt is 
1 cm/scc. in a cm taken normal to the surfacoi, i.c., along the 
2i-axis. To orient oneself, it may be of inttiKsst to note, that 17 for 
air is 1.8 X 10~'‘ dynQs/ern* per unit gradient, while 17 for II g is 
0.9 X 10“'*, 17 for water is 0.01 at 2()°(k, and n for glyctn-ine is 
8.5 at 20°C. In mentioning the value of v for litiuids whose 
definition and experimental measurement ani pnuiisely the same 
as for those of gases, it becomes essential to point out a funda- 
mental difference between the interpretation of n foi" the two 
classes of substances on the kinetic theory. In gjiHos th<i int<ir- 
molecular forces are considered as <!omplet(dy negligibh*, or at 
least relatively small, in their effects compartid to the iKHniliar 
type of transfer assumed. In li(iuids, tins intcjrmolecuhir forces, 
as evidenced by cohesion, play an entir(ily dominating rhle. 
Hence viscosity in liciuids is larg(dy governed by tiohesive fortx>8 
and shows little dependence on density, molecular velo< 3 ity, or 
mean free path. It is, therefore, not surprising tlmt liquids whoso 
(cohesive forces rapidly become weakened as temperature in- 
creases should show reduced viscosity with irua^cusirig tomptjraturtjs. 
In gases where, as will be seen, the viscosity dejamds on the rate 
of transfer of momentum, the viscosity inermises m temijomtur© 
/increases. 

68. The Simple Kinetic Analysis of Viscosity.— The firwt 
analysis of rj from the point of view of the kinetic theory was duo 
to Maxwell in I860.® From the dkoussion of the prtmous sac** 
tidn, it was evident that the viscous drag exerted by the gas on 
the plane was due to a loss of momentum of the plane to the ga«. 
This tFansfer of momentum from the faster layer to tl» adjacent 
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slower layer was then found to take place throughout the gas, 
leading to the establishment of a velocity gradient from one plate 
to the next. It also leads to the manifestation of a viscous drag 
on the stationary plane which could be detected by a suitable 
measuring device, showing that some of the momentum of the 
moving plane is being transmitted through the gas to the fixed 
plane. 

This transfer of momentum through the gas may be pictured 
by the kinetic theory in the following fashion: According to the 
distribution law, the molecules are moving in the gas in a com- 
pletely random fashion with average velocity components equal 
along the three axes. The streaming motion of the gas merely 
indicates that there is a minute average additional velocity of 
all the molecules in the given directions. This additional 
velocity, a few cm/sec, is so small compared to C (about 40,000 
cm/sec) that it may be assumed to be of little influence on the 
Maxwellian law of distribution. If the velocity gradient exists 
in the gas, the molecules in one of the upper, more rapidly moving 
layers (that is, one having a small additional component Ui in the 
X direction) will move from this layer to one of the lower 
and slower layers, carrying with it its initial component in the 
X direction. If in this lower layer where the speed of the mole- 
cules along the x direction is lower {i.e., where the average velocity 
of the molecules in the x direction is < ui) the first molecule 
suffers collision, its added momentum will be given up to the lower 
layer. Thus the lower layer will move faster as a result of this. 
On the other hand, some molecules from the lower layer will, by 
their heat motions end in the upper layer, and being slower, will 
decrease the average momentum of the molecules in the upper 
layer. It is then by such a process that the momentum is trans- 
ferred from layer to layer of a gas and it is from a precise analysis 
of this process that it should be possible to derive the expression 
for rj. 

To this end the following simple assumptions may be made : 
Let it be assumed that an average molecule traverses a distance 
eqi)lil to the mean free path between impacts. The length of this 
path is tifeien a rough measure of the thickness of the layer of gas 
ir; whiGh tdscous action occurs. On the two sides of a layer of 
B cm thick, t^hose plane is parahel to the plates, the differ- 

j^ce of streaming velocity ih the gas is given by B for the 
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velocity . gradient normal to the inoiion of tlie gas is 

Thus molecules of mass m coming from tluf uriper sidt^ of lliis 

layer to the lower side carry an excess of moiiumtum 

from the upper to the lower side. Now, on ihe average, oruvtlii r<l 
of the molecules are moving with patiis t.hat are up or down. 
Thus the number of molecules of speed c going up or down across 
unit area per second will be one-third Nr, wImuh; th<n-(> an; /V nvoh^- 
cules per cm'’. The momentum transferr(;d across this layer up 
and down by the molecules is thus 

1 (ill 

7y j • 

d f/Z 

Now this calculation was made on tlub assumption of a uniform 
gradient. This presupposes a steady stat(?.* Tliat means that 
momentum is being passed on from one layer to th(» next !is 
rapidly as it is received. Thus the transhu' of momentum a.<!roHS 
the layer L is the same as that given to th(^ gas l)y the moving 
plane at zo or given to the stationary plain? at z - 0. 'I'his 
momentum transfer in the gas thus results in a force — being 
exerted on the moving plane at z,,, the reaction a forci? (‘.qual in 
magnitude but opposite in sense being exertcid on the lowt*r plane 
at z = 0, of magnitude -\-F. Hence 

F = 4 NnicL 
t:> dz 

* d it< * 

By the definition of 17, this force F = 17^^^ per unit area as 

regards the lower plate. Theref ore 

17 = 1 - Nmi’.L. 

This equation also follows in exactly the same form from a dis- 
tinctly more rigorous deduction to be given in tin? following hoc- 
tion. For a discussion of this expression for 17 as c?ompar(«i with 
experiment the reader is referred to Bee. 60 at the f?nd of 
the deduction of this expression. 

69. Maxwell’s Deduction of the Value of i7.-™-A8«umo a gjis 
in which a uniform velocity gradient is set up by some adt!qu.ate 
* It is to be observed that by “equilibrium in a gaa” is meant uniformity of 
temperature, velocity, and composition throughout th« gim, wh«>rtsaM tJ'« 
term “steady state" merely means that the temperature, velocity, anl 
composition at a given point do not vary v>iih time. They may, howova 
vary from place to place. 
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experimental arrangement. Choose a point in the gas stream and 
set up a system of coordinate axes such that the gas moves along 
the x-axis with a velocity Uo, while the velocity gradient lies along 
the 2 -axis. Thus at 2 = 0, m will be Uo. As the velocity gradient 

cLk/ 

is -j-’ the velocity at any point 2=2 will be 


U = Uo 


+ 


du 

dz^- 


Owing to this gradient, the molecules which are continually 
moving from positive values of 2 through the xy plane are carry- 
ing with them momentum corresponding to the region where they 


z 



last suffered an impact. The validity of this assumption is ques- 
tioned by Jeans^ on the basis of his theorem of persistence of veloci- 
ties. Similarly, the molecules moving from negative values of 2 
are moving through the xy plane, transferring their low momenta 
along X to the upper layer and decreasing the average momentum 
of the layer. The net momentum transfer per unit time through 
unit area gives the force per unit area exerted due to the velocity 
gradient across the xy plane. To get this, one takes a small ele- 
ment of volume dv (Fig. 33) and finds the rate of transfer of 
momentum downward through a small area docdy due to this 
volume. The same may be done for the upward transfer 
of momentum through dxdy due to a small volume dv' below the 
xy plane. By integrating these over all the space above and 
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below xy the net momentum transfer through dxdy rwr a<!corHl, 
and hence the force exerted, may be found. 

Assume a small volume dv haviufj; mohuuihis p<u- in it. 
Assume, further, that, on the average, a singhi molcic-ule <«iKu-i- 
ences z collisions in unit time. This quantity may, for purpo,se8 

of simplification, be considered as jj a constant, whmx^ r is the 

average velocity and L is the mean free i>ath. As wa.s s(am in H(‘c. 
39, this is really not- the Ciise, aiul in lahu- work tin; a(a5urat(^ 
expression for the mean collision freciueney will Ix^ used, hx a 
time dt the Ndv molecules in dv cxperi<uK!c NS dv dt collisions tliat 
is to say, in the time dt, Nzdvdt molecules start lunv paths, l<‘aving 
dv. As all directions are equally iirobable, th<> numln'r wliieh 
leave dv and znove towards the small area dxdy is tlu; number of 
paths starting in dv during dt multiplie<l by the ratio of th«z sur- 
face cut out by the solid angle subtcmhal at dv l)y dxdy, dxdy cos 
0, to the surface of the sphere of i-adius r drawn about dv. Her<! r 
is the distance from dv to dxdy and 0 is the anghi the lintf r makes 
with the 2 -axis. Of this number of molecuhzs moving towards 

dxdy, only the fraction e ^ goes the distance r or more without suf- 
fering a collision and being diverted, 'rhus the total numlzer of 
molecules leaving dv during dt that pass tlirotigh dxdy is 


m 


dxdy cos 0 
47r?'“ 


’ dvdt. 


Now if, on the average, it is supposed that n moIecuU? izoMsesses 
the X component of velocity appropriate to the soetKJ of its last 
collision, each of the above molecules carries an amount of 
momentum 

m (uo -4- r cos 6 


from dv through dxdy. Hence the momentum transfer is 
Nmn.t<lxdydt ,:c«e -I , 

XT' 

The negative sign indicates that the momentum is being carried 
from greater to lower values of 2 . This quantity must bo inte- 
grated for r from r = 0 to r ** oo , It must also bo integrated m 
that dv covers all the space above the xv plane. To do this. 
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dv must be replaced by dr{r sin 0d4>)(rde) and 9 integrated from 


0 to 2 ’ and Ip from 0 to 27r. Thus the momentum transfer 

going through dady downward from the space above the xy 
plane is given by the quantity 


dxdy i 


Nmz. dxdy dt 
47r 


+ 


Uo 

du 


J '* CO _ r p 

e ^dr I 

o Jo 


e ^dr I cos $ sin Odd I d<l> 


J '» 2 ,r 


dz 


re ^dr I 

O do 


•2 • r 2 w 1 

re ^dr | cos^0sin0d0 I dp 


In a similar manner, the momentum transfer from below the 
xy plane upward from a volume cos ddddpdr in a time dt may 
be found as 


N. 


dxdy f 


_Nm z dxdy dt 


47r 


^^o I ‘ e ^dr I cos d sin Bdd I d4> 

L Jo Jo Jo 


the 


du " 

^ \ I QQg2 0 0^0 I , 

^^Jo Jo Jo 

sign inside the bracket being due to the fact that below 


the xy plane u ^ (uo 


. du\ 
r cos 6 


Adding the two terms 


N dxdy I ^tnd Ndxdy^ to get the net transfer ikf, it is found that 
the first members of the two expressions cancel and there is 
obtained on integration for the net transfer per unit area per 
second, i.c., the viscous drag, the quantity 

_ 4:TvNm2L^du 1 du du 

dxdy dt 


4.TvNmzL^ du 1 -r dw 
3(47r) dz 3 dz 


dz 


since 

Thus one has 


c 

Z ^ 


crNmcl. 


This was precisely what was found in the preceding section. 
The integration here was carried out assuming ^ to be a con- 

stant. Its assumed value -£ was the value which one would 

have obtained using the Maxwell value for the naean collision 
frequency which is assumed independent of the velocity c as 
shown in Sec. 39. To take account of tbe yariation, the Tait 
expression for the mean collision freque®i®y must be used. 
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The treatment given by Tait, which is tlie more rigorous one, 
differs from the one given above only sit the point wIkuh; the 
integration of the free paths takes pla(H\ In this invitnunit, 
Maxwell’s law of distribution is fissumeil to h(»l(l ((V(>n though it 
applies strictly only to equilibrium. Ilowc^ver, l.iu? <]UJintity 

which before was written as z — j is no longer so. L w a 

function of c. If the free path for a giv(m c Ix' takem as I and if 
one writes for N not a constant N, but M,-, giving t.lu* numlx'r of 
molecules with vclocitie.s between c ami r (- dc, tin* e(iua.tiori 
found above for M becomes 


M = - 



The integral with respect to 0 and (t> leads to tht' facitor 

Again, in place of the collision frequemvy i f>n(‘ mm writes 
c 

z = where I is a function of c, which is givcm by tlm 'Fait 
free-path equation (Sec. 80) as 


I ss 


\/ 27r^ Jj 

a*’ 



where L is the Maxwell free patli. 

^ dxdy i + Naxeiy f bccomcs 

M = - 1 Nmdxdy dt '“pe 
c 

or, calling - ==5 x, 
a ^ 


ThuH the* cH’juation fen* M 



M 




- '■ rt/r 


Integrating this for dr first, sotting c = xa anti I - then 


M ^ _ du 
dxdy di ^ 'dz 



du aL-s/ 2w r “'4**c “ 

Vr J„ Hx) ' 



TRANSFER OF MOMENTUM 


187 


This complicated integral was evaluated by Tait and led to the 
value 0.838. 

lerefore 5 Nm.u{0ms V 2 I/) 

rj = ^NmcL ^ 0 . 838 ^^^ 

^ = 1.051 (^iNTmcL)- 


Therefore 


that is, the Tait value for the viscosity is 5.1 per cent higher than 
the value deduced by the Maxwell form of averaging. Phys- 
ically, this difference is caused by the fact that the faster moving 
molecules have longer free paths and thus carry more momentum. 
This, if taken account of in averaging, as was here done, leads 
to the viscosity being greater because of the added effect of the 
longer free paths. Jeans,’- persistence-of- velocity treatment gives 
a still greater value for the constant. In this case the H is 
replaced by 0.461. 

60. Agreement between Elementary Theory and Observation 
for the Coe39BLcient of Viscosity. — The expression deduced for 77 , 
1 

V = -^NmcLy with some uncertainty in the value of the constant 

Hi depending on the method of averaging^ can be transformed for 
discussion as follows. Since 


j _ 1 ^ _ me 

1 . It is seen at once that, since c ’7 should vary as 

■\/ rn. For gases this holds quite accurately if account be taken 
for the variation of cr, which is comparatively small, for most 


gases. 

2. Furthermore, the expression is independent of pressure, for 
neither m, 5, or o- is a function of pressure. This surprising rela- 
tion was deduced before the value of r? as a function of pressure 
had been measured. Investigation® showed it to be true for pres- 
sures from a few mm of mercury up to several atmospheres, con- 
trary to expectation, for it seemed absurd that the viscous drag of 
a rarefied gas should be the same as for a dense one. At low pres- 
sures the relation fails, since the mean free path then becomes 
comparable with the dimensions of the apparatus and the assump- 
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tions used in deducing v no longer hold (h<h‘ S('<^ 77). Ai very 
high pressures, whore attractive forc(iH I)<'tvv<>('n th<^ niolc^euh'a 
become appreciable, the relation might again in* c‘.vpec<,(Ml to fail, 
for momentum transfer of tlic liquid ty{Hi begin.s to (xtemr (hcm! 


Sec. 64). 

3. Again, the c above can bc^ r(^pla<!(‘d 


, / HA’ 71' 


wIku'c 


Na is the Avogadro number, m the ma,s.s of a moh‘<‘.uIe, A’ i.he gas 

2 

constant, and T the absolut<' hunixn-aturc;. 4’huH v — „ 

3 Vw- 

■s/micT, where k = ’ the Boltzmann eon.st.ant. ''I’hi.s pro- 

diets that rj should vary as the sciuare root, of tlu’ aljHolut<‘ t<nnper- 
ature. Experiment'* sliows that increaH(‘H wit.h l.tmiijeraturo' 
more rapidly than this and <loes not follow a power of 7'. 'riu^ fail- 
ure of this prediction to hold dependK on tlu) (‘rnmetmH ji«aump- 
tion that a is independent of T. The value of a dt^pemdM cm the 
mean distance of approach of the mohxmlcw on impact. 'This 
depends on the repulsive forces between mohxnileH and thenr 
energy of agitation. The greater the forces the greater th<« appar- 
ent value of <r. Since increased T means an incr<*aNt> in kinetic 
energy, and hence a lessened effect of Jittra(d,i v(^ forces on thes fnxi 
paths of the molecules, iia well as a closcw api)roa<di on impact, it 
is not surprising that 17 is found to incriiasii mor<^ rapi<lly with 7’ 
than the -k/T. If 17 wore found proportional to 7’, th<m <r would 


only have to vary as 


1 

nyr 


to cause this, 'rins is not a very 


rapid change. It seems, however, worth while? to point out 
that the deviation is not serious from tin? point of view of the 
establishment of the kinetic theory, for it predicts an in(?rejis<? in 
17 with T which is nearly fulfilled, whereas pn?vi{)us <?.xiM?rit?in'(? 
with liquids showed the reverse effect, I’he dc?viation is, how- 
ever, very welcome, as it makes it possible to t{?Ht tin? variati«»n of 
<T, the apparent diameter, with T and thus l<?adH to an <?vahiation 
of intermolecular forces. This will l>o diacuswrd more? at length 
in Sec. 62, under the theory of Sutherland. » 

The measurements of 17 afford the best values of L ohtaimible. 
Thus a check of the theory from the point of view of a prediction 
of the value of 17 from theory and a comparfetm with theobH<?rvod 
valiies is meaningless, for L otherwise determined is far less exact. 
It is interesting to compute ri at 0®, 760, for Nn from <f tlerived 
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from Van der Waals’ h and compare it with the observed value. 
For air, o- = 3.53 X 10~® cm, 

m = 28.0 X 1.66 X 10“*^ grams c = 4.54 X 10^ cm/sec. 

= 28.0 X 1.66 X 10-^^ X 4.54 X 10^ 

3^2 TT 1.245 X 10-is 
r, = 1.27 X 10-“ 

The value of t] observed for iVz at 0° is 

■n = 1.66 X 10-“. 

The values agree in order of magnitude but differ by about 17 
per cent. Part of this discrepancy would be taken care of by the 
Tait free path. If a constant in the equation computed by 
Jeans, “ including a correction for what he terms the “persistence 
of velocities,” were used, a very good agreement would result in 
this case. It is seen, therefore, that, while the result is approxi- 
mately correct, the question of the constant factor is an important 
one. Again, it must be pointed out that it is questionable to 
use values of a obtained from critical data with those from viscosity 
theory, for the real significance of a value <r depends on the 
measurements from which it is deduced. Thus it is quite prob- 
able that the value of cr entering into b is not the same as the one 
used for viscosity. 

61. Criticisms of the Simple Theories. — ^In what has preceded, 
certain points were passed over as sufficiently accurate, with little 
or no comment. Two of these merit further discussion and will 
be taken up in this section. 

The first limitation for the development is that it postulates 
that the state of motion is nearly. steady, i.e., that the speed of 
the gas stream at any point does not vary much with the time. 
This requirement is introduced by the fact that no distinction is 
made between the time at which the molecules leave the volume 
element dv and the time at which they cross the surface element 
dxdy. The numerical magnitude of this limitation will be 
estimated later. 

A second point bears on the validity of the assumption that 
“on the average, a molecule possesses the ^-component of momen- 
tupa appropriate to the scene of the last collision.” The analysis 
of this assumption and associated ones occurring in the theory of 
heat conduction and diffusion and have been treated by Jeans^ 
under the designation of “persistence of velocities.” The analysis 
pertaining to this correction is given in his " Dynamical Theory 
of Gases,” and only the results wil be given in this text. 
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Passing now to the more detailotl sl-udy of tlio firsi. of flu'se 
corrections, it is important to (]<d,critHoc t/ir //;/<•/, of the ga.^ 
layer in which pracMcally all <f (he I'ificaiis action takr.s place. In 
the theory of Maxwell the inoinentum tratish'r is iiitcgrafeil over 
all space. Actually, however, the distant volume ('l<-men(,.s <‘on- 
tribute practically nothing to tlie vis(^ous action across f/.r</y. 
The expression for v after integration over tlie polar angles (I and 
^ is 

17 = j.Nin'. I c '‘rdr .* XnirL. 

,i LJo 0 

If one considers th<e viscous action of thos(‘ mohaudes whose last 
collision occurred at a placce Itess than <1 dislant, from the place of 
crossing dxdy, this will be less than th(‘ tch.al amount I >y t!u« follow 
ing fraction of the total viscous ac.tiou : 



This shows that all but about -1 per cent tif th(‘ viscams athJon 
across a surface is elfoctui by the crossing of molecules wit.hin a 
distance of five tiincss the nusan free* path from t he place of cross- 
ing, while all but per <tent is gained by including molecuh's 
from distances up to eight times the free path. 'I'lie com'lusimi 
is that virtually all of the visc-ous action in a gas octnirs ov«‘r an 
extremely thin layer of the gas. 

The result of the precetling analysis make.s it isissible <0 form 
an estimate of the amount of the <>rror mn<h‘ in neglect ing the 
distinction between time of leaving dn and time of crossing ilxdy 
Molecules coming from a gnuiter distant^; than HA nectl not Iks 
considered and the time for the avesrage inoltHudc to go t his dis- 
Sfj 

tance is given by - a quantity who.s<? onicr of magnitudti is 

10"® sec. Thus the deviations from tht' st,ea<ly Kbitc occurring 
in practice are unimportant in thtsir effect on the tlscory. 'fhis 
ig especially true, since modern methods titili^i only tht^ steatly 
state. 

62 . Sutherland’s Theory. ^--To clear ur> the discrepaney which 
arose when it was found that the oxfjeri mental iticwsaso of n 
with temperature was greater than that intlieaied by tlie simple 
considerations just presented, Sutherland gavts a simphs analysia 
of the effect of attractive forces between the molecules. 
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If the molecules are hard elastic spheres whose centers attract 
each other according to some law of the distance, there are two 
ways in which exchanges of momentum may occur: 

1. The molecules may pass near each other so closely that one 
affects the other without an actual collision, or 

2. They may collide with each other in the same manner as 

forceless’^ elastic spheres. 

The Sutherland^ theory ignores the effect of the first mode of 
exchange of momentum on the viscosity and considers how the 
action of attractive 
forces may serve to in- 
crease the number of col- 
lisions. Since the mean 
free path is altered as well 
by the first as by the sec- 
ond type of collisions, 
the theory can hardly be 
thought of as being ade- 
quate until this is done. 

It is sufficient to consider the motion of one molecule relative 
to the other. In the Fig. 34 let O be the center of one molecule 



and let .AiS be the direction of the motion of the other molecule 
relative to O, The curved line represents the actual orbit of the 
moving molecule, C the pdint of minimum approach, b the dis- 
tance which would have been that of minimum approach if no 
forces acted, p and 0 polar coordinates of center of the moving 
molecule. 

Let mF{p) be the magnitude of the force between the mole- 
cules when their distance apart is p ; then the equations of motion* 
are® 


dt^ ~ p’ dt^ 



These may be combined in the usual way to obtain the integral 
of angular momentum in polar coordinates: 



d(l> _ h 
dt 


* The treatment here is based on the standard case of the two -body prob- 
lem with central forces in one plane. The law of force is undefined. The 
treatment may easily be found in such texts in dynamics as Houth, or Web- 
ster, under the title Dynamics of a Particle. 
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If they are combined to form the energy integral, th<m: 


"S? - 

in which is the square of the rclativt; sjKted, 


/dpV , .fd4>Y__/dpy 
Yu) +P \dt) ~\<u) 


h\ 

f}~ 


dt 




On differentiating this latter relation, 

o dp d^p ^ h~ dp oipf ^ dp 

^ dt ' df^ " p« dt ' ■ 

d^p 

or ■ 

di~ p*' 

To obtain the value of h it is obsc^rved that when th<( molcanihvs 
are separated to gr(iat distaiuu^s 

A — rb, • 

where r is the relative velocity. Int(igrating the tliflVnmtiul e<iua- 
tion and determining the constant by tlu^ fact that 

Hu 

when p 


r 


o’-v-r- 


(p)dp. 


At the position of ininimum approach ('(>, p 
For this distance the preceding equation yields: 

2 I {) 


fhi aiul 


ftp 

di 


{). 


+2 

PQ^ 


or 


¥ 


Po- 


1 +. 




'(p)dp 


Now collisions will occur if po is equal to <r or Kinaller, ko the pre- 
ceding equation shows that the effect of the attracting force is 
to make the effective sphere of action, of radius b, grt>at«sr than 
<r, that of the forceless spheres. This eukirs into th<^freo-pnth 
considerations of Sec. 37 in such a way i»s to substitllte b^ for 
V® and thus gives the new freo-path formula: 

aw ^ 

V27riV<r*[l -(- ^^jj‘F(p)dp 

where L, desipates the Sutherland modification of the Maxwell 
free path. Since r® is proportional to the absolute tompt^mture, 
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where D is a constant characteristic of each gas. The free path 
then becomes such a function of the temperature as is given by 




1 + 


D 

T 


where Lm. is the Maxwell free path of Sec. 37. 

If this value be substituted in the Tait viscosity expression of 
Sec. 59 one obtains: 


= Nmc 




1 + 


D 


Reinganum"^ has used the same physical picture — that of 
attracting rigid elastic molecules — and by -other mathematical 
methods has obtained for the temperature variation of rj the 
foi'mula 

— ^ 

7] o: T • e 

in which D' is a constant characteristic of each gas, analogous to 
the Sutherland constant. The derivation results from the use of 
the theorem of the virial and proceeds along lines similar to that 
of his equation of state (Sec. 54). 

63. Measurement of Viscosity. — Before proceeding to more 
detailed discussion of experimental results it is desirable to discuss 
briefly the methods of measuring viscosity. The oldest method 
is based on the study of the rate of flow of the fluid through a capil- 
lary tube. The flow of liquids through capillaries was first 
studied systematically by Jean Louis Marie Poisseuille,® a 
French anatomist, who was interested in the physics of the circu- 
lation of the blood. His work was published in 1842. Other 
methods are based on the measurement of the damping of the 
oscillations of pendula/ the constant deflecting force of a cylinder 
in a rotating gas/® the fall of small spheres through a gas/^ etc. 

The foundation of all* the methods lies in the solution of the 
hydrodynamical problem of fluid motion corresponding to the 
arrangement used. The theory of some of the methods is simple, 
while others lead to difficult problems in partial differential equa- 
tions. The student who is interested in the hydrodynamic side 
of viscous fluid flow is referred toLamb^s^^ ^ 'Hydrodynamics.” 

In deriving the Poisseuille^s empirical formula from hydro- 
dynamics it is assumed that all motion of the fluid is parallel to 
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the length of the tube. This re<iiuros that, the tulx; he v<'ry long 
compared to its diameter in order that irr<‘gulai- end efT<H!ts lx* 
negligible. At the wall of the tube the fluid slip.s, so t.hat the 
difference in speed between the wall and the fluid adjae(!nt to it i.s 

■n dll 


V 




V 


in which e is the “coefficient of external friction” ( sm': ( 'hap. VII, 
Sec. 77). The solution of the appropriahs difh'nmf.ial <Hiuations 
then yields h)r the volunH^ of fluid flowing 
through the tube in unit tim<s (Sec^. 77) 

in which P is th<». pr(\ssnr<^ l><*tw<H*n 

the two ends, L is the knigili of tlie iuln^ an<l 
R is its radius. If tliere is no slipping of the gas 
along the walls, € — » and the* formula is 

7ri^R\ 

8t;L 

Graet^!;^*'* gives the corresponding sidutions for 
capilhmes of otlier forms than <ureular cross- 
section. Osborne Ht^ynolds** hm slamn that 
above the critical velocsity 

2000 ^ 

in which p ih the thui.Hity of the fluid, the 
motion bccomcH turbulent, atul PoiMHeuille’8 
law fails. Most of the rewsareh work on gjis 
viscosity has l)een earri«id out by the stinly of 
the flow of gjiH in eapillary tuboH, 

A method, capable of higli pweiKion, which 
has probably given the best recent results, is that of tlte con- 
stant deflection of a cylinder in a rotating mass of gas. 'rhis is 
described by Gilchrist^® and by K. R. Harrington.** 

In this method a cylinder (h’ig. 35) is hung up by a <leli«5ato 
suspension so that it may txirn al)Out a vertical axis. Hurmund- 
ing the cylinder is a larger one which is rotatetl at a unift>rm sjmmhI. 
The gas is set in motion and the viscous forces which act. on the 
inner cylinder cause it to turn until these forces are balatmed by 
the torsional action of the twisted' suspemsion. I#<*t it 1 ms sup- 
posed that the radius of the inner cylinder is a ami that of the 



KSE 


Fig. 35. — notating 
cylinder method for 
measuring viscosity 
of gases. 




TRANSFER OF MOMENTUM 


195 


outer cylinder is b, while the angular velocity of the outer cylinder 
is wi. Let L be the length of the cylinders. In the steady state 
the speed of the gas will be zero at the inner cylinder and bwi at 
the outer cylinder. The force on an imaginary cylinder of radius 
r in the gas will be 

F = 2TvrLr,p- 

OX 

and the moment of this force is 

dv 

Ft = 2TrT^Lr}-^‘ 


By _ ig to be understood the rate of change of the relative 

motion of adjacent layers of the liquid. To find this one may 
write 


then 


V = rw, 


dv , dw 

w + r~- 
dr dr 


However, the w on the right-hand side arises from the variation in 
V which would be present if the gas rotated with uniform angular 
velocity, like a rigid body, when certainly no viscous action is 
developed. This term therefore does not enter into the value of 

to be used in the analysis. 


dr 

of the gas one then has 


dv 

dr 


=z r 


As a measure of the rate of shear 
dw 


dr 


y and hence 


Fr = 27rr^7jL 


dw 

dr 


gives the torque which each outer gas layer exerts on the adjacent 
one inside. In the steady state the torque exerted by each layer 
must balance the reaction of that which each adjacent layer 
exerts, since the angular acceleration of the gas is zero, that is, 
Fr is constant throughout the gas. The preceding equation may 
be now integrated as follows: 


dr 

fa ^ 




dw 


= 27rr}I/^ 

i j = A-irriLwi 


or 


Fr = 4i7rr}Ij 


— a 


~,Wi. 
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The torque ¥r is that exerted on tlie inner cyliiKler. It is 
measured by the angle of deflection of the inn<n- cylinder, the. 
amount of torque for a given angle of deflection being first d(d,(ir- 
mined by independent experiments, that is to Hn.y, Fr =^-= T„0, 
where To, the torsional constant of the filKir, may be found from 
the period of oscillation of the cylimler. 

64. Experimental Results. — The simphi theory of viscosity 
predicts that rj should be independent of th(^ demsity . At low i>r(\s- 
sures, this breaks down bocatiso the free path b(‘<-.onH'H (Comparable 


V/sces/Yjj of COa ers function of density 



with the size of the vessel (Clhap. VII). At very high presHures, 
deviations will result from the increaBing effectivencHH of the 
forces between, the molecules. All experimeukcra find i? accu- 
rately independent of density® from 760- down to 10-rnm prensurej. 
Below this pressure surface phenomena intorveiuc. 

Warburg and Babo^^ have carried out an inte-rcHting sect of 
measurements of for carbon dioxide at high presMurt*. The 
theory predicts that rj should bo independent of demsity; inde- 
pendence of pressure then follows if the perfetet gas laws are 
applicable. These are not applicable for ClOj at high pressures, 
and so it is more significant to discuss the relation Imtweon n 
and density. Figure 36 shows a plot of the Warburg and Babo 
measurements of rj as ordinates against the density a« alMioimae, 
An indication of the extent of the deviation from perfect gas 
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conditions is given by the fact that a pressure of 45.3 atmospheres 
made the density 0.1, which is about 500 times the density for 1 
atmosphere. * 




* Recently, P. Phillips (Proc. Roy. Soc.^ A87, 48, 1912) has made a more 
extended study of the variation of the viscosity of carbon dioxide with 
pressure. His measurements extend to 120 atmospheres’ pressure at tem- 
peratures 20, 30, 32, 35, and 40° and thus extend into the liquid state 
through the critical point. Figure 37 from Phillips’ paper shows the 
variation of tj with pressure at one temperature. Figure 38, also from 
Phillips, shows rj plotted against the square of the density, indicating that 
the relation of y to density, while parabolic, has an abrupt change of param- 
eter at about = 0.48. 

This relationship, Phillips points out, '‘would mean that in this region of 
very rapid alteration of density with temperature or pressure the change 
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The curves show that the viscosity is riiinarkal>ly independent 
of the density even in a region where large (kwiations from the 
gas laws have set in. As the density is iner<^aH(>d still furtlun-, 
the molecular forces provide an increnumt to thci viH<u)sit,y which 
is approximately proportional to the squanj of tlie dcmsit.y. 

Turning now to the variation of v with t<uupt;rature, <>.\i)eri- 
ment shows that the Sutherland formula (S(!c. (>8) fits l,h<^ facts 
over the range of conditions in which it could Ix^ <vxp<Hd.ed to he 
valid. Bestelmeyer'** was the first to maU<^ im'asurenumts 
suitable for testing the formula over a wid(i range; of temipewatureis. 
He found for nitrogen the following ratios of to v \ t\ the viseiosity 
at 17°C.: 

t 300.4 OH, 41 -7H,00 -100 (W 

’’t 1.0270 1.2004 0.7204 0 3204 

Vl7 

and showed that the deviations of these measures from the 
Sutherland formula with D = 1 tO.f) wisre U'ss t,hau d per c<mt. 
Similarly, Markowski''*'’ checked the SutluTlaml formula for 
hydrogen, oxygen, and nitrogim hetween 0 and IHO'Xl., as did 
Schmidt^^ from —195 to -|-1B5°0. on air, helium, hyilrogen, argon, 
nitrogen, and oxygon. On the other hand, Ziimmu- finds the 
Sutherland formula incorrect Ixdow — 20“( 1. for t'ih.vhme and 
carbon monoxide, the actual visciosify iHiing grt*af,<T f.han the 
formula would indicate. The deviation is diseussc'd in eoniKsc- 
tion with a hypothesis of association of f.h(! gas moletniles. 
K. Onnes^® finds the Sutherland formula inadetjuate for hydrogiui 
and helium at very low tomperatunss. Prol»ahly tlu; lu^st f.reat- 
ment of viscosity given is that of (.Ihapman,"’’ whose general 
treatment of transfer theory gives the Ixsst theortd.iiml rtisulte 
obtained. His work, which is beyoiul the hcoimi t>f I, his Ixiok, 
will be discussed more in Parts H and III of this chapku*. 

66. Relation of Viscosity to Molecular Constitution. —In 
recent years, A. 0. Ilankine®* and aHsociated investigators have 
obtained some interesting results connecting viscoHity, and hence 
molecular size, with chemical constitution. 'I'he inveHtigations 
were carried out by means of an ingenious modificatitm of the 

in viscosity is duo almost ontiroly to the change in attniotion 1h4 vvcc« two 
adjacent layers of the fluid, for this would l>o proiKWtional to tlu* stiuarc of 
the density. In other words, the viscosity in this rtsgioti clopomlM alitwst 

entirely on the ^ term in the Van dor Waals’ wiinition." 
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capillary-jflow method. The Sutherland formula is assumed as 
valid. The constant D was determined from measurements of 
77 at two different temperatures. 

The work on the inert gases gives values for the relative atomic 
diameters, which are plotted in Fig. 39 against the atomic num- 
ber of these elements. These results indicate that there is a 
break in the rate of increase in size of the atoms at argon, where 
there is an abrupt change in slope of the line joining the points. 
It is to be noted that this is the point in the periodic table where 
the first long period begins and shells containing many electrons 
begin to be added. C. J. Smith^^ compared the values of rj for 



Fig. 39. v * 

\ ' \ 

CO 2 and N 2 O, also CO and N 2 . It will be noticed that the ga^s 
in both pairs have the same molecular weights. He found-^ 


Temperature, 

77CO2 

77CO 

degrees centigrade 

77N2O 


15.0 

1.001 

1.000 

100.0 

1.003 

1.001 


indicating that these similar molecules of similar weight have 
practically the same size and free paths. 

Rankine and Smith have also carried out an interesting study 
designed to show the change in collision area of a series of mole- 
cules whose weights were the same but which contained an 
increasing number of hydrogen atoms. The gases chosen, and 
the ratios of their collision area found, are : 

PH3. 

SiH4 


Ar . . 
HCl 
H2S. 


1.00 

1.04 

1.19 


1.-41 

1.53 
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Assuming the Sutherland formula for oxtrnpolation, Rankine’t 
has computed the viscosities of the rar<^ gases at their critical 
temperatures and has found the vahu^s to be proportional to 
the square root of the atomic weight. lb; lias further notiiied 
that the ratio of the critical temperature to the Butherland 
constant D is a constant for several gases examined, the mean 
value being 



Hydrogen is an exception, the ratio being O.-l/i for this gjus. 

References 

1. Jeans, J. H. : Dynamical Tlu’iory of (Jiihoh,” ( Jhitp. VI 11, H<h\ 352, 

p. 260; Chap. IX, Bee. 371, p. 275, Univ<*rHity PrtWH, 

Cambridge, 1921. 

2. Maxwell, J. C.: Phil Mag., 19, 20, 1860, 

3. Maxwell, J. G.: Phil Tram. Hoy. Soo., p. 249, IHHCL Meveh, O. K: 

Fogg. Ann., 125, 40, 564, 1865; 143, 14, 1871; IVird. .IfwL, 32, 642, 
1887. Gkookeh, W.: Phil Tram. Roy. Hoc., p. 387, 188 P WAn-. 
burg and Babo, Wiod Ann., 148, 203, 1873. KtiNirrand Wakiiuho, 
Phil Mag., 60, 53, 1875; Pogg. Ann., 165, 337, 525, 1875. 

4. Meyer, O. E. : Pogg. Ann., 148, 203, 1873. Mever iuhI HpuiNfj- 

MUHL, Pogg. Ann., 148, 526, 1873. FinriEU, W. J. ; Hcti, 

24, 385, 1907 ; 28, 73, 1009. Hoe Fwiieh for a review of httTature, 

5. Sutherland, W.: PM. Mag., 36, 507, 1893. 

6. Moulton, F. E.: '^Introduction to (l(4cHUal IVIetihanicf-i/' <3mp. IV, 

Macmillan Company, 1914. Webster, A. <L: ** DytiauiieH of Par- 
ticles,^^ G. E. Teubnor, Lcipisig, 1912, Routu, 1*1 J, : Ilynatiiics 
of a Particle,” Cambridge UniverHity (4ambri<ig<% 1H9H. 

7. Eeinganum; Physik. Z., 2 , 242, 1900. 

8. PoissEuiLLE, J. L. M.: SodcU Philamdh., p. 77, IH3H; Compt Hcmi., 

11, 961, 1041, 1840; 12, 112, 1841; 15, 1161, 1892. 

9. Tomlinson, H.: Phil Tram. Roy. Hoc., 177, Part H, p. 767, 1886. 

Maxwell, J. C.: Phil Tram. Roy. Hoc., p. 249, 

10. ‘Gilchrist, L.: Phy 9 . Rev., 1, 124, 1916. 

11. Eanxine, a. 0.: Proc. Roy. Hoc., A84, 181, 191 L 

12. Lamb, H,: "Hydrodynamics,” Chap. XI, Oamlrrulge Uiiivorwity Pr«»i«, 

Cambridge, 1895. 

13. Graetz: Schtdmlich^s Zeiis.f. Maik, 25, 316, 1879. 

14. Reynolds, Osborne: Phil Tram. Roy. Hoc., 174, 935, I8H3; rind 177, 

171, 1886. 

16. Gilchrist, L.: Phys. Ecu., 1, 124, 1913. 

16. Harrington; Phys. Em., 8, 738, 1916. 

17. Warburg and Babo: Wied. Ann., 17, 390, 1882. 

18. Phillips, P,: Proc. Roy. Hoc., A87, 48, 1912. 

19. Bestelmeyer: Ann. Phydk, 13, 944, 1904. 



TRANSFER OF MOMENTUM 


201 


20. Markowski: Ann. Physik., 14, 742, 1904. 

21. Schmidt: Ann. Physik.y 30, 393, 1909, 

22. Zimmer, O.: Verb. d. Deut. Phys. Ges., 14, 471, 1912. 

23. Onntes, K. : Proc. Amst. Acad., 16, 1386, 1913. 

24. Hankine, a. O.: Proc. Roy. Soc., A83, 265, 1910. 

25. Smith, C. J.: Proc. Roy. Soc., 34, 155, 1922. 

26. Rankine, a. O., and Smith: Proc. Roy. Soc., 34, 181, 1922. 

27. Chapman: Under the title of ^‘The Kinetic Theory of a Gas Composed 

of Spherically Symmetrical Molecules,'^ Chapman discussed this 
question in a series of papers: Phil. Trans. Roy. Soc., A211, 433, 1912; 
A216, 279, 1915; A217, 115, 1916; Proc. Roy. Soc., A93, 19, 1916. 

II. HEAT CONDUCTION 

66. Definition of Heat Conduction. — In Sec. 5^ the transfer 
of heat in a gas by the naolecules of the medium ^e^^own to 
occur in two ways. The first mechanism depends on the effect 
of the earth’s gravitational field on the changes in density 
produced by the temperature gradients, and was termed convec- 
tion.” It is the result of • mass motion of the gas, and 
consequently is not directly a kinetic phenomenon. A treatment 
of such mode of transfer falls primarily into the domain of hydro- 
dynamics. The second mode of transfer operates in all cases 
of gaseous heat conduction and it constitutes an essential phase 
of the exchange of heat between the layers of different temperatures 
set up by conveetion.^C As was stated^it depends on the direct 
transfer of kinetic energy by molecules of one layer with a higher 
energy to molecules of lower average energy in another layer. 
Thus it is a strictly molecular phenomenon and may be treated 
by the kinetic theory. 

As the gravitational field of the earth is ever present, it becomes 
practically very difficult to avoid the occurrence of convection 
in the experimental study of conduction. By the proper choice 
of orientation of the plates in the gravitational field {e.g., placing 
them normal to the earth’s field, the hotter one above), by use of 
low gas pressures, and by the use of very narrow gaseous gaps 
the convection may be relegated to a relatively insignificant 
place in the heat transfer between the surfaces considered. 

If two large horizontal planes are assumed, the upper one at a 
temperature T, the lower one at a temperature Tq separated a 
distance d, the quantity of heat Q transferred from one plate to 
the other across an area A in a time t is given by 

0 KA(Ti - To)f(d)t, 
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where f (d) stands for some function ol <1- 
decreased, the equation takes on tiie form 


Q - KA 


rp rn 

J \ — id. 


As the di,stniuj(5 r/ is 


This is precisely the relation found for the chs(^ of unidirectional 
flow of heat through a large plane of solid substaruM^ by conduc- 
tion. The occurrence of this equation indiciutew that all tionvee- 
tion has ceased and that one may considc^r K, tlu; (constant of 
proportionality, to have the sajno meaning as that giiam for 
solids. Experiment shows that it is a c,onstant for (nieh kind of 
gas. Thus when convection is eliminated in a gas. heat transfix 
follows the same laws as for solids, the gas having a ('onstant for 
heat conductivity characteristic of itself. The (‘.onstiint (hqwnds 
on the speed with which molecules of a highe r <'m>rgy (u>nt< mt can 
diffuse into regions o f lower energy ccrnTenirTiTirougr ir TO ga s, 
that is, it is really a function of~tii^ateTifln transh^r oT 

kinet ic e~nergy from layer to layer. In Hofuls . Thcf c< > mTi uTli< iir of 
TEeiP’seemsto be an entirely different plumonienon, although tho 
mechanism is little understood. In tln^so b(»di(w the inohum leH 
are rigidly bound in equilibrium position .H I)v hjreea. 

Their h eat motions arc thtin oscillations alK iut tHeu ’ p ositions <>f 
^uil ibrium ^'o what extemt h<!at conductivit y de|H*ndH on the 
transfer ofenergy from one (piasi-elaHti(?ally bound molecule to 
I^ntjar esTneighbor is littht known . Tim (tlose rat,it» of e!<*eCriciiI 
conductivity of metals to tlwur heat conductivity, <^vi<hmc(Hl by 
the Wiedemann-Eranx’^ law, has suggested a more kijietic fiicture 
of this conduction. R "seeins possible that tlwtre <^xiMt, in the 
metals at least, free electrons in sonu! numlxu’s, darting here and 
there through the regular channels btutwcHui the <^vt*nIy spaced 
molecules. Such electrons wore supposcai to ktad to the therm- 
ionic emission* and the electrical conductivity. On the basis of 
the Wiedemann-Franz law, it may be possibhi that they artt also 
instrumental in the heat conductivity. If t.his wttns so, the 
mechanism in some solids could bo considered similar in nature 
to gaseous conduction. On the whole, it is probatily safer to 
assume that the elastic vibrationa nlav tht) nredominatmg rdl e. 

although gase^s conduction obeva the aanm l aV as*conr 
Auction in solids, it probably is due to an entirely differen t 
mechanism, mimdt surprising, thoreforoTthat tho K for g{i8<58 
increases asT increases, while the similar quantity for metals 
^decreases. 
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It is more accurate to write 


- 


d 


To 


in the differential form 


denoting d as dz, an element of distance chosen along the ^-axis 
normal to the plates. It must be remembered, in representing 


rp p ^p 

— ^~d ^ ~dz^ always takes place from the hotter 

to the colder point. The magnitudes of heat conductivity K 
for various types of conductors are given below to familiarize the 
reader with the magnitudes involved. K in the c.g.s. system 
gives the calories carried across 1 cm^ in a second when there is a 
temperature gradient of 1°C. per cm normal to the plates. 


Typical Values of K 


Gas or substance 

Teraperature, 

degrees 

centigrade 

K 

Air 

0 

0 .0000568 

He 

0 

0.000339 

HaO (liquid) 

0 

0.00143 

Paper 

0.0003 

Brick ; 


0.0015 

A1 

18 

0.504 

Cu 

13 

1 .00 

Ag 

18 

1.00 



67. The Simple Kinetic Theory of Heat Conduction. — The 
considerations involved in the evaluation of K are quite 
analogous to those involved in the evaluation of v as given in 
Sec. 58. With K, however, it is not momentum that is trans- 
ferred, but kinetic energy. With this difference the two simple 
deductions are essentially parallel. 

Assume the gas arranged in layers normal to the ^-axis, the 
warmer layers being uppermost. Then T depends off z only. 
When the steady state is reached, as much heat flows out of any 
layer at a given time as flows into it, that is, from the equation 

d^T 

of continuity^ for this case, = 0, and integration leads to 


an equation which states that 
point of the gas T =f, To + 


{dT\. 

\dz)^ 


dT 


is a constant. Hence at any 
dT . 


^^Zj where ^ is positive in the 
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arrangement under consjiflcration. One-third ef all the inolecukis 
are moving along the axiSj or one— thiid of all t<ho vidoeit^ com- 
ponents lie along a. These are the molec-uhw whiidi carry lu^at 
from one layer to the other. If the mean fnse path L, oiu^ may, 
as before, consider a layer of thickness L. d’hc: av«n-a.ge temper- 
ature difference of the molecules on tlie two sidles of this layer 


will then be lA— . If each molecule has a mass m and the 

cLz 

specific heat of the gas is = * the flilTm-enee in enm-gy <-ontent of 

d T 

the molecules is inCJj-, . Of the third of the molecuh's mov- 

(iz 

ing along z, one-half arc moving downward. In I siuioiul 

molecules pass downwards through (sach mu" of the laym- L 

1 (IT 

and carry energy which is equal to downwards. 

Here N is the number of molecules pm- end' ami c is the av(!rage 


velocity. 


Likewise, ^ Nc molecules pass upward ami tlury carry 


1 dT 

— -^NcmCvL-^ in energy units ujiwards aero.sH 1 cm® m unit 

time. The negative sign comes in here, as the gra<li(mt below the 
To plane is negative. The total energy tranHf«5r is the difft^rence, 
of the energy carried down and that carritxl up. Taking this 


difference, one has 


Q 


the energy carried per cm® jnsr second m 


But by definition 
Hence K 

Since, however, ri 


Q 

At 


i Ncmajj 


dT 

dz 


K 


dT 

dz 


NmPl.C\. 


NmSL, one has the inkiresting relation, 


K - 

This equation is also the one obtained from the more complete 
derivation which takes into account the distribution of velocities 

* This would be strictly true for a moimtomic gas where there is only 
energy of translation in (7„. It sooms that where rotational «»norgy i« <»n- 
cerned the contribution to this in (7, might bo oxixwfcod to txs InvolvtKi in tho 
energy transfer to its full value. This does not soem to be true, n» will be 
seen in Sec. 69. 
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as well as the distribution of free paths.)) Neither of these deduc- 
tions are strictly rigorous and a discussion of the values of K will 
follow at the end of Sec. 69, where a more rigorous treatment is 
outlined. The elementary reader would do well to read the intro- 
duction to Sec. 69 and, omitting the mathematics, read the dis- 
cussion at the end of the section. In the next section the more 
complete deduction, taking into account the distribution of free 
paths and velocities, will be given. 

GSXlDeduction of the Constant of Heat Conduction, Taking into 
Account the Distribution of Free Paths and Velocities. — To derive 
the expression for the transfer of energy from one layer of the 


Z 



gas to the other by the molecules, one may proceed as follows; 
Assume a gas space large in extent having a uniform temperature 
gradient, the temperature above being higher than that below. 
Assume that the steady state has been reached and consider the 
transfer of heat across the xy plane taken normal to the temper- 
ature gradient along the 2 :-axis. At the xy plane assume the 
temperature to be To. Thus above xy the temperatures will be 


dT 

T = To + and below this plane the temperatures will be 
dT 

T = Tq — To start with, attention may be concentrated 

upon a small area dxdy of tlm xy plane (Fig. 40) and the total 
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number of molecules crossing this in xmit time from al>ovc and 
below considered. The net energy transhvr du(^ to thesis molccjules 
will give the total heat conduction and luuuio (Udxjrmimi K. Con- 
sider a small volume dv at r cm from dxdy such that th(' line r con- 
necting dv and dxdy makes an angle 0 with tlu' normal to drdy, 
with the z-axis. Thus z for the volume dn is r <i 08 0. If <'a(di of the 
molecules in dv has a mean free path L and a velocity c, then each 


0 ' ‘ • 

molecule starts a ncAv free path / times ascu'sond. Now In 

1j 

are Ndv—, ) .c^e cL‘dc molecules having a vtdocity ladAvoen c and 

a:'*V’r 

c -f dc, where N is the number of mol(HJulf\s in a cm\ Hence 

A 7V7" 

_ £ dvc^e~°‘^dc molecules of speed c will kiav(! dv in a second 

ads/ TT d-i 

(see Sec. 35). Of those, the number in a cone of baset dxdy cos d 
will have paths directed towards B if all dircudaons are c^jually 

probable. That is, ^ ^ "’dc partitdes will 

leave dv per second headed for dxdy along r. Of t.h(>H(% the fracition 


e ^ (see Sec. 21) only will succeed in crossing dxdy without 
impact. As each of these is assumed to hav(' an (uitu’gy corn;- 
sponding to the position of dv in the region in which heat is Ixung 
transferred, its temperature will bci 


To + « 


dT 
dz ' 


Each molecule that leaves dv will then carry an amount cjf en<u‘gy 

from dv through doorly, where m is the rmws of a moU^iule and (/ 
is the specific heat. Thus the energy carried from dv in a time 
dt through dxdy by the molecules of all Hr)eeds is 

dE — cos OdvdimCy 

■ ' " ® 


(n 


+ r cos ^ 


/T\ 

dz 


= —NdxdydidvmC, 


Toe * cos 0 


II 


47rr® 




\ 4 p 

Jad\/v Jo 

/m ^ 

dz 

4rr 




'\lc 
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where the evaluation of 


r~ 

Jo « 


C2 




c^e gives the quantity c. 


Since dv = {rdO) (r sin dd<l)) dr, the total energy transferred from 
the whole hemisphere is the integral of dr from 0 to infinity, of 


dB from 0 to of d<i> from 0 to 27r. 


Hence the amount of 


energy transferred from above the xy plane downward in the 
time dt is i • 


dQ ^NcdxdymCv T 

U ^ ~ L 4 ^. 


r”e W f ‘ 

WO Jo 


cos B sin BdB 


27r 




+ 


_L^ 

47r dz 


r ^ CO 

I re ^dr I 
Jo Jo 


cos^ B sin BdB 


J -*27r 

„ 


In a similar fashion the energy transferred from below the xy 
plane upward amounts to 


dQ _ +Ndxdy cmC. 


-* 7t 

rp __r_ 

™ — I e ^dr I 
L4J0 ® "'Vo 


cos B sin BdB 


X 


27r 


d<t> 


47r 


TT -■ 

re ^dr I cos® 0 sin Odd I d(t> 

0 Jo Jo 


The 


dQ 


sign in the i indicates that the heat goes from a lower 


to a higher temperature, and the — sign in the brackets in 


dt 


t comes from the fact that below the xy plane the tem- 

dT 

perature at any point r cm away from doody is To — r cos 

Adding the two terms and integrating, the net energy transfer is 
dQ 


= -iNmcLC^dxdy—- 
dt 3 dz 


But K is defined as 


dt 


■Kdxdy 


il.. 

dz 


Hence K = ^NmcLCv = vCv, as was found before, y 

O 

69. Correction of the Derivation of the Coeflficient of Heat 
Conductivity and Comparison with Experiment, — The preceding 
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derivation, strictly speaking, was not rigorous, although it is 
experimentally valid in order of magnittido. 'rhe (u-ror Ii(^H in 
two effects. In the first place, since the pr<wsur(i is constant 
since there is no mass motion in the gas), wlu h'! ?' varic vS 
from place to place, the density o f the gas ni liaLJjXi.yfuiaI2^ 
decreases as 'i' increases^ This moans that N vari<w with z 


in such a fashion that I^ — No 


dN 




below this plane. 


dN 
. dz 


above thc^ ;r// plaiui and 


I n th<^ s(^(H)n<l p huu!, <• varicis 

with T and'^nco the co llision fr(^q^lency E and jht^ fr<s^ psji^th 

which depends on it ^ arc both fum dion s of z. 'rhes(‘ w('ro 

neglected in the previous derivation. This nupiires tin* uh(! of 
the velocity free path and collision numlxir in phuu^ of the tcnnns 

Y’ and L, in the equations above. 

Ju 


Finally, it wtw Jissutned that 


the Maxwell distribution law hold in this derivation. Since; this^ 
law is an equi librium law, it cannot ho ld here, for l ieidLUondu 
i s not an (see H(xs. r>()). Thi s error is 

probabiiFslight~bocause^^ lack of equ il ibrium chte t(v tluLsmall 
differences of velocities involv ed in heat (ion diKition is stnall when 
compared tn~tEe velo5 iIoi3 Sk^ug anu rnolecuit wl trCTTcn nal 
emiilibrium. It will therefore bo overlooked in what follows. 
'TE^'li^lect may in part bo responsible for th(» <IiHenq>aneifi8 
observed in the more rigorous e(iuation to be (liHcuHsed. It 
might be added in passing that the simple e<iuation dtuiueod 
above seems to fit as well as it doas in view of these omifwions 
since conduction takes place over short distanees, so tliat the 
changes in N with r are comparatively small, and thus the errors 
introduced are not serious. 

The question of these corrections has Injon atbreked from the 
point of view of this text by many workers. O. M, Meyer® and 
Jeans® have given the treatments which most closely niiproduco 
the true state of affairs and are generally acceptfai. '’I'he treat- 
ment of Jeans follows the plan laid out by Meyer, howttver, aid- 
ing some corrections. Chapman’’ and lOnskog,** using a tlifferent 
line of reasoning, have carried out a more accurate stmly appli- 
cable to monatomic gases and depending on the law of force 
assumed between the molecules. Those treatments &,m, in the 
main, beyond the scope of this book, and for ooinpleto details 
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the reader is referred to the original articles. It seems, however, 
instructive to note the way in which Meyer® introduces the correc- 
tions into this equation and to point out wherein Jeans extends 
them. This will be done briefly in what follows. 

Let each molecule leaving the volume dv considered above 

carry with it the energy appropriate to the average molec- 
ular energy in dv. In this volume the mean collision frequency 

must now be represented by the factor H in place of jr and the 

JU 

mean free path under these conditions will be represented by 
p?- An analysis similar to that of Sec. 68 then leads to the 

A 

expression for the energy transferred per second through dxdy 
from a volume dv above the xy plane as expressed by 


dQ _ mc^ dxdy cos 6 
dt 2 4:7rr^ 


sin $dOd(t>drKe 


^ 4iV 

a^VTT 




At this point in the analysis it is convenient to replace the a of the 

distribution law by the factor — to conform to the equa- 

'\/hm 

tions used by Meyer and Jeans in order to facilitate comparison 
with these writers. This transformation is carried out in another 
portion of the text (Sec. 43). For convenience, it will be repeated 
in a footnote. * Collecting the terms and making the substitution, 
the total heat transfer from one side of the xy plane to the other 
through dxdy after carrying out the proper integrations, may be 
represented as, 

TT 

I f*27r r2 

Q = —m \ d<t> \ dxdy sin 0 coS 6dd 
^ Jo Jo 




dc. 


The integrations to be performed are complicated by the added 


* = JKr. 

As a® 
m 


Galling ^ the Boltzmann constant, 

2 2/cjr 

= gC® (Sec. 35), one may write a® = 


1 

2hT' 


OL becomes 


1 


-y/hm 



one has 
It h ^ 
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facts that N == No + t cos 0, and tluit h ho :i: r cos 

the plus and minus signs referring to the regioTis afxjvt^ a,n(l below 
the xy plane, where N = N„ and h ~ h,,. Hiinn^ r is a small 
quantity, terms involving higher powers may la; lu^gltHikul and a 
substitution of these values for N and h mak(w t.he (uiuation for 
the total energy transfer through dxdy take the folio witig form: 








In this equation 'k has the value given by 


^ = 


Si* 


1 ± 


/ 

yN dz 




The two quantities N and h vary simultaneously, thus for simpli- 
fication of the integrations it may Ix^ btwt to {■express on<‘ in terms 
of the other. This is ac<5omplished by m<*ans of e(‘rtain <tondil,ions 
defining the equilibrium in the gas. 'riiey arts ineludetl in the 
three following statements: 

1. The mass of gtis i)a8aing across thti xy plant? in any givtsn 
time in both directions along the ^-axis must bt* etpial. If it 
were not, the density of the gas would vjiry as a function <jf the 
time, which it obviously docs not dtj by dtifinition of punt tttmduo- 
tion phenomenon. 

2. There is no mass motion of the gas, htmct? the <‘X(?<*hs of 
momentum transfer parallel to tlie s-axis must be c<mHt.ant for 
every unit of cross-section of the xy plane. 

3. Since the conditions for heat transfer assimuHl that tlu? n<!t 
quantity carried along the g-axis is the samt? throughout, the area 
studied, the same criterion of equal net lieat l.rat»sf<*r hit any unit 
area of cross-section of the xy plane must also ludd. 

These relations may be expressed in tin? form of equations, 
each of which contains an integral of the samt? ftu’m as th<? one 
considered above. The throe integrals tliffer only in that in the 

first one, applying to condition 1, the factor .yue^- is abstmt, that 
in the second, applying to condition 2, the ^mc~ i» replaccsd by 

A 

me cos &; while the third, applying to condition 3, is the original 
equation under consideration above. 
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In the integrals introduced by conditions 2 and 3 it may be 
assumed that N and h are linear functions of z. The first deriva- 
tives of these are then constant and where they are multiplied by 
r (in itself small) they may be neglected for the present treatment. 

The first integral, depending on the transfer of heat by a net 
mass movement of the gas, may only be solved through a con- 
sideration of the relation between N, S, and h. Such a relation 
is obtained through simple integrations in the form of 


0 = 


£ 



1 dN 
N dz ^ 




Originally, O, E. Meyer integrated this equation making two 
approximate assumptions representing extreme conditions. 
Taking a mean value of these two results, he arrived at a relation 

between N and h from this process that says that ~ ~ ^ 

W. Conrau actually integrated the correct expression by mechani- 
cal quadratures and found, instead of % as the numerical factor, 


Thus Tr = 0.71066 y rp-. 
N dz h dz 


a factor 0.71066, 
this for “ one at once has ^ in a simplified form. 


Substituting 




f /2.21066 \ dh \ 

\i - ( hr~ - Tz y- 


Integration of Q, as far as is directly possible, for values of z above 
the xy plane and below it lead, on addition, to the net heat trans- 
fer per unit time as 
dQ 
dt 


, dT -KT dh/hm 

-Kdxdy~:j-= — ?riVm-p-( — 
^ dz 3 dz\Tr 


n' 




2.2107 


h 


‘) 


mc^ \e'~^^°^dc 


* Equilibrium of mass distribution throughout the gas is one of the con- 
ditions of equilibrium on which the distribution law is founded. In assum- 
ing N af(z), an assumption was introduced contrary to this law. It lead to 
the relation above 


JlM 

N dz 


= 0.71066 i 

h dz 


Had equality of density obtained, this expression would have been 

= 1#. 

N dz h dz 

This discrepancy Jeans points out is the order qf magnitude of the error 
introduced by the assumption of the distribution law holding accurately. 
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dh 


It is then necessary to reduce hm and to tc^rins contain- 

ing the temperature T and C’„ the sp<H!ific lu'at at c.onstant 
volume. Conversion of the units to heat units and comparison 


c/7’ 

with the experimental equation of hcuit condu(;f.ion - K dxdy 
leads to the evaluation of K in the following form: 


K 


8 




, C" cV 2.2U)7\ 


’■"“’’c/c. 


Again, in earlier papers Moyer intcsgnittul this by a imdhod of 
approximation. At a later dat(^, howc'ver, l\ Ntnigc^bauer 
carried out the accurate integration and found that tlus value of 
the integral was such that K is given by 

K = 0.5205 NmcLCv 

Since ~ y NmsL, 

K == 1.537,a. 

If Meyer’s value of tj bo used where rtm 

iv =» 1.0027 


mEti 


W 


where rim is Meyer’s vsdtie of »?. 

Thus it is seen that a rigorous dcidu<;tion brings a numerical 

factor into the relation - which is gr<!ater than unity, 'rhis 

factor is generally designated as « and one may moat prt)p(irly 
write that 

K « 

where € varies from 1 to 2.57, depending on the mathematical 
analysis. The value of < from theory, then, is not dehnite and 
depends on the extent to which approximations wesre made in 
deduction and how it was deduced. 

Jeans® carries out essentially the same analysis as Moyer but 
includes certain terms expressing the variation of otjllision 
frequency omitted by Meyer. 

Jeans further departs from Meyer in that ho consitlors more in 
detail the contribution of energy given by each moloculo when it 
moves from Ti to T^. Up to the point whew^ the energy transfer 
is considered, Jeans follows Meyer’s method. Ho obtains the 
expression for the net flow of molecules with velocities Initwoen c 
and c + dc in the z direction as 
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Mic = 


3Trcr®\//im'4"(a:) 


{x^ - 2.21066) ^ ~x^e-^^dx, 


/ — Ar 2 

where and ^{c\/hm) = S, 

the mean collision frequency. Now each of these molecules 


1 „ 

carries or 

2 2h 


of energy of translation across the xy 


plane. Thus the heat energy of translation transferred is 

per molecule, where J is the mechanical equivalent of heat. If 
Tt denotes all the heat transferred in this fashion, then on 
integration 

_ , 2 dh 

. ^ 2.21066) . 2, 
where 7 = I z-y-r ^ x^e"^ dx. 

Now, as will be shown in Chap. IX, each molecule, if polyatomic, 
carries the energy g of which part is translational part rotational, 
and part vibrational in the molecule. Jeans calls the ratio of 
internal (including vibrations along the line of juncture of the 
molecules as well as rotational (see Sec. 91, Chap. IX)) to the 
translational energy, /?. Now it is not certain that the transfer 
of internal energy is equal to /3 times the translational, for, as Jeans 
points out, the internal energy coming from dv is not times 

where c is the velocity of the molecule, but is jS times 


where mc^ is the average value of mc^ in dv. The internal 
energy to be expected is, then ^ where h is evaluated in the ele- 
ment dv, or f r + cos 9 ■— This follows, since = E 
’ 4 4 dz ’ 2 


= I kT and kT = ^ therefore This contri- 

bution to the energy flow must be included in the original 
differential equations. It leads to integrations which cannot be 
evaluated in finite terms, and the problem remains unsolved. 
Roughly, Jeans assumes that one may write Ti = ^Tt, or, more 
strictly, Ti = A^Tt, where 4 is a number which cannot be calcu- 
lated. Jeans qualitatively demonstrates that A must be less 
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than unity, as follows. It is obvious that, it, is Uu' niolooulc.s with 
long free paths that are efficient as cuiergy <iarriers. On tlu; aver- 
age, however, those long froe-path inohuailcs uiust, have the 
greater energy of translation. 1 hus, whih* t.hc'y havt^ a gr<^at(!r 
translational energy, their internal «ni(n-gy does not. <-orr(>spond to 
this same high value, since the interiuil en<‘rgy is not <auineeted 
with efficient transfer. ITcnce A must Ix^ a. fa,etor which makes 
less than the maximum to l>e (!xp<ad-ed til',. 

Since the total heat transfer is 

_j.dT K dll. 
dz dz ’ 


this must equal 
whence 

If A = 1, c = 


Vt + Ti = (1 + Afi)Vt, 

^ 4(1 + Atl)R j 

and a = 2 (1 + (i) (nee <>2), 


4/w 


«\/' 


,d',. 


Tra" 


For viscosity, if persistence of velo(!iti<‘s Ih* left out, .leans found 


>7 = .^ 


1 _ 


l.O.Tl 

\/2?rAV’'' 


where l.O.'i I is the constant for th(^ fr<a‘ path. 
Thus 


4lV‘2w 

- :) i.or,r " 


King® has performed the integrations of the* factor f,, - | a, c ^ - 

dx and finds /oto bo 1,4625, and /? to ho C), 4631, ThuM / -/# 
2.21066 /r = 0.4387. 

Hence K — 

This equation has not been corn^ckul fen* of veloco 

ties. ' Both tj and K, however, are proportional to iho rinnin free 
path and hence both are equally affected l)y the iierHiHttuice of 
K 

velocities, hence ~ will be little affected l)y this eorrcad.ion and 

7f 

the equation stands. This value of « may he improved a<!eording 
to Jeans® by the introduction of a factor ,, .,,, inside the 

(I - 
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integrand for the value of I above, where 0 depends on the per- 
sistence of velocities. Making this correction in analogy to a 
correction used in the case of viscosity, Jeans obtains 

K == lA97vC^. 

This value of e is about that which Meyers obtained in setting 
77 = y^NmcL, which was 1.53. 

Chapman, proceeding on entirely different lines, found e for 
all monatomic gases for laws of force between the molecules of the 
form including the case where S = 5 studied by Maxwell. 
The value found to a first approximation, which is correct to 
within a few per cent as shown by further approximations, gives 
€ = 2.500. Enskog® found a complicated expression for €, which 
reduces to 2.5 when S = 5, These values are concordant and 
higher than the values deduced on the simple mechanical picture. 

The values of € observed for the monatomic gases by various 
observers are as follows (see Jeans®) : 

( 0°C. 2.40 

He I -191.6^0. 2.23 

I -252.1°C. 2.02 

A, JO^C. 2.49 

\ 182.5°C. 2.57 

Neon 10°C. 2.501 


Schwarze found for He, 2.507; for Ar, 2.501; Hercus and Soby for 
He, 2.31; for Ar, 2.47. Thus the law as deduced by Chapman 
and Enskog appears to be correct. 


K 

The values of -yr- = e observed for a number of gases is given 
in the accompanying table. 



€ obs. 

— 5) 

H 2 

1.91 

1 .90 

He 

2,38 . 

2.44 

CO 

1.88 

1 .91 

N 2 

1.91 

1 .91 

C 2 H 4 

1.55 

1 .55 

Air - 

1.91 

1 .91 

NO 2 

1.86 

1.88 

O 2 

1.90 

1.90 

Ar 

2,49 

2.44 

CO 2 . 

1.55 

1.72 

N 2 O 

1.76 

i 

1.73 
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When /3 is 0, e is largest, and when /3 is large;, « has it,s lowe'st 
values. This Jeans points out may come lai-g(;ly from tlu; ignor- 
ing of the factor A by which /? should have l)(;en multiplied. 

If the simple equation which was deduced at the Ijcgiiming of 
this discussion, had been taken, to wit, 

K = r)Cv, 

another approximation can bo made. J’his may be writt(;n 
K — vC'v = 2^1 + /?) n, 


where C'» has been replaced by its ociuivalent in rotational and 
internal energy, /3 being the ratios of th(;H<; <;n<!rgi<;H to transhitional 
energy present. 

Since experimentally for monatomi(! gases wh(;n /i = - 1 



2 



n 


and not 


K 


3 li 
2 Jr)^ 


e.rj, 


as simple theory would have it, it may b<i i)roiM;r to inc.rtsaso 
arbitrarily the factor 1 in the gcn<iral <;(iuation for f '„ by tlto 
factor Yi- Thus the correct equation for K would In; 



^ (9t — 


where y is the ratio of the specific heats. Tins expr<;H»i«n for K 

K 

leads to values of e «= which agree fairly well with the ol>«ervcd 

values as seen in column 3 of the table above. 1 1 inuHt be borne 
in mind; however, that this agreement is force*! by the introduc- 
tion of the arbitrary factor ^2 the place of unity in the simple 
equation, as a result of the values found for monatomic gases, 
and the values from the treatments of (lhapman an<! I'lnskog. 

From these considerations it may be concluded that, in ord§ r 
of magnitude, the value for K can bo c orrectly predictotFEy'i^e 
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kinetic theory. There s till remains a numerical factor e whose 

up t (TtEe pr eseDils"n^^ qi uite satis- 
factory. TEe"HIfficintycKeBy"ifesibr^ 

ity introduced by all the conditions which determine its existence. 

As rega rds the yariation of K with pressure, and temperature , 
the same may be said as for viscosity , except that the variations 
^f Cv vuiETBeie^TaSOTS imist b Thus K, 

of 

pres sure to the extent that^TisTnHepenHenFbF^^ 
wasTirsF munHate It’^wEs^conErjEaed^^ 

tally first byStelSJ^^ others. This surprising law 

was found to hold from pressures at which convection ceased 
down to quite low pressures which are of the order of a mm of 
mercury. At still lower pressures K becomes less. But this 
action is due to the fact that below these pressures the mean free 
path becomes comparable to the dimensions of the vessel and 
the mechanism of heat transfer must be analyzed from a different 
standpoint (see Sec. 80) . Again, assuming constant, K should , 
as is the case for 17, be theoxeiically^^^^ to the squai^ roo t 

x J__the absolute temperatur e. It was found, however, that, owing 
to the decrease in the action* of intermolecular forces with increas- 
ing temperature {i.e., the apparent decrease of the diameter of the 
molecules from this cause) the mean free paths, and hence the coef- 
ficient of viscosity, increased more rapidly than with the square 
root of the absolute temperature. Thus K should vary in the 
same manner with temperature as rj does, that is, K should increase 
with T faster than proportional to a/ T. Some preliminary 
experiments by Winkelmann^^ seemed to indicate this to be true. 
Measurements of K are, on the whole, very difficult and inaccurate 
in gases because of the difficulty in eliminating convection and 
radiation. Later experiments above 0°C. seemed to indicate that 
K increased less rapidly with T than the value of tj. In fact, some 
experiments indicated that K was more nearly proportional to 
jP. The results of the many ex'periments are none the less quite 
discordant^ and little can he concluded from them. Below 0°C. 
a much more rapid decrease in K with a decrease in T was noted, 
as was observed to be the case for viscosity and as is predicted 
by the theory of Sutherland^'* for viscosity. The conclusion to be 
drawn is that, in general, K shows the same trend with temperature 
that rj exhibits, although the variation may not be accurately 
parallel. 
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On the whole, however, the success of tlui kinetic theory in 
predicting and evaluating the heat condiuition has i)een striking, 
and the unexpected agreement of the p,r(iditit,<vl consta,u<^y of K 
with pressure variation was, indeed, a dramatic triumph. Need- 
less to say, the inaccuracy of the luoasurements of K iiud th(( lai-ge 
uncertainty in e make this coefficient of little use in det<'rmining 
L, the mean free path. 
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III. DIFFUSION 

70. Definition of Diffusion.'— If a gas of one nort eonfiiiocl in 
a vessel adjoining another vessel filled with a <fi{re.w^nt gas at the 
same pressure, and if the vessels be suddenly nuidi^ to tiornmutii- 
cate with each other, the first gas will slowly sprcwl throughout 
the two vessels until its,,cpncentiratk^^^^ is uniform. I1ie other 
gas will simultaneously move In BUcii’lC'mantHu*’i^^^ to distribute 
itself equally throughout the space in both vcissels. lliis iduuioin- 
enon is known as the interdiffusion of tlie two gases. If the 
attention be fixed on one gas only, the statement may Im made 
that it diffuses into the other gas and the time rate of this process 
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may be studied. Fixing one’s attention on the one gas, it has 
been assumed from experiment that, for the steady state, the num- 
ber of molecules N diffusing through a given area dxdy in a time dt 
may be expressed by the relation 

dN 

^ dxdydt ~ -Z) dtdxdy • 

dN 

In this equation is the rate of change in the number of 

molecules of the gas per unit volume (i.e,, the concentration) 
along the 2:-axis normal to the xy plane. Z) is a constant of pro- 
portionality and depends on the gases in question. The concen- 
dN . 

tration gradient is the cause of the process of diffusion and 

is proportional to the partial pressure gradient ^ of the gas. 

The sign is negative since the transfer takes place from higher 
values of N to lower ones. 

Obviously, the constant D depends on the rate at which the 
molecules can move across the area dxdy as a result of the gradient 
of their partial pressure p. This, as with all pressure phenomena, 
is, obviously, caused by the heat motions, and the problem 
then merely devolves itself into one of determining the net 
number of molecules moving across a given area under a con- 
centration gradient due to their proper heat motions. The 
phenomenon of diffusion also occurs in liquids and solids, and in 
both of these the general laws are the same. As is the case in 
viscosity and heat conduction, the effect of the intense inter- 
molecular forces in these latter two cases, however, complicates 
the problem, and the treatment that is given for the case of gases 
does not apply. 

While fixing the attention on the molecules of one kind simpli- 
fies the analysis from the mathematical point of view, it greatly 
restricts the applicability of the results to the more general cases, 
for unless the diffusion occur for one kind of molecules into a gas 
composed of molecules of the same mass velocity, and free 
paths, the equation is incomplete. In general, then, the inter- 
diffusion of molecules must really be treated. To this end a 
gas may be considered in which the pressure is everywhere the 
same and which consists of two kinds of molecules, A and B, the 
composition varying from layer to layer along the vertical ^-axis, 
beiUg constant, however, parallel to the x- and t/-axes. Call 
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and ms the masses and Na and Ns the number of the two kinds of 
molecules per cm-k It is convenient to express the composition 
by the variable mol fraction F of A, where this may bo defined as 

= . 

N‘a ^ If 

Then by experiment it is found that the mass of A diffusing down- 
ward across the element of ai-ea dxdy of th<5 plane z -- z» in a 
time di may be assumed to be given by the (vxiiression 

(IF 

d(mANA)zo = -D mANd.xd.ydt. 


In this treatment N is the same as this concentraf ion gradient 


^ used in the simpler case. 
dz 

If, now, one considers a cylinder of base dxdy and height Az 
parallel to the z-axis the mass diffusing into th(^ cylinder in dt 
is given by the expression abovci. The mass diffusing out of 
the cylinder at the point z = Zn + Az is 1.h(ui given by 

d{mANA)z+^z = mANdxdydt j^D jAz- 

The difference of the quantities entering and leaving the cylinder 
gives the accumulation of molocules A in tins cyliniler in the 
time dt as 

mANdxdyAzdt 

This quantity is also the time rate of incrc'asi^ of the inaBs of A 
molecules in the cylinder, that is. 


m^JV. 


di 


dxdyAzdt. 


Putting these two quantities equal to each other. 


or 


mANdxdyA zdt ^ = rruN^Q^ dxdyAzdt 

dF a / , dF\ 
dt “ azl^ ozj 


If D be assumed independent of z, one may write 


dF 


D 


a 


/dF\ 

{dz/ 


at " dz ' 

This latter equation says that the rate of increase of the mol 
fraction of molecules with the time is the diffusion ooefflelent 
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multiplied into the rate of change of the mol fraction concen- 
tration gradient — with z. 

This expression is exactly the same as the Fourrier^ equation 
for heat conduction in a solid body. In the latter case the quan- 
tity F would be replaced by Ty the temperature, and D would be 
replaced by the “temperature diffusivity^^ of the substance, 
K 

where = — , K being the coeflicient of heat conductivity. 


c the specific heat, and p the density of the substance. Both 
these equations in practical application assume h and D inde- 
pendent of T or jP. This, although not strictly true, is sufficiently 
correct for the solution of most problems.* Thus all the classical 
solutions of the Fourrier heat equation may be carried over to the 
case of diffusion with the modifications indicated. In the present 
discussion, as is done practically with heat, it is often simpler to 
deal with cases in which a steady state has been approximated, 
that is, the experiments are performed in such a manner as to 


make 0. Then takes on a constant value, and experi- 

mental measurement and discussion are simplified. This is the 
case in the simple treatment given in Sec. 71. 

Some notion of the phenomenon, may be gained from the table 
below, which gives the values of D for some of the commoner 
substances. The diffusion coejSBLcients are given as the mass of 
the diffusing gas which crosses 1 cm^ per second when there is 
unit concentration gradient present at the point (^^e., when 

— = 1 gram per cm® per cm along z). In fact, it makes 

no difference in what units the diffusion is expressed as long as 


* The variation of D with Fj when it occurs, gives rise to an apparent mass 
motion of the gas. This may be seen by carrying out the differentiation, 
assuming I) to be a function of F and hence of z, 

dF ^ d^F dP dF 
dt ^ dz^'^ dz dz' 

The increase of — due to the variation of D with F is that which would 
at 

dD 

result if the gas were to have a mass motion with a velocity wq = — ^ 

dZ) L ' 

for the quantity has the dimensions That this is so will be seen 

in Sec. 72. 
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the gradient and the number are cxpreH.s(!<l in f.erms of i.lui Hanie 

dxdiKii 

units, lor - 

^ dxdydt 


Gas diffusing 

( Jas 

diffused into 

I) 

/, in 

<u*n<.i|i;ra,(io 



O 2 

0.077 

0 

Ha 

1 CO, 

O.rbiS 

0 

O2 

:n2 

0.171 

0 

O2 

IIs 

0.722 

0 

CO2 

N 20 

0.15 

0 

CsHsOH 

Air 

0.102 

0 

C2H5O.H 

(K)2 

O.OOH 

0 

C2H5OH 

Ih 

0.;i78 

0 


Substance diffusing 

Solum 

C bir 1 stH*. 

Glycerine 

Watf'r 

7,h:{ X Hr* 

Acetamide 

\Vaf(T 

10 , •! X 10" * 

Mannose 

\Vnt(‘r 

r.,n2 X 10' ‘ 

HCl 

VVafin* 

-MIC X 10 * 

NaCl 

Wa{(*r 

Wafer 

1 .2H X 10 <’ 
1MI2 X to ^ 

NaCEhCOs 


In solids the rate is far slower y((t, and it, is int,er<'H(,ing to uoto 
the large difference in the values of 1) for gases and for Holutions. 

71. The .Theory of Self -diffusion of Melecules. ( 'onsider 
molecules of a certain mass and diamebir diffusing into a gas <i 
molecules of similar mass and diameter. 'The phenomeno) 
is known as self-diffusion. Assume that a uniform rate! of flmi 


has been established, that is to say, that 


dM 

dt 


0* 


thm 


conditions the molecules have reached ati e<|uilihriurn state anc 


a linear concentration gradient along the z-mrn lias bcei 

obtained. Assume^ further, that the coneeritration decrease! 

from above downwards. The state pictured would lai ncarij 
achieved if molecules from an indofinitely largo vessel of CO; 
were diffusing along a long tube into an indefinitely large chant 
her of N 2 O molecules. After some time the rate of changf 
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in concentration at one point in the tube would have ceased and 
the concentration at any point z above an arbitrarily chosen xy 

plane normal to the tube would be given by N + z where N 

is the number of molecules per cm^ z — 0, or at the xy plane. 
Below the plane at a point z the number of molecules would be 


N - z- 


Cpnsider now an area dxdy in the xy plane. 


cm above it there will be iV' + Z/ -r- molecules. If L is the aver- 

dz 

age free path^ of the molecules moving with a velocity c 
will have velocities directed so as to pass down through dxdy 
on their next free path. The number of molecules in a layer dL 

* T t 11 • 1 1 1T f -\T \ -r d^/''\ nm 


in height and of base dxdy is dxdydL These are 

the molecules which will in the next path pass through dxdy 
downwards. Now the length dL may be represented by the 
molecules traveling with a velocity c, which in a time dt pass 
through Z/. Hence the number of molecules passing from the 
volume dxdydL or dxdycdt through the area dxdy as a result of the 
concentration gradient in the time di will be the number that lie 
in this cylinder multiplied by the fraction which have velocities c 
in the direction z such that they will pass through dxdy, that is, 


N dti “ 


r dxdycdt [N + L 


the — sign denoting that the molecules are passing from higher 
values of N to lower values. In a similar manner, the number of 
molecules passing from the layer L below xy upwards through 
dxdy in dt will be 


Ndt't = 


dxdycdt ( N 


The total net transfer of molecules through dxdy will be 

N dt == Ndti “h N dt'[ 

or ~ dxdycdtL • 

Ndt 

The number passing per unit time will then be N dxdy = whence 

the number of molecules diffusing through dxdy pev second will be 
Ndxdy = —^dxdy^AgL. 
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But this has been shown by experiment to be; given by 
Na.ay = dxdy. 

Whence 

Z> = 3 cL. 

This is the coefficient of diffusion as defined for the simphs case. 
Since 17 = ^NmcL it follows at once that 1) = But 

77 

mN is p, the density, so that one may write D == ■ 



The same expression may be derived in a morci rigorous fashion, 
taking into account the distribution of fnic paths jind velocities. 
Assume, as before, that the steady states haa Imhui njachtnl and 
that the concentration above and below th(» «// plane may be 


represented by A + 


and N — z 


dN^ 

dz 


C 'onsider an element 


of volume dv above the zy plane at a distance r from the area 
dxdy, such that the line from dv to dxdy makes an angle 0 with 
the normal to dxdy, Fig. 41. Thus « « r cos 0. Each of the 
molecules in dv has a mean free path L and a velocity «, then each 

molecule starts a new free path times a second. Now in de 


4 r. / dM\ 

there are dv + reoa 0 ^molecules with a 

velocity between c and c + de. Of these, the number in a cone 
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of base dxdy cos 6 and height r will have velocities directed towards 
dxdy^ that is, 


dxdy cos d 4 c® — ~ 


AttT^ 


:=.^e 




< 


dcdvl i\r + r cos d- 


m 

dz 


> 


will start for dxdy per second. But, of these, only the fraction 

r 

e ^ will have paths exceeding r and will, accordingly, be able 
to pass through dxdy without impact. Hence the number of 
molecules from dv passing downward through dxdy per second 
will be 


N I = 


dxdy cos 6dv 

— - I— g 

47rr^ 




<■ 


dc[ N + r cos 6 


dN \ 

dzj 


Expressing dv in terms of the polar coordinates, dv = (dr){Tdd) 
(r sin 0 d4>)j one has the number Ndvi given as 

dxdy _ £! - »* / dN\ 

N dv i —--—e L cos d sin ddQd<^ f iV + r cos B 

In a similar fashion the number passing from a volume dv below 
the xy plane may be found to be 

^ dee ^ cos B sin Bddd<j> — r cos B 


These expressions must now each be integrated for c from 0 to oo , 

for r from 0 to , for B from 0 to and for <j> from 0 to 27r to give 

the total numbers of molecules of all velocities passing through 
dxdy from the volumes above and below the xy plane. Inte- 
gration gives 

y.y. (Nc , dN C r 1 J J 
^ (Nc dN c T-'l , , 

- [-T - S 

To get the total number passing through dxdy these expressions 
would have to be added, remembering that N has the negative 
sign, for the molecules are moving from a region of higher concen- 
tration to one of lower concentration. Hence N dxdy = 


or 


dxdy 
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Since by experiment for the steady states 


-A^ tlxdy 


..(IN , . 
■D-, (Ixdi/, 
(Iz 


then at once D = |cL, which was the n^sult arrivcul at ixrforo 
in a much more elementary fashion. I(, might Ixi a<i<Ie(l in 
passing that had been 0, N dx,iu would have' Ixxm 0. Kor this 


Nc 

case N I equals iVt = ’ that is, one would have- found the 


number of molecules striking a sejuani cm per secoml from above 
or below to be Tliis result was obtaim'd in See!. 10. 

72. The Theory of Interdiffusion. — in this s('cf.ion the more 
genei-al treatment of the intcrdif'fusion to two gases A and B will 
be taken up where the masses of the molixxdes A and li are not 
equal. In what follows use will be mad(^ of tlx^ mol fraction, 
and the notation in the latter part of ^S(^c. 70 will apijly. 

As the temperature is constant throughout tht‘ gaH<>s th<^ nuM 
probable speedn of the A and B mohxmh^s tx 4 and cx„ will be <lilTer- 
ent as a result of the ociuiixirtition of (mergy. 'I'lius 


■///., t«.r “ vi!i<xir- 


It will be assumed that the variations of />', th(‘ mol fracd.iou «)f 
A, with z arc so small ovesr a frcxi path that the distribution of 
velocities of the two kinds of mohxnth's may be c.onsidered 
Maxwellian. 

Although the molecular density remains constant in jnire 
diffusion, since the total pressuui is every wh<*re t.lu' same, the 
changing composition means a change in the mass fiensity. This 
means that there is a mean mass vtdoe.ity of tln^ gas in tin* direc- 
tion of diffusion. I.et this V(docity, which is vt'ry small, Ix) 
denoted by Wo. It is a mass velocity of tln^ nmIcxsuh'H along the 
2 :-axis of coordinates, diffusion taking plac(^ along tln> s-axis 
assumed in Sec. 7,1. Owing to the preseruxs of this mass motion 
velocity, Wo, the number of molecules Imving comix>mmt.H alt)ng 
the various axes, is no longer the same. Out of N nmlmnilcH of 
N _,“.l 

the type A, ■;-.e~a2‘du will have velocitii^s betweem n an<l 

OiANTT 

N _ 

u + du, and j.:e~«A.'Hlo molecules will have velocities 

otAVir 
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N jw—woy 

between v and v + dv, but j=.e molecules will have 

velocities between w and w + dw owing to the component 
Wo, for the velocity w is composed of the mass velocity Wo and 
the translational heat velocity w — Wo- Maxwelhs law ap- 
plies to the translational velocities only, and these must be 
included. This will he w Wo for the positive component, and 
— w + Wo for the negative component. Both terms represent 
the difference in two velocities. The sign of the whole expression 
is immaterial, since the term is squared. The number of mole- 
cules having velocity components between u and u + du, 
V and V + dv, and w and w + dw simultaneously is, then, 

jy- [u- jw — 

— ^ dudvdw. 

At a point in the gas where the mol fraction has a value F there 
will be F times the number of A molecules with velocities lying 
within the limits specified above. Of these, those lying in a 
volume, w dtdxdy will pass through an area dxdy in a time dt. 
The total number which will pass through this area in dt requires 
integration from — oo to +co for the mjidv components, and from 
0 to oo for the w component if only the transfer from above down- 
ward is regarded. For the net transfer the integration would 
have to be carried from — oo to + oo for the w component as 
well. Thus the net number of A molecules crossing dxdy in the 
plane z = Zo in the time dt is given by 


N dtdxdy 




- 1-00 

- oo 


u2-{-X|S-l- {uo — Wo)^ 

Fwe dudvdw. 


This expression will not vanish for two reasons : First, because of 
the component of streaming motion wq, and, second, because F 
has different values on the two sides of the xy plane. Now the 
molecules which pass through the area dxdy are only those that 
had their last collision a free path away, that is, only those 
molecules which started anew from a collision L cm away will 
pass through dxdy. Thus the value of F chosen is the one which 
corresponds to the scene of the last impact. If the molecular 
path makes an angle & with the a^-axis, this distance will be L 
cos 6 distant from Zc. For a steady state or where F does not 
change rapidly with the distance, one .may write 
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Moreover, since is small companHl to «,i, one may write 

Q _ M e With these substitutions, the 

expression for the net number of A molecules crossinK imit area in a 
time di becomes: 




COS 0 


?/)( 1 + 


<■ ■ diulmlw. 


This may be transformed to an (expression in th<e polar (eoordinates 
c, &, and as in Sec. 35, and tlum b<;cfonK!s 


dc d(t> Fo+L cos f? „ ) 1 

0 Jo Jo L \ 


, tt'„c 

"1- 2 ..cos f) 


c-‘(! sin i) (JOS OdO. 

Integration with respect to gives the fa(Jtor 27r. Multiplie.jir- 
tion and neglect of small terms of higlner oixk'i* than tlue first 
one gives 

2Ndt r“_ r-r__ . . . . J<w\ i .. - '■* 


OCA.^y/Tr 


J '* CO 

dc F„ 
0 Jo 1. 


+ 2/'’<,'*^’i cos 0 1. 

aA^ 




sin 0 (JOS Odd. 


Integration with respect to 0 yicelds 

ANd.t f"'( /df\ 1 . 

So:yi’>-\/7rJ(, I a,t- \()a/(, ] 

Assuming L independent of c, integration kiads to thci njsulfc 


(r'(! '«•*■''(/(!. 


JVdt < F 


This is the net number of A molecules crossing the piano s «* Zv 
in the direction of the gradient. In a similar manner the expres- 
sion for the B molecules diffusing from IkjIow tl»o * « plane 
upwards may be found to bo 


JVdf| (1 - F„)w„ - 


Here the concentration of B molecules is given by (1 — Fa), 
where F„ is the mol fraction of A molecules, and the — sign comes 
from the fact that the concentration of B molecules docroasos os 


z increases. 
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Since the molecular density must remain constant everywhere^ 
the total number of molecules crossing the plane must be 0, 
that is, 

must equal 

whence 



This value of Wo may be substituted into the expression for the 
number of A molecules diffusing through unit area in the z 
plane in the time dt, which is 

and gives the number at once in terms of the mol fractions of A 
molecules, the concentration gradient, and the free paths and 
average velocities of A and B molecules, to wit 




= ^Ndt\ 




)1 


(1 Fo^CaLa F oCbLb 




The mass of A molecules crossing an area dxdy in unit time is 
then merely this quantity multiplied by and dxdy, whence 


d(07lA.N dxdydt — 



F + F oCbLb 



But by definition 

dxdydX 

Therefore 




dxdyniji. 

0 



— F o)CaIj A “f“ F oCbLb 




This is the classical expression for the interdiffusion of two gases 
in terms of their average speed and mean free paths. 

It is of interest to notice in passing that the mass motion of the 
gas was given by 

^aLa — ^bLb 
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If the expression for D just found is differentiated with rc^spect to 

F, 

dD 11 


dF 


3 


caFa ('iiFii 


or 



which agrees with the formula found on purc^ly hydrodynamic 
grounds in Sec. 70. 

Since the viscosity of a gas is giv<;n by 77 = .^pcL the e.xpr<‘s- 
sion for interdiffusion of the gases may be writbm as 


D = F.P” + (1 - 

Ph Pa 

73 . Criticism of Transfer Theory. — This section contains a 
discussion of the theoretical results obtained in preceding sec- 
tions, together with a statement of some rctsults of tluionitical 
investigations on diffusion the details of which arc too advanced 
for inclusion in this book. 

For simplicity, in the preceding discussion L was tr(‘a,t(‘d as a 
constant and placed in front of thci inlic^gral sigti. A more! t^xact 
treatment would require that the expnission for A,-, the nx'an free 
path of a molecule of speed c (Sec, 30) be us(ul, and that the int<!gra- 
tion using this value be cari-ietl out. In Kee,. 30 the valmt of Lr was 
found for a molecule of speed c moving in a pure gas. d’o Ixi 
applicable above, it would bo neccsssary to gtuM'ralize tlwi expnss- 
sion to the case of a gas consisting of two kinds of mohanilcs. 
The results of such a generalization lead to a compli<!at<!d <k‘finito 
integral which must bo evaluated for ea<!h vahuf of the mol 
fraction F. Tait^ has carried the analysis to the point, of setting 
up the very complicated integrals involviul, but they have 
seemingly never been computed, so that on<5 cannot say how this 
refinement would affect the theory. 

The correction becomes considerably simpler when the ga.scs 
A and B have the same molecular weight and the same diameter. 
In this case the most probable speeds <xa an<l are tsqual, as are 
also the collision frequencies Z. Then Lc is given by the expres- 
sion of Sec. 39. Using this in the theory, it is seen that the 
resulting integral is the same as that occurring in the viscosity 
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theory (Sec. 59) , so that the result there given is applicable here. 
One has, then, 

D = ^-cL- 1.051 

as the coefficient of diffusion for two gases of equal molecular 
weight and diameter. The L here used is the Maxwell free path. 
The application of this correction does not change the relation 

D = ~ y since it affects both the diffusivity and the viscosity 
P 

by the same amount. 

Maxwell,^ Boltzmann/ Chapman,® and Enskog® have con- 
tributed to the theory of diffusion by the study of the way in 
which MaxwelFs law of distribution of velocities is affected by 
the variation in composition. These highly mathematical 
investigations fall outside the scope of this book. Some account 
of them is given in Jeans, Dynamical Theory of Gases, but 
for full treatment the student must consult the original memoirs. 

It may be stated, however, that the effect of making these 
refinements in the theory is to introduce a factor e somewhat 
greater than unity in the equation 

Z> = that is, Z) = € ” • 

P P 

For elastic spheres, Chapman finds that e == 1.200, i.e., the self- 
diffusivity is 20 per cent greater than the simple theory indicates. 
For molecules repelling each other with a force inversely as the 
fifth power of the distance, Maxwell gave the exact theory and 
found that e should equal 1.504. In Sec. 75, where a discussion 
of the results of experiments on diffusion is given, it will be seen 
that the experimental value of the ratio is contained within these 
limits. 

74. Measurement of Gaseous Diffusion. — The first measure- 
ments of gas diffusion which were conducted in such a way that D 
could be evaluated from the data were made by Loschmidt^ in 
1870. The method he used is virtually the same as that used in 
all subsequent measurements of gas diffusion. He used a glass 
tube 97.5 cm long and 2.6 cm in diameter which was held in a 
vertical position. At its center it was divided into two parts by a 
partition. Initially, the top half was filled with the lighter of the 
two gases to be studied and the bottom half with the heavier. 
Then the partition between them was carefully removed and the 
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diffusion began. At a measured time later the part,ition was 
put baek in place again. The contents of thx^ two halvxis of the 
tube were then analyzed, and from the change in composition 
the value of the coefficient of diffusion was inferrxHL 

It is desirable to give an account of the nuithod in sotue dxdail 
in order to see what the experiments tciacdi. 'Tlu; th(a>ry will bo 
developed on the assumption that D dox^s not depxvnd on the 
composition of the gas at the place where the diffusion is taking 
place. Moreover, it will be rcracm))ercKl tliat wlum tlui diffusion 
equation was developed it was astiimied tlmt tlui mass of gas 
crossing unit area in unit time was simply i)roportional to the rate 
of change of the composition of the gas a,(!ross tliat plan(^. L<d it 
be supposed that a series of experiments like; those just outlined 
were carried out, starting with the same gas(\s l)ut allowing diff(>r- 
ent times to elapse before the partition was closc'd. If, now, the 
values of D inferred from each expcriimmt in such a set should 
prove to be equal, the experiimmts would have confirmed the 
hypotheses made in the theory. If D should vary, howx^vxu*, it might 
be due to the fact that D is a function of the (Jomposition or to a 
more fundamental error coming from the assumption that the 
transfer of xnass across a plaixc is not simply proijortional to the 
composition gradient. Idle complete criticial xliscussion of the 
experiments and their signifioanxso for tluisxs alt(Tna<,iv(^H (’-annot 
be given in detail, dlic results will b<i given in th(% iu«t sc'ction, 
where the measurements of D arc summarizxHi. 

The theory of the Loschmidt method for thx! mxuisuninHjnt of 
diffusion calls for the solution of the comphdxi diffusion (squation 
with appropriate boundary conditions. Let the length of the 
tube be a. Take the origin of x at the bottom so that the 
tube runs from a; = 0 to a; = a. At tlu*. initial instant, if =» 0, 

assume the mol fraction i?’ of A to bo 1 from x ->= 0 to a; ^ 

{i.e., let it bo assumed that there bo only A mohnnihiH in the lower 

half and that above this point, from a; ^ ^ there bo 

none), also let it be assumed that there be; only molo<}ult;8 of the 
B type in the upper half of the tube. Sincx; no diffusion takes 
place through the ends of the tube, it follows also that 

dF 

— = 0 at » =0 and x a at all timen. 
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The solution of this problem for the conduction equation of 

dF 

Sec. 70 when ^ ^ 0 is well known from the classical work in 

heat and is given in detail in works on partial differential equa- 
tions, such as Byerly^s® ‘^Fourier Series and Spherical Har- 
monies.^' The solution is given in the form of a Fourier series 
and is as follows: 

n = « 

rj! If" 1 • \ a J 'iVtvCC 

F = + - V - sin -^e ^ ' cos 

2 IT n 2 a 

r). = 1 


This infinite series expresses the mode of variation of F with the 
time at each place in the tube. In the experiments, the partition 
is replaced at the time t and the composition of the gas in the 
upper and lower halves of the tube determined by analysis. 
What is measured is the average value of F in each half of the 
tube. The measurements give F^ and F^,, the average values 
of F, in the lower and upper parts respectively- The averages 
can be computed in terms of D and t from the series by the 
formulae : 


a 

— 2 — 2 r® 

Fz = - Fdx Fu \ Fdx. 

ajo CLJa 

2 

This yields for the two averages 






The difference in the mol fractions is, then, 


Fz — Fu = 


8 


1 

-U ±p 


a2 






+ 


In this expression the terms after the first three are so small for 
moderate values of t that they are quite negligible. It will be 
observed that the analysis of the contents of but one of the tubes 
is necessary, since if one is known the other follows from it 
directly. The manner in which D is to be computed from the 
above equation when Fx, F^, a and t are known is rather involved 
and can only be carried out by successive approximations or 
graphical methods. In experimental work the times are such 
that the first three terms of the series only are necessary. 
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V. Obermayerio has given a table of values of Fl ~ Fu com- 
puted from the series which greatly facilitates the evaluation of 
D from given data. 

The following table is abridged from that of V. Obenuaycu-. 
It refers to a tube for which a = S(>.()2 cm. 


Difpisrbnck in Moij FitACJTtoN AS Function ok J>t 


Dt 

Fl - Fu 

JH 

Fl Fh 

0.00 

1 

0.0(> 1 

0 . 3(iS 

0.01 

0.738 

0.07 

0 . 323 

0.02 

0 .632 

O.OS 

0 ,2h:} 

0.03 

0.549 

0,09 

().24S 

0.04 

0 .480 

0.10 

0 .‘218 

0.05 

0.420 




Stefan^^ employed another method of mea.suring diffusion. 
In it the gas is simply placed in a verticial cylindrical vtsHsel. 
At the initial instant one end of the vessed (the uppeu’ omj if the 
gas is heavier than air) is opened. Afttsr a nuiasured time this 
cylinder is closed and the contents analyzcid. Th(» tluiory of this 
method proceeds along similar lines to that of tlui Los<duui<lt 
method. The diffusion equation must hoIvckI with apjjropriahi 
boundary conditions. If a is the length of tlie tulx!, tlu^ (jondi- 
tions assumed by Stefan are, at i == 0, F = 1 for 0 <. -x < a; at 
dF 

all times, = 0 for rc = 0 and F = 0 at a; => a. This last 

condition corresponds to the assumption that the gjiiB (escaping 
from the cylinder at the mouth diffuscis outward in the three 
directions away from the mouth, so rapidly that the concentra- 
tion is always zero at the mouth. This is, of course, not exactly 
correct, but requires a small end correction, i.e., the actual 
accumulation of gas around the end makes the tube act as if it 
were slightly longer than it actually is. The theory of this 
correction does not seem to have been developed. It HoinuH that 
the Loschmidt method is capable of greater accuracy than that 
of Stefan. 

As was mentioned earlier in this section, if the assumptions 
leading to the differential equation of the diffusion aro correct, 
the values of D obtained in a series of expisrimcinte should not 
depend on the period of time over which diffusion takes place. 
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Obermayer finds, however, small deviations of this sort such that, 
using the Loschmidt method, short periods of time invariably 
yield smaller values of the diffusivity than do longer periods of 
time. This led him to the conclusion that the mass transfer is 
not strictly proportional to the composition gradient, but is 
slightly less than proportionality would require for the targe 
values of the composition gradient which occur during the first 
part of the experiments. All of these deviations are less than 
4 per cent of the mean value of D, They do not seem to have 
been given theoretical discussion. 

In the measurements made by students at Halle to determine 
the amount of dependence of D on the composition of the gas 
mixture, the Loschmidt method was employed in a slightly 
modified form. It is interesting to note that, as but slight 
dependence on the composition ratio was expected, these workers 
used the solution of the differential equations which assume D 
constant. This was necessary since the equations with D vari- 
able do not yield to solution. The work was so arranged that 
the composition did not vary much in an experiment, so the 
assumed constancy of D in the treatment is probably fairly 
correct. In some measurements, instead of putting pure A in 
one-half of the tube and pure B in the other, pure A was allowed 
to diffuse against a mixture of A and B of known initial composi- 
tion. ' From such data, values of D were obtained as a function 
of the mean composition of the diffusing mixture. In other 
experiments the upper half of the tube was further subdivided 
into two equal parts and computations of the diffusivity based on 
analysis of all three compartments. 

76. Experimental Results on Diffusion. — The measurement of 
diffusivity of gases can afford several crucial tests of the kinetic 
theory of gases and also yields valuable data on the size of 
molecules. The main result of the theory is that the diffusivity 
of a mixture of two gases is given by: 

D = + (1 -F)^l 

L Pb PaA 

or by 

D = elFLsCs + (1 - 

in which € is a numerical factor whose value is between 1.000 
and 1.200 on various assumptions, F is the mol fraction of A, 
7} and p are the viscosities and densities of the two gases involved, 
while Lb and cb are the mean free paths and average 
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thermal velocities. Thus the theory predicts, for a siveui value 
of F, that the diffusivity should vary with temperature and 

pressure in the same way as do the ratios ^ for the two f^ases. 

Since La and Lb are proportional to and to T at confitant 

pressure, and Ca and Ca are proportional to a/T, D shouhl be 
proportional to the M power of the absolute temperature, and 
inversely proportional to the pressure. '■I’he accmracy of the 
measurements in this field is not so great as for the relates I elTcicts 
of viscosity and heat conduction. From the experimetital 
results, taken at pressures around atmosph(;ric and at teunpera- 
tures near normal room temi>oratures, it can bc’i said that the 
diffusivity varies inversely as the pressure and as a power of the 
absolute temperature between 1.75 ami 2. 

In the discussion of viscosity it was seen that 57, by the simple 
theory, varied as and not at all with p. Moreovi'r, if the per- 
fect gas laws are applicable, p varies as T'"* at con.stant pressure 
and as p. Putting those together, one has that on simph^ tluiory 
the diffusivity should vary as T"’-' ami as /r h 'rhe obscirvcd 
exponent for the variation is somewhat gnuib'r, as was just 
stated, and this is consistent with the fa(d; that 17 aef.ually vari<js 
with T according to a higher power than 'I’his more rapid 

increase in the case of viscosity was e.x'plaiiHKl by Sutlu'rland 
(Sec. 62) in terms of the effect on the mean free pal.lis of attract- 
ing forces between the molecules. A similar analysis might l)0 
developed for the theory of diffusion, but it should be observed 
that it would be more complicated owing to the tUKii^Hsity of 
taking into account the attraction of A mohiculcis on (sach other; 
that of A molecules on B molecules, and finally of B mohujukss on 
each other. 

The next point on which it is interesting to (jompare theory 
and experiment is that of the variation of the diff usi vity with the 
composition of the gas mixture. According to thes simple theory, 
there should be a linear dependence on the mol fracition which is 
rather large when the values of LS for the two gjis(7s are quite dif- 
ferent. On the other hand, according to a kinetic theory of 
diffusion developed by Stefan and Maxwell, for which there is 
no space here, the result is obtained that the diffusion should be 
independent of the composition and that the value should bo 

D « 1.336’^ 

P 


(see Jeans, p. 317). 
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The investigation of the dependence of D on composition was 
made the subject of a series of doctors' dissertations by R. Schmidt 
(1904)^ O. Jackmann (1906), R. Deutsch (1907), and A. Lonius 
(1909), at Halle. The results of all this work are summarized in 
a paper by Lonius. The following, table, from this paper, 
summarizes the results: 


Dependence op D on Composition 


Gases 

F 

D 

Observer 

A 

B 

02 


0.5 

0.27335 

Jackmann 



0.252 

0.27609 

Jackmann 

N 2 

H 2 

0.5 

0.26565 

Jackmann 



0.235 

0.26830 

Jackmann 

02 

N 2 

0.5 

0.073035 

Jackmann 



0.467 

0.073332 

Jackmann 

02 

Hi 

0.25 

0.27616 

Deutsch 



0.5 

0 .28003 

Deutsch 


i 

0.75 

0.28934 

Deutsch 

CO 2 

H 2 

0.25 

0.21351 

Deutsch 



0.5 

0 .21774 

Deutsch 



0.75 

0 .22772 

Deutsch 

Ar 

He 

0.5 

0 .25405 

Schmidt 



0.377 

0.25040 

Schmidt 

Ar 

He 

0.273 

0.24818 

Lonuis 



0.315 

0.24965 

Lonuis 



0.677 

0.25626 

Lonuis 



0.763 

0.26312 

Ijonuis 


The conclusion reached from this program of experiments is 
that, while D varies with composition, in no case was the variation 
more than about 8 per cent of the mean value of D. The Stefan- 
Maxwell theory is therefore incomplete. The theory of inter- 
diffusion, or transfer theory, gives the correct sense of the 
variation with composition but predicts a much greater amount 
of variation than is actually observed. 

The transfer theory of diffusion is brought more nearly into 
accord with experiment through the theoretical work of Jeans^ 
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in applying a correction for persistence of velocities. The 
researches of Chapman*"’ and Enskog*’ on diffusion by more rigor- 
ous mathematical methods lead to fonnulse whi<!h predict the 
actual variation of D with composition quite closely. As a 
result of these more advanced developuKuits of the theory it may 
be said that the experiments on this point are fully (explained by 
the kinetic theory. 

One more point remains on which comparison b(dAv<Hm tluiory 
and experiment may bo made and that is as to tlui value of the 
factor €, occurring in the equation 

D = 

P 

in which D is the coefficient of diffusion of tlu; gas into itself. 
Although this quantity camxot be determiiunl <^\i)<>rimentally, 
a method has been indicated by Lord Kelvin'** wher(d)y it may be 
estimated from data on the diffusivity of variotis pairs of gases. 
From the measurements of Loscdimidt on dilfusion ami the 
modern data on viscosity the following tablt! was (compiled: 

ILxFWfilMMNTAIj VaIxUMH OF f 


( iaH 


H2.. 

O2.. 

CO. 

C02 


It will be observed that all of thesci vahu^n Vw boiwocni the 
extremes 1.200 for elastic spheres and 1.504 for nioUHnik^s r< 5 i)eh 
ling according to the inverse fifth-powen* law. 
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CHAPTER VTT 


THE LAWS OF RAREFIED GASES AND SURFACE 
PHENOMENA 

76. Introduction. — The study of this phast? of the axibjc’ict may 
be begun from the historical point of view, 'bhe early investiga- 
tions of gaseous viscosity were carried out largc'ly by means of 
the study of the flow of gases in capillary tubes. It was shown 
from a theoretical deduction of the coefficient of visciosity i? (Sec. 
GO) that this coefficient of viscosity is indc'iperukmt of tlui gaseous 
pressure through wide ranges of pi-cissurt!. It fails to <lo this 
at low pressures, however, an<l the failure was ascu'ilxul to the 
fact that, as the pressure decreases, tlus nuuin free pat,h becomes 
comparable with the dimensions of the apparatus xised. 'Phus 
the assumptions made involving the stati.stit^al comlitions muler 
which 17 is defined no longer hold, and tlu^ flow cannot be f,r(‘at,ed 
in the usual way. The point at which the bn^akdown of this 
phenomenon occurs, however, depends on the dinumsions of 
the apparatus used and the nature of tlie nu'asurenient. Its 
discussion, therefore, requires that the <ltiviation be Htxulied 
from the point of view of some given process of measurciment. 
Historically, this occurred in a study of the laws of fk»w c»f gases 
through a capillary tube. At high prcsaurcH, and even down to 
a few millimeters of pressure the law of Poisaeuilkd holds. As 
the mean free path of the molecules approacluis th<! diameter of 
the tubes used, the law fails. The failunx is in tlu< stmao its if, 
instead of the velocity of flow being zero at the walls (im assumj)- 
tion made in deducing Poisseuillo’s law and which this Ijtw justi- 
fied), it has a value greater than 0 ; that is, th<! gas appears to 
slip past the wall. The amount of gjis coming out from a txibe 
under these conditions therefore appears to he greater than the 
diameter of the tube would warrant. The experiments of Kimdt 
and Warburg* in 1875 showed that an extension of the law of 
flow was necessary at low pressures, and indicated how this 
should be done. Theoretically, the conditions determining the 
flow were worked out successfully by MaxwelP for this case in 

240 
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1879. The analysis of the failure of the law, however, remained 
incomplete until the measurements of Knudsen^ in 1908 threw 
more light on it. It thus became possible to explain the phenom- 
enon fairly completely. The further researches of Knudsen 
on this and other low-pressure phenomena following the work 
mentioned directed attention to the possibilities of a successful 
treatment of such problems by kinetic-theory methods. It also 
led, together with the development of more powerful pumps, to a 
study of methods of low-pressure measurements. With the 
impetus given by these investigations, the theory of heat conduc- 
tion in a gas at low pressures and the heat transfer from solid 
surfaces to gases at these pressures were carried on. Another 
phenomenon was also discovered and studied at low pressures. 
This is known as thermal transpiration. It consists of the flow 
of gas from a cooler rarefied body to a hotter one when these are 
connected by a capillary tube. In the development of the theory 
of heat conduction in a rarefied gas, together with the develop- 
ment of pressure-measuring devices, another set of phenomena 
received a study and some clarification. These are the so-called 
radiometric phenomena. The Crookes radiometer, so often 
seen in opticians’ windows, consisting of a set of mica vanes 
blackened on one face and mounted on an axis so th^t they are 
free to rotate inside a partially evacuated glass vessel and which 
rotate when radiation falls on them, is a good example of this type 
of phenomena. The action of various types of instruments 
showing such effects have been quite recently studied from the 
standpoint of low-pressure conditions and have in some cases 
received a satisfactory explanation. 

All these phenomena at low pressures in contradistinction to 
high-pressure phenomena emphasize the importance of impacts 
between molecules and the walls of the vessel relative to the inter- 
molecular impacts so prominent at higher pressures. This has 
two effects ; The first is to make the various phenomena 
observed much more a characteristic effect of the particular appa- 
ratus and experimental arrangement, thus making generalization 
partially impossible and conclusions drawn from observa- 
tions apparently contradictory. The second effect is that it 
becomes necessary, to scrutinize, from the kinetic point of view, 
the nature of the momentum or energy exchange involved in 
collisions between gaseous molecules and solid surfaces. For 
instance, as will be seen in the discussion of capillary Alow at low 
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pressures, the question arises as to whethci- the impinging mole- 
cules suffer specular reflection from the walls or whether they arc 
reflected from the walls with a random distribution of velocities. 
Again, when molecules of one temperature strilce a surface at 
another temperature one might well ask if the recoiling molecule 
left with the temperature of the surface or with a t<!uiperjiture 
intermediate between the two. This leads, therefore^, to the 
study of the reflections of gas molecules from surfacies in general. 
The interpretations of the results of various ol)serv<vrs lc;ad to 
slightly differing answers to these questions, sind at pr(!sent tliero 
is no general completely satisfactory theory. It is possibUi that 
the different conditions actually lead to dillerent prexaisses 
of reflection, or, as stated above, the particular natuix; of tlie appa- 
ratus in each set of observations gives ixwults so (iharacf, eristic of 
the apparatus and conditions used that it is impossibki to single 
out the true interpretation as regards the ciucisf.ion of ndkiction. 

Intimately connected with the question of reflection comes a 
question raised by the fact that a considerabk! proporf.ion of the 
molecules appear to leave the solid surface with a random distri- 
bution of velocities. Overlooking the molecular rouglnunss of 
the surfaces some observers are constrained to l)(;liev<< that the 
molecules actually condense on the solid Hurfa(u;s a,nd nnnaiii 
there for a period of time long companal to the tinu^ of a molecular 
gas impact. Thus the question of the formation of layers of gas 
molecules on surfaces, or perhaps, mor<i gemirally, the (piestion 
of “sorption” of gas molecules, is brought up. Oubside of the 
possibility of the actual solution of the gas in th(i solid, tru<^ abmrp- 
tion {e.g., the case of Hz in Pd metal, or of IIbO in glass), two other 
types of surface absorption are shown to exist by I.,angmuir.'‘ 
These are the adsorbed monoraolocular laycu’s of g<is tnokscules, a 
reversible phenomenon (whoso equilibritnn is goviu'iuul by tem- 
perature), and a chemical typo of adsorption which tkqKuids on 
primary chemical valence forces. The latter tyiie of adsorfjtion 
is of great importance in phenomena of surface catalysis of chem- 
ical reactions. 

In this chapter the subject of low-pressure |>lumom(!na will 
be introduced with a derivation of Poisaeuille’s law for capillary 
flow at high pressures, as this gives a clear and logical iiiti'ofluction 
to surface effects. The extension of this by Maxwell to low pres- 
sures will then be given, introducing Maxwell’s assumptions. 
Then will follow Knudsen’s contribtitions to the experimental 
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and theoretical sides of this question and a discussion of the effu- 
sion of gases at low pressures. Following this a section will be 
devoted to some of the questions of heat conduction at low pres- 
sures and the heat transfer to solid surfaces. The theory of the 
molecular manometer of Knudsen and the problems of thermal 
transpiration will follow in the next sections. Following this 
there will be a brief discussion of repulsion radiometers, including 
the Crookes radiometer. In the succeeding section a summary of 
the question of molecular reflection from solid surfaces will be 
given together with a brief discussion of sorption, with special 
emphasis on Langmuir^s work on adsorption. It may be added 
that an excellent resum6 of some of this work was written by Dun- 
noyer® in a small booklet of the series issued by the Societe 
Fran^aise de Physique, Series 2, page 214, published by Gauthier 
Villars, Paris, 1913. 

77. Deduction of Poisseuille^s Law of Flow of Gases through a 
Capillary Tube, and the Definition of the CoeflSLcient of Slip. — 






Fig. 42. 


Assume a section of a capillary tube down which a gas is flowing 
as the result of a pressure difference Pi — P 2 at its two ends. 
Take a small cylindrical section hr at a distance r from the axis of 
the tube (Fig. 42). The force Fx acting on this is given by lirThr- 
(pi — P 2 ) = Fx, If the flow has reached a steady state, equilib- 
rium exists between this force and the forces of viscous drag 
acting across the boundaries of the surfaces, 27rrLand 27r(r + 5r)L 
of the section, where L is its length. The force F^ on these sur- 
faces is composed of two components. The first component 
F^i is that of the inner faster layer of gas and is given by an equa- 

dv • • 

tion of the form F == by the definition of viscous drag, 

where S is the area of the cylindrical surface, rj the coefficient 
of viscosity, and ^ is the velocity gradient. As ^ is 
negative, for v decreases as r increases, and as >S = 27rrL, F 2 i = 
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~‘2TrvrL~- The second component is the drag produced 
dr 

by the slower outer layer of gas of surface S = 27r(r + dr)L. As 

d( ■ *’• 


here the gradient of velocity is — - 

dv 
-f- 

= —‘2.ir’{\{r + br)L 


<' +l>) 

dr 


the force F^o is, 




dr 


Now/^’z = Flo — /'’at, and for 


equilibrium Fx — Ft — Ft,, — Fti- One therefore lias for the 
differential equation of flow 

dv ^ _ 

27rr(pi - ?)!)6r - -%rri{r + Sr)L ' F „ r * 


(It 


+ 2x7) rZ/ 


dr 


Canceling common terms and reducing the equations, 


■' y** + dr) 


(pi — P2)r = —r}L 

d^v < 

if one neglect the term 5r®, which is an infinitesimal of 

the second order. Hence 


pL 


dh) I 1 dv 

flf i (Ij.- 


Since is a constant of the apparatus, and ^ are 

both constant. A particular solution* <)f such an equation will 
take the form v = A + Br^, where A and B are constants to 
be determined. Now 


dv 1 dv 

-T- = 2Br - ■ y 

dr r dr 

™ = 2B, thus 4i? 
dr^ 


2B 


Vi ^ Pt 


whence 


V 


^ A - 


2LZ.J^ 

477L ^ ' 


* The solution of the differential equation above can, of eotirBe, be under- 
taken by more general methods. The general solution does not differ from 
the one above except for the presence of an exponential term which vanishes 
when the boundary conditions are fulfflled. The method of solution out- 
lined above is simpler than the rigorous solution and so is given at this point. 
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Ji V = 0 when r = R, where R is the radius of the tube, there is 
no slip at the surface of the tube and the equation yields 0 == 


A_ ~ whence A = R^, 

AqL ArjL 

Thus the layer dr at a distance r from the axis of the tube has a 
velocity v given by 


V 


(pi - P 2 ) 
4r)L 


(R^ 


~ r^). 


To get the volume V of gas flowing out of the tube per second it 
is necessary to integrate v(27rrdr), the volume flowing out of a 
layer dr from r = 0 to r = iS, the radius of the tube. 


V = 


X' 


27rr 


(pi - Pi) 


ArrrjL 
7r(pi — p2)R^ 

8vL 


(R^ — r^)dr 


If L is short, a correction should be made for the turbulent flow 
at the orifices. For sufficiently long tubes the law holds well, 
the length necessary for this depending on the value of R, Again, 
as was stated in the preceding section, when the pressures are 
low or when pi — p^ is very great the law fails, for then v is not 0 
when r ^ R. That is, the gas slips past the walls with a velocity 
z;o at the walls. 

To take care of slip at the walls it must be remembered that 
the assumption that = 0 when r = R was made in order to 
determine A, In order to handle the case when v = Vo at r = R 
it becomes necessary to assume that a,tr = R there is a frictional 
force / on the surface of the gas at the tube wall. This force / 
may be written / = eSvo; where S = 27rRL, Vo is the velocity of 
the gas at r = iZ, and € is a numerical coefl5.cient of the force. 
The force at the boundary due to its drag is therefore proportional 
to the velocity and the surface, while its magnitude is controlled 
by these and a numerical coefficient of considerable theoretical 
interest. With these assumptions the condition for equilibrium 
at the wall (i.e., when r == R) will be given by the following 
equation : 

2^ESr(pi - p,) = / - ^ -2wRLv^y 

where the first term is the force Fi due to the pressure on the 
layer Sr at r — R,f is F 20 , which is now the drag due to the walls, 
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and —2TrRLri is F^i, the drag of the inner gas on the gas at the 

surface. If the layer 5r be taken sufficiently small, the term 
2TrRdr(pi — p^) becomes 0. Thus 

-27rRvL^, = / = 2irRLev„, or = -J*’- 


But in the preceding analysis 

di> 1 p 1 

1 — 7'2 

dr ~ 2 

vL 

whence 

rpi — 


^ e 2L 


Putting in this expression for v = 

r /)] 
V() — — 

a 


has to determine A by 


^ 


2L 

R (pi — ps) 
6 ■ 2L 


one 


or 




This yields for v, the velocity nt r, tlu’t expression 

^ (pi - 7 ^ 2 ) ( 

4r)L 




and for the volume of gas flowing out per s(H»,on(! th<^ exprc^sHion 
Y = ^ 7^4 + ‘h R^y 

Here e is a constant of the walls and the gas. This equation 
shows that when measurements are mad(^ i-oughly thes slip at 
the walls may be neglected. The deviation from the first 
equation deduced may be seen at once froitx 

It depends on R. If R is large compared to it can be 

€ 

neglected. 

The ratio ^ which determines the question of tlie importance 
of this term in the theory is called the "coefficient of slip ” and is 
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designated symbolically by t — It really gives the ratio 

of the internal friction of the gas {i.e., the coefficient of the vis- 
cosity) to the coefficient of external friction against the walls. 
The value of e, and consequently of must depend on the nature 
of the impacts which are assumed between the gas and the walls. 
It is therefore necessary to derive an expression for this quantity 
in terms. of the kinetic theory before proceeding further. The 
relation to be considered is due to Maxwell and its detailed con- 
sideration cannot find place here. The ideas used, however, 
will be developed at this point, together with the result. 

If the surface were perfectly smooth, specular or perfect reflec- 
tion would be observed, that is, the molecules striking the surface 
at any angle <j> (Fig. 43) would rebound, conserving the velocity 



parallel to the surface, but having the component of velocity 
perpendicular to the surface reversed. With such reflection 
the only force on the wall would be the pressure normal to it. 
The velocity at the surface would then be the velocity of flow 
along the wall {i.e,, there would be no drag, e would be 0, and the 
gas would flow down the tube with no action on the walls), that 
is, its velocity through the cross-section of the tube would be 
uniform. This is not the case, for actually there is a frictional 
term. This means that there must be some mechanism by which 
the gas is retarded by the walls. If the walls were composed of 
spherical gas molecules at rest with large spaces between them, 
the molecules striking such a wall would lose their momentum, 
for, on the average, they would be reflected as if they had veloci- 
ties after reflection equally probable in all directions. Maxwell 
points out that such molecules could be considered as ^‘absorbed 
and reevaporated from the surface at a temperature corresponding 
to that of the gas, if the wall and the gas are at the same tempera- 
ture. With such a process occurring, the gas would still have a 
velocity of slip. In this case, however, the velocity at the wall 
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would be less than that in the center and the gradient could be 
calculated. How this occurs can easily be seen. The molecules 
leaving the surface must equal those approaching it when equilib- 
rium has set in. Those leaving have random velocities, and 
hence no streaming velocity down the tube. Those approaching 
the walls have an average velocity component v appropriate to 
the scenes of their last impacts in the gas. Thus the layer of 
gas nearest the wall is composed, on the average, of equal num- 
bers of molecules with zero streaming velocity and with an 
average velocity v. There will thus be a velocity jump at the 

surface equivalent to If the molecules of the wall arc not dis- 
tributed as assumed by Maxwell, they may partly specularly 
reflect the impinging molecules. In such a case the slip will be 
greater than that above, and Vq will bo increased. Actually, 
the surface molecules of the solid are not necessarily distributed 
to give diffuse reflection, but, as Maxwell points out, tlxoy act so 
as to shield each other from direct impacts of gas molecules. 
The result will be that very oblique impacts will cause reflection 
from the outer ends of the wall molecules. They will thus be 
more nearly specularly reflected than will the molecules striking 
normally. The outcome of this will bo that there will bo a slip 
in the gas which will depend on the relative importance of tlie 
two kinds of reflection. To study this, ho assumes that those 
molecules striking a fraction / of the surface will be absorbed, and 
1 — / will be specularly reflected. To calculate the slip he then 
proceeds as follows; Assume the gas to be flowing aloixg ?/ past 
a plane surface yz, and that the positive x direction is the direc- 
tion of the gas from the wall. Call u, v, and w the components 
of velocity along the three axes. If, now, a particular velocity 
be chosen one may term —ui the incident value of the x compo- 
nent, and wa as the rebounding value of the x component of 
the molecules that are specularly reflected. The a: component 
of the evaporated molecules will be +u'. The mass of gas of 
velocity component —Ui incident' on unit surface of the piano 
per unit time is, then, —piUi, where pi is the density of mole- 
cules of velocity component Ui in the gas. Of these molecules 
the fraction 1 — / has u reversed in direction. For the fraction / 
evaporated, the average component of velocity is w', correspond- 
ing to the temperature 0' of the wall. With these considerations 
One may write that for the fraction / that are absorbed the 
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momentum normal to the surface must equal the momentum of 
the same molecules reevaporated from the surface at the same 
temperature; that is, 

—fpiUl = fp2U2'^ 

It also follows that the total momentum given to the wall by 
the molecules leaving is expressed by 

P2U^ = -”(1 — f)plUi +fp2U2', 

where pi, P 2 , and P 2 ' are the densities of the molecules having 
velocities ui, U 2 , and U 2 . 

Along the direction of motion y the velocity is and the inci- 
dent momentum is piUi, the mass striking per unit time times the 
incident velocity v. Of these, 1 / are specularly reflected and 

(1 f)piUiVi is the momentum along the wall which is not 
changed, that is, this is the momentum exchange which causes 
the additional slip. The momentum of the evaporated portion 
along y which has an average velocity component — (the rela- 
tive velocity between gas and the surface) is, then, —fp 2 U 2 'v. 
The expression for the momentum of the reflected molecules 
along y is, then, expressed by the relation 

P2U2V2 == (/ — l)plUiVi — fp 2 U 2 ^V, 

Between this and the preceding equations the quantities fp 2 'u 2 ' 
can be eliminated and one has for the momentum transfer the 
following equation: 

(1 — f)piUiVi + P 2 U 2 V 2 + «^[(1 ~ f)piUi + P 2 U 2 ] == 0. 

To solve this in order to get the velocity of the gas along the 
wall, the appropriate values for pi, P 2 , Ui, U 2 , and vi, V 2 , and -v 
must be put into the equation, and integrated for u from — co 
to 0 and with respect to v and w from —co to +co ^ and for the 
molecules which are leaving the surface for u from 0 to 00 . 
The functions to be inserted are taken from a more general expres- 
sion deduced by Maxwell for the case where the temperatures of 
the wall and gas may be different. They are too lengthy to 
include in this place. With certain simplifications to facilitate 
solution and the assumption that the temperatures of the gas 
and the wall are the same, he finds that the velocity of the gas 
at the wall is given by 

t ITf2-f\dv 

- V2’'V PpV / )dx’ 
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where ~ is the gradient of velocity normal to the wall. It is 

CLOIj 

nr dv . . T 

, , a minimum value, and 

j)p ax 

as / decreases Vo rapidly increases. For the case of the flow in 

a tube ^ is replaced by the y above, and one has 
ax ar 

_ r, fiTli f (2 ~ f\ dv 

M V ’/ / 

where M is the mass of a gram-molecule, R is the gas constant per 
gram molecule, and T is the absolute tempcu-ature. But it was 
found in deducing the slip term of Poisseuillo’s equation that 


seen that when / = l,Vo 





whence 

.^1_v {^RT(2-f\ 

^ ~ e~ v\2~M\ T/' 

This at once gives the value of the coelTicient of slip in terms of 
the fraction / of the molecules evapoi-ated from the surface, or 
the fraction 1 — / specularly reflected. It is thus semi that the 

term f ^ in Poisseuille’s law depends on tho-\/ f, on /, and on 

“• It is the variation of with pressure that is of interest, for 
the correction term for slip in Poisseuille’s law depends on 
- As long as pR is large compared with the other quan- 
tities, the term may be neglected, but when p become* small the 
correction must be added. One is now in a position to compare 
the theory with experiment. 

Before doing this it might be stated that Bauhj’' also found an 
expression for the coefficient of slip similar to that of Maxwell to 
a first approximation. Baule interprets /in terms of a coefficient 
which gives the fraction of molecules which make only one impact 
with the walls of the solid. Thus such molecules do not come 
into complete equilibrium with the walls, and retain some of their 
incident velocity. Those that escape after several impacts have 
the random distribution of evaporated molecules of Maxwell. 
If / = 1, his formula becomes identical with Maxwell’s. It 


(l + 
\ 
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merely makes a more accurately analytical picture of what takes 
place at the wall. A very accurate measurement of the coefficient 
of slip was made by Blankenstein.^ He used the rotating- 
cylinder method (see Sec. 63) in the gases H 2 , He, air, and O 2 
where the gases were kept very pure by a constant-flow method 
at low pressures. The surfaces were burnished surfaces of silver 
oxide deposited on brass. In this method the deflection is 


•ffl 


related to the momentum transfer of the gas by the factor 

V 

at high pressures. Here ^ is the velocity gradient at the sur- 
face, d being the separation of the cylinders and V the velocity of 
the moving cylinder. 

is lessened and it may be written as 


If slip appears, the momentum transfer 
rjV 

where is the 


(d + 2^y 

coefficient of slip defined above. By measuring the deflection 
of the cylinder at higher pressures and again at pressures where 
slip occurs, it should be less at the low pressures in the ratio 
d 

By measuring this difference at different low pres- 

sures, f may be computed as a function of p. From the values of 
f and p it is possible to determine /. For the gases He, H 2 , air, 
and O 2 the values of / obtained were 1.00, 1.00, 0.98, and 0.99 
respectively. Thus it might be concluded that there is practi- 
cally no specular reflection for H 2 and He, while air and O 2 show 
about 1 or 2 per cent of slip. Other experiments by Van Dyke^ 
and Stacy, using shellac and oil surfaces with gases of a more 
doubtful purity, gave a specular reflection of from 8 to 20 per 
cent. The question of such reflection will, however, be more 
properly treated later on. The verification of Maxwelhs equa- 
tion, no matter what the theoretical basis of /, places this mode 
of procedure as a legitimate one. It is thus permissible to con- 
sider the apparent change in the outflow from a tube as pressure 
decreases, found by Kundt and Warburg, ^ from this point of 
view. The equation for the volume of gas flowing out. of /a tube 
as a function of the various quantities entering in was given as 


V 


^(pi - P2) 


+ s)- 


8vL \ ' 

This can be changed to the mass of gas G flowing out in unit time, 
which is what is actually measured. Asp = where p is the 
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density, and as ^mN aC^ 


RT, whe^^ M is th<' mass of 


a gram-molecule, therefore p = ' Since G — Vp, the equation 

for G becomes 

+ 44). 

Thus G plotted as ordinates against p as abscissto is a straight 
line that should pass through the origin. As the pressure 

becomes very low, the factor ^1 becomes appreciable, for 


^)bee 


omes appreciable, for 


^ is proportional to ~, as shown by Maxwell’s theoiy. This 

causes G to decrease more slowly as p decreases, for the f which 
increases as p decreases counteracts the effect of pressure in 
decreasing O. This portion of the curve was that studied by 
Kundt and Warburg and it is explained by slip. 

As the pressures decrease still more, the flow at first rises as 
pressure decreases and finally ceases to change with ijressuro at 
all, remaining constant. It was the portion of the curve for G, 
just before the rise and from there on, for which the thooiy was 
incomplete and was extended by the work of Kiuulsen^ in 1909, 
78. Flow in Tubes for Rarefied Gases, Knudsen’s Equation. — 
The constant rdgime sets in when the pressures are so low that 
the mean free path of the gas molecules is comparablti with H. 
If this occurs one cannot speak of a fiow in the ordiiuiry sense 
at all. It is perhaps best to discuss and interpret the rdgime of 
constant outflow first, for the transition from the Kundt and 
Warburg deviation from the straight line to the constant outflow 
through the minimum marks a transition frona one type of 
mechanism of flow to the other which cannot be clearly grasped 
until the initial and final conditions of flow are tmderstood. 

The derivation of the equation for this rfigime, due initially to 
Knudsen, is very instructive. He starts with the assumption 
that the number of molecules striking a cm® of surface per second 
is yiMc (see Secs. 40 and 71), where 5 is the average velocity of 
the molecules. If there are N molecules per cm®, the number dN 
with velocity components between c and c fic is given by the 
Maxwell distribution law as 

4Ar e* 

dN = c^e-a’dc, 
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where a is the most probable speed. The number of these mole- 
cules which strike 1 cm^ of surface per second is, then, ^cdN. 

Since the molecules which have a component of velocity of trans- 
lation o) parallel to the wall on striking are absorbed, and reemitted 
equally in all directions (that is, with the / of Maxwell equal to 1), 

the momentum given the wall by these dJ^ molecules is ^cmcodN. 


Since co is the component of the velocity of the gas molecules 
parallel to the wall, co may be written kc where kis Si constant of 
proportionality. This merely expresses co as a fractional part of 
Cj the molecular velocity, and ascribes the Maxwell distribution 
to the components co in this manner. The momentum transfer 

is, therefore, ^c^mdN, The momentum B given the wall by 


molecules of all velocities is therefore given by 


B = \NkA^m 


£ 


Substituting c for a, where c = 


1 3 

= 7 Nkm^a^, 
4 2 


one gets B = — Nmkc^. 

\/ TT 


= V, 


. _ . 2/C . , - , _ 'Efkc 2/co 

As c IS therefore kc = 

This V is the geometric mean of the velocity of all molecules. It 
is therefore the velocity of the mass of gas down the tube, and 
Stt 

one has ^ ^ Nmcv, This assumes v constant across the 

tube. This assumption only holds, in the Knudsen regime, where 
the free path is great compared to the radius of the tube, and 
hence there is no velocity gradient normal to the walls. Physi- 
cally, this means that the gas is so rarefied that the velocity 
transition at the surface which was confined to a narrow region 
originally now extends across the whole tube. 

For a tube of approximately cylindrical form, call dl the ele- 
ment of length of the tube, O its circumference at dl, and A its 
area of cross-section. In M sec. this tube receives an amount of 

Stt 

momentum given by —NmcvOdMt. Setting Nm — p, the 

oZ 

density of the gas, and expressing c in terms of the pressure p, 
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from the relation p = ^Nmc^, the above (luantity becomes 

If it is assumed that the wall Odl gets the whole momentum which 
results from the pressure drop (Unit is, neglecting 

the end effects of the tube), ones obt.ains tln^ rcdatiou be- 


tween the momentum transfer — A 


(Hilt, in the time di due to 


the pressure difference across the anni A, and th<‘ momentum 
transfer to the wall as 




For the mass G which goes through tlui anm p<‘r second one can 
write (7 = Apv, whence 

^ 1'^ ffi A- ilp 


'AMtt "Vp o <a 

If the ratio of tlui density auul pr(^HH^r(^, wlxm tlm presHure is in 
dynes per cm^ is called pc, then 


H /2 / di) 

'' " -■.('iNO' o ,«■ 


If the volume of gais flowing through the tulx^ l*e used insteaid of 

✓ * 

the mass of the gas, that is, if orm wrif.!* Qt ■ , fln'ii 

Pi 

« ^ _ 8 /2 I A- dp 

8 'Vtt Vp, n df 

For steady flow, Qt has the saime value along the tube, Oall- 
ing the length of the tube Jj and the pixwsure on its ends pi and 
'Ph (pi > Pi), one obtains 

which yields on integration 

Q( = „ th - i'G 

! ’ ■ 


1 Pi - Pa 


8 Jo 



LAWS OF RAREFIED GASES AND SURFACE PHENOMENA 255 


that is, 


where 


Pi — 

V7iW ’ 


= 3 ^ 

8V2 jo 


TF is a constant of the form and dimensions of the tube only. It 
has the same function as a resistance factor in electricity, and 
can be called the resistance of the tubes. Thus it is possible for 
this case of flow in tubes to carry over Kirchhofl’s laws of 
branched circuits to the calculation of the gaseous flow in any 
system of tubes. For a cylindrical tube of radius O = 
27rR and A = whence 

TT = § 2 A, 

8\2-n-R^ 

and 

4 1 '7?3 

Qt = 3 V'27r -jj (pi - pa)- 

Where gases flow out of the ends of the tubes with a finite 
velocity, the whole pressure drop is not taken up in overcoming 
wall resistance, for the gas has a kinetic energy on leaving the 
tube which it got from the pressure difference. In this case the 
relation 


must be replaced by 


by 


vO - -A^, 

dl 


E.0= 


where (? = Apv is the mass of the gas flowing out per second, and 
dl) 

^ is the change in velocity per unit length of tube. Thus 


Again setting 


3 Itt ^ ^ d fl\ 

8 V2 Vpi A^^ dl A^pi dl Vp/ 

which on integration over the whole tube yields 

3 /tt 1 ^ O „ Vi ' 

ting 


dl = Pi — p2 
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then 

G = (pi 
If the quantity 


P2) 


V^pjt 

w 


1 + 


1 

cr -pi 


7h 


U 


G 


prp2 

Pi - Pi 


U 


A^pW PiPi 

is small compared to 1, one obtains the pi’evions rcdation <7 = 

/ 

— — pi and the quantity U becomes 

r/ == ^ 

A'^W‘^ ' ' P1P2 

For a cylindrical tube this is 

32 m (pi - pi^ 

9t jL“ 7>tp2 
R 

As V depends on it is seen that, for experimental cases 

where ^ is of the order of Kooo, G must be much less than 

unity, even when pi is hundreds of times gre.ater tluin p^. 

Thus the velocity of flow from a cylindrical tulx! at low pres- 
sures can be taken as 

G = -^-v/^TT-v/ piY ('Pi — Pi)- 

O ij 


This differs materially from the Poissouille’s (squation, having a 
coefficient of slip which roads 



The comparison is clearer if, for pj, the quantity ^ is used, for 
then 


— P — ^Ain M 
)4NmCA p "jioT “ Rof’ 

whence 


G 


■\/27r yj 


M 

Rot 'I 


(Pi 


Pi)- 


It is seen that for low pressures G is proportional to R^, and not 
R* as in Poisseuille’s law. Furthermore, O is independent of 
n and p. 
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The discussion of the minimum of the curves presupposes a 
comparison with the experimental results. In Figs. 44, 45a, and 



p in cm. of Hg 
Fig. 44. 



Fig. 45a. 

455 the points found by Kundsen in CO 2 for a certain tube are 

given. In them T — — — — is plotted against p in cm of mer- 

— x>2 
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cury. The regime from p — 0.004 cm to p — 0.000011 cm is 
shown in Fig. 456 on a logarithmic scale. As is s(H)n at once, T 
decreases linearly with p froixi 22 to about ().2‘1 cm. Fi’om then 



Fkk 4ryh, 


on it falls to a minimum, rising again to p ~~ 0.00 10 cm, from 
which point on it remains as constant as tlui m(!jisurtmi<mtH will 
permit. The smooth curves which fit the results (juite acunirately 
are given by an empirical expression 


T 


ap + h 


1 

1 + c%p 


where the constants o, 6, ci, and Ct can be foxuul from least- 
square reductions. These constaints depend on th(^ dimensions 
of the tube and other factors. All tubes used gave similar ciirves, 
the constants only differing. It is first necessary to correlate as 
many of the constants as possible with the constants detluced thxis 
far from the theory. This is easily done for the constants a 
and 6. The constants Ci and ca, however, are the ones related to 
the minimum of the curve. And it is their evaluation which will 
throw light on this process. 
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The constant a can be evaluated as follows. If Poisseuille’s 
law is assumed to hold with no slip at the walls, it yields 

rr ’tI 


equation. The a should then be given by a = 


Calculat- 


This term is equivalent to the portion T = ap of the empirical 

ttI^ 

8 rj L 

ing a for his tubes from this expression, Knudsen finds agreement 
with the observed values within the limits of experimental 
uncertainty. 

For small values of p the equation goes over to the form T = h, 
for ap and become 0 and 1 respectively in this case. For 

the lowest pressures one has the conditions of molecular flow, in 
^ z, and for cylindrical tubes of circular cross-sec- 


which T = 


wVpi' 


Hence b becomes b 


4 1 


tion T = ^ 27r J . 

^ "v Pi ^ 

To obtain the values of ci and C 2 , two cases must be considered. 
The first one is for pressures where the free path is small com- 
pared to the radius of the tube, but not negligibly small. The 

Cl 


study of this case will give a ratio of the constants 


C2 


The 


second one is where the radius of the tube is smaller than 
the mean free path, but is not vanishingly small compared to this. 
The study of this condition leads to an evaluation of C 2 — Ci. 
The two cases together then afford means of obtaining Ci and 

For the first case p is so great that -z — j may be written as 

1 + C2P 


Cl 
C2‘ 

the values of a and 6 one has that 


The equation then becomes T = ap + 6”. Putting in 


C2 






32\/2 7} Cl 
3"%/^ "v/ Pi 


;> 


But in this regime (which is that of Kundt and Warburg) Poisse- 
uille’s equation also holds, including the slip term. This law 




gives T = g-^p(l-f- 




Comparing the two expressions 
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for T, one has at once that f - The experiments 

S-y/iry/ pipca 

of Kundt and Warburg showed that f was similar to the mean free 
path, so that f could be replaced by k\ where k is a fraction 
nearly equal to 1 and X is the mean free path. Also, since Max- 
well’s distribution law gives a relation between X and rj of the 
form 


0.30967 pVii 


k^/Sri 

V'v(0~30967) p Vpi 


3\/ 7r\/ f. 


1 * 1 • 
that is, - = 0.95A:. As k is loss than unity, is a cionstant 

C2 <'-i 

independent of the raflius of the tube and the nat.ure of t,he gas 
whose value is less thaxi 0.95. In fact, Knudsen’s experiments 

bear out the fact that is between 0.85 and 0.78 and is in<lep(in- 

C2 

dent of tube radius, specific gravity, or viscosity of the gas, 
and he chooses = 0.81. 

Cz 

The evaluation of c-z — Ci is a far more complicated question, 
for which there is not room in this text. The general considera- 
tions by which this end is rcachoil are instructive, and may 
therefore be briefly indicated. At pressures where the fnu? path 
is greater than the dimensions of the tube, but not numb greater, 
both impacts with the walls and with other moletndxis occur. 
The momentum of the moving molecules can then be e.arri<Ml to 
the walls by two processes: either by direct impact with the 
walls, or by the molecules struck by these molecides, which 
therefore have some of the streaming motion, d’ho former can 
be computed from the number of molecules striking unit area of 
N5 

the walls, which is The momentum carried by these two 

mechanisms can then be roughly evaluated. Allowance must be 
made in this calculation for the time elapsing between the impacts 
of the moving molecules and the others, and the transfer of this 
momentum to the walls. This calculation leads to the use of a 
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small numerical factor k of a value about 3 "^. Using this, T is 
calculated to be 

for a cylindrical tube of circular cross-section. Comparison of 
this with the empirical equation, which for the approximate 
values of p for which this occurs takes on the form 
!r = ap + &(1 — (C2 — Cl) p) 
leads to the relation 


(1 _ ^ - fjp- 


This equation becomes 


Ci 


Cl = 1.2378 


A 

p\ 


0.6117 


in the event that k = 3 "^, if the values of a and b are substituted 
in it. The agreement is satisfactory in order of magnitude 
between the empirical C2 — Ci and the calculated C2 — ci. It 


/ — 

indicates proportionality between C2 — Ci and — but does 

yjlt 

not agree completely with the numerical factor for which Knud- 


sen substitutes a value d. 


From the value for — and the 

C 2 


value for C2 — Ci containing d Knudsen deduces the values of 
C2 and Cl, as 

C2 = R 

V _ 

Cl = 0.8 lOd SA 


^ TT 1 , 4 1 

^ “ 8 ^ X ^ A/Ji 


1 + ' 
^ 

1 + dA-BlRp 


This equation is now no longer completely empirical in the sense 
that all the constants are more or less rigorously deduced from 
theoretical considerations and are in no sense arbitrary. The 
only one approaching an arbitrary value is the constant d. Its 
numerical value was estimated from rough theoretical considera- 
tions only and hence is uncertain. 
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To obtain a more correct empirical valno of d and to tost the 
equation, the expression for T can be differentiated to find 
the value of p for the minimum of the curve. This leads to the 
expression for pm, the pressure at the minimum: 


Pr, 


dA/pi«\ \ / ^’2 \ V m / 


d\^ pu 

where m = ^ 2^2 nhown tha,t the 

following conditions must hold. They ani that 


PviC 2 = constant. 

= constant (To is the value of T when p = 0). 
J- 0 

= constant. 

Am 


These conditions arc tested on the empirical constants of his 
observations and found to hold. hVom the relation that pm<h iw a 
constant observed to be near unity, d is computcal as 2.47. This 

value is checked by calculating Vir » using d from 

* 0 Am 

his equation for the minimum and comparing theses with the 
observed values. They agree fairly well. If, th(u:i, thc^se vahu^B 
be assumed, Tj the outflow per unit pressure difTefrcmce, is 
obtained as 


1 . 4 / I ]i^\ 

^ i L “ + Vp, 


1 + 2.Q(y^'Rp 
n 

1 + 2.47 

V 


or, expressed in terms of the mean free path, 
Qt tt ' s/tt li* 1 


T 


Pi - Pi 8 ->/ 8 ( 0 . 30967 ) /■' \Vpi 


+ 


\/2w , . 

O K Vpi 


I "t” 0.81 




1 4- 


ryji 


Thus, with the aid of the kinetic-theory analysis at low 
pressures, one has a compleie analysis of thcj flow of gases down a 
tube of cylindrical cross-section. In making this analysts, 
certain new concepts about the momentum exchanges between 
solid surfaces and the gas have also been derived. 
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79. The Effusion of Gases. — Another eifect which is closely 
related to the above phenomenon is that of the effusion of gases 
through small openings. In the last section the laws of flow of 
gases through tubes of finite length at low pressures were dis- 
cussed. If, now, the tube be considered infinitely short, there is 
the phenomenon of the effusion of gases. 

Picture two vessels A and B having N' and N" molecules 
per cm^ in each. If the two are connected by a hole of area s in 
an infinitely thin partition, then molecules strike the opening 
from the sides, of A and B in different numbers. The number of 


N'c 

molecules striking s per second from the side A will be and 

the number striking it from the side of B per second will be 
N^'c 

where c is the average velocity of the molecules. As a 


result, there will be a number n = — iV'O going from 

one side to the other per second through the opening. If the 
mass of a molecule be m, then if N'm = p' and N''m = p" one has 
for G, the mass of gas flowing through 5 in unit time, the quantity 

G = nm = “C5(p' — pr"). 


Remembering that c == ^ I-^j where pi is the specific gravity of 

\7rpl 

1 dyne 


the gas under a pressure 


cm^ 


(roughly 10“"® atmospheres), 


and assuming from the gas laws that p' = p'pi and p" = p"pu 
where p' and p" are the pressures in A and B, then 


G = 


's/ 27r 


V Pi(p' — p")- 


G 


Replacing <? by Q = — > then 

Pi 


or 


Q 


T = 


Q 


(jp' - p") 


P' ~ P" •\/2x s/ px 

This law should be obeyed for aU gases where the thickness of the 
wall is small compared to s. 
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This can be tested experimentally in a simple way. Consi dor a 
pressure low enough so that the Knudscn regime of molecular 
flow is reached down a tube. If a thin plate with an opening s, 
small compared to the radius of the tube, b<^ placcnl at one end, 
the rate of flow out of this opening can be easily measured. 4’his 
really amounts to replacing chamber A by a tube having molecu- 
lar flow. For such a tube it was shown in Sec. 78 that the out- 


flow Q' 


1 


P 


V Pi 


W' 


where W' was a term repnis<mting tlie 


resistance to flow. Here IF' 


3\/ 71 
8x/2 


2jo ' 


wh(;r(! Ij is the 


length of the tube, O is its circumference, and A is its area of 
cross-section. 

In analogy with this equation the quantity Q flowing through 
the hole s in the plate is given by the expression 


r\ 1 / r //^ f iv' ~~ P") 

v Stt V Pi V Pi 


W 


Here W 


V^TT 


and acts as a resistance. fl''hc tube of aixiu A 


and the opening in the. plate of area s constituhi two rcssistanccis 
in series whose value is thus W + hV'. fl'he flow Q" through 
the system is then 


Q" ^Q-h Q' 


^ (P' - P") 
'W + W' 


or 


where 


O'' = Vpi 


p' — p" 

W -hW’ 


w 


"s/ 2x 


; and W 


S'n/tt 

8\/2 Jo 


0 

A'-* 


dl. 


Knudsen carried out extensive measurements to test this law 
both at low and at higher pressures. It follows from the value 

Q" 1 1 

of G" that T" = “7 must vary as / (ic., invcsrsely as the 

VP y Pi 

square root of the specific gravity of the gas), and as 
the absolute temperature. These he finds to hold very well. 
For the effusion portion of the equation, by putting in the 
value of W for the tube, he can measure T. The results of some 
measurements are given in the table on p. 266. 
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T obs. 

T cal. 
s 1 

i 

robs. X Vpi 

Hole No. 1: 

H 2 

0.225 

0.230 

0.225 

O 2 

0.0565 

0.0576 

0.226 

CO 2 

0.0465 

0.0491 

0.218 

Hole No. 2; 

H 2 

2.98 

2.92 

2.98 

O2 

0.757 

0.729 

3.13 



The differences of the observed and computed values for hole 
No. 1 for H 2 and O 2 is of the order of 2 per cent, which is less 
than the error of experimental measurement in determining s. 
For CO 2 , the error of 3.5 per cent is of the same order as the 
divergence in the two measurements of the area. The errors 
on holes Nos. 1 and 2 have opposite sign and thus indicate that 
the errors lie mostly in the measurement of s. The agreement, 


therefore, establishes the correctness of the factor 


y/ 2x 


within 


3 per cent. This is in reality a proof of the Maxwellian distri- 
bution of velocities, for, had all the molecules had the same speed, 
a constant error of 8.6 per cent would have been found for both 
measurements. 

{/ 80. Heat Conduction at Low Pressures. — ^When the considera- 
tion of heat conduction at low pressures is begun, as was stated 
in Sec. 76, the importance of the transfer of heat from and to the 
surfaces becomes greatly enhanced. Let the discussion first 
be extended to the mechanism of heat transfer from gas to sohd 
irrespective of the pressure. Assume a metal surface at one 
temperature and the gas at a uniform higher temperature. 
Heat then passes from the hot gas to the cooler metal by the 
following mechanism: If the gas has the same temperature Tx, 
throughout, molecules having a velocity appropriate to the 
temperature, on the average, start from a layer one mean free 

Nc 

path away and strike the surface at a rate per cm® per 


second, where N is the number of molecules per cm® and c the 
average velocity. Each of these carries an energy corresponding 
to its specific heat. If it be assumed that there is no specular 
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reflection and that all molecules strilcing the surface attain thermal 
equilibrium with it, these molecules leave the surface with the 
lower velocity corresponding to T2 the temperature of the metal. 
From this consideration the rate of heat transfer from the gas 
to the solid can be computed. If it be assumed that this transfer 
takes place across the distance of a mean free path, a coefficient 
of heat conductivity from gas to solid can be estimated by taking 

the temperature gradient as The value thus computed 

iS; however^ a hundred fold or even more than that computed 
from actual observed heat transfers. This has led sonic writers, 
especially in the engineering field, to postulate a heat-insulating 
layer, or a layer of lowered heat conductivity in the gas next the 
solid. Such a picture is distinctly misleading and even wrong. 
The fact that the molecules leave the surface at a temperature 
T% at once furnishes a clue to the question, for these molecules 
collide in their first free path with the molecules of the gas Ti, 
Since they must be nearly ecjual in number in the first free path, 
collisions here result in a redistribution of energy, so that the 
average temperature in this layer is not Ti or but has an inter- 
mediate value. As the molecules leaving the surface make more 
and more impacts, they acquire more nearly the temperature of 
the gas Ti, Thus the temperature gradient does not exist right 
up to the last free path from the surface, but the gradient extends 
over many free paths, perhaps even as many as lOO free paths 
from the surface. It is the existence of this gradient which 
limits the rate of heat transfer to the surface. In attempting to 
increase the heat conductivity it is necessary to increase this 
gradient. This could only be accomplished by removing the 
cool molecules to the interior of the gas as soon as they leave the 
surface and supplying new hot ones to replace them. It seems 
possible that by setting the gas into a violent mass motion one 
could accomplish this {i.e., by the use of hot blasts of gas). 
If, however, one considers that the blast velocities usually 
achieved are small compared to thermal velocities which would 
be required to remove the cooled molecules from the surface, 
the futility of this method is at once seen. Furthermore, the 
absence of slip at higher pressures makes this difficult, for the 
gas has a sharp velocity gradient near the surface. If it were 
possible to generate a molecular turbulence at or near the surface, 
the difficulty might be in part overcome. Thus far, no success 
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has been achieved in this direction. The '^insulating layer 
at the surface is therefore nothing but the slowly moving (stag- 
nant) layer of gas near the surface in which a gradual tempera- 
ture gradient is set up by heat interchanges of a kinetic nature 
among the gas molecules. 

As the pressures are reduced, however, these conditions rapidly 
change, for as soon as the mean free path becomes very great 
the slip for moving gases manifests itself. But more important 
than the slip is the fact that in the exchange of heat through the 
gas from a heated surface to a cooler one the molecules leaving 
the cooler surface do not meet enough heated molecules to get 
into equilibrium with them, before they reach the hotter surface 
heating the gas. Thus, the problem of heat conduction at low 
pressures at once involves not only the conduction from gas to 
solid surface, but rather the transfer from one surface to the other 
by means of the gas molecules. Furthermore, since the mole- 
cules now cross from one surface to the other before reaching 
equilibrium, it is obvious that, instead of the gradual transition 
of temperature from one surface to the gas, appearing to exist 
at higher pressures, there is an abrupt change of temperature 
from surface to the gas, whose value can be measured. It is 
this marked temperature drop at the solid gas surface that is the 
feature of the low-pressure heat-conduction phenomenon. 

The existence of this drop was first postulated by Kundt and 
Warburg^ as a result of the considerations following from their 
work on the flow of gases through tubes at low pressures, for with 
molecules leaving the surface at the temperature of the surface 
and exchanging energy with the rest of the gas at the first impact, 
the first layer of gas one free path away must be warmer than the 
solid. At high pressures a free path is so small that it cannot be 
detected, but as the free paths become larger the gradient must 
come to light. Von Smoluchowski^^ investigated this experi- 
mentally and found it to exist. He found, however, that it was 
greater for H2 than for air. This he interpreted as meaning that 
the H2 molecules, because of their small mass, exchanged less 
momentum with the molecules of the surface, and thus retained 
more of their initial energy than the air molecules did. Thus, 
the gradient at the surface was steeper in H2 than in air. Certain 
experiments of Knudsen^^ on the absolute manometer and other 
low-pressure phenomena led him to conclude that apparently 
the rebounding gas molecules from a solid surface did not reach 
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temperature equilibrium with the surface. In his case, II2 also 
showed the strongest departure from the anticipated behavior. 
A somewhat similar conclusion was also arrived at by Soddy and 
Berry/® who investigated the heat conductivity of various gases 
at higher pressures and found that the lower the specific gravity 
of a gas the more their results departed from the theoretically 
expected value. Knudsen therefore decided that these depar- 
tures from anticipated laws needed more extended investigation. 
Since, however, the theory of heat conductivity at higher pres- 
sures was not completely successfully solved theoretically, Knud- 
sen felt that an investigation of these deviations at lowcir pressures 
where simpler theoretical laws obtain, and the tleviations arc 
even greater, would prove of value. In a masterful expc^rimental 
investigation accompanied by a theoretical invcistigation ho 
sets forth the conclusions which he draws. The intcirprcitation of 
his results are called into question by von Smoluchowski'^ in a 
later theoretical paper. As will bo seen, the objections raised by 
von Smoluchowski deal only with certain details of Knudsen’s 
work. In fact, he accepts the general point of view of Knudsen 
as more satisfactory for very low pressures than his own. 'The 
work of Knudsen will thus be given, followed by the discaission 
of Smoluchowski. 

The theory of Knudsen proceeds as follows: lie assumes two 
parallel plates Ai and A2 opposite each other, and that they have 
absolutely rough surfaces. That is, that they have surfaces that 
are so constructed that when molecules strike them thesy Irourid 
back and forth enough times in the pores of the surfac<) that they 
acquire the temperature of the surface on leaving. This assump- 
tion is really something more than the assumption of tlui rwndoni 
direction of emergence, when the particles leave the surface, first 
made by Maxwell in explaining slip, for in a random direction 
of emergence but one or two impacts are needed with the surface, 
while to gain thermal equilibrium with the surface the molecule 
must make many more impacts. Call Tf and the tempera- 
tures of the two surfaces, and ci and ca the average velocities of 
the molecules leaving Ai and A 2. It is further essential 
to assume that the molecule of mass m and velocity c has an 

energy only. This means that if one has a molecule 

not an atom, one must, for simplicity, first regard only its trans- 
latory energy, and leave out the other forms of rotational or 
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vibrational energy, for it is obvious that these energies enter into 
the exchanges in a different fashion from the translational energy. 
The latter can be introduced into the discussion at a later point. 

As the molecules leaving Ai have one velocity ci while those 
leaving A 2 have another value C2, the equilibrium conditions will 
have to be differently formulated. Assume dNi molecules of 
velocity components between Ci and c^ + dci directed away from A 1. 
These will strike A 2. If there were dN molecules per cm^ having 

all directions relative to Ai, then ^dNci molecules would strike 

dN 

1 cm^ of A 2 per second. But = dNi by the definition of 
dNij therefore '^dNiCi molecules strike the cm^ of A2 per second. 

Similarly, molecules of velocity between and C2 + dc^ 

having their components directed away from A2 will strike a cm^ 
of Aipersecond. Thus, if the molecules striking A 2 did not emerge 

again from A 2, the energy gain of A 2 would be diJi = 

Hence Ei = ^ ciHNj.. From Maxwell's dis- 

tribution law, 

4At —Sil 

dNi = — f-T7Ci*e 


whence 


„ 1 


TT 

This at once is converted to the form Ei = gmlViCi*. In a 


similar manner Ei = ^mN2C2^. Now Ei is received by Ai per 

cm^ per second and Ei is given up to A i from Ai. As the areas 
are equal, the net gain Et of translational energy by Ai per cm^ 
per second must he Ei — Ei. Thus the gain of energy of A 2 is 


Et = |TO(iVlCi® — IV2C2®). 


Now the molecules that strike Ai per cm^ per second, if there 
are Ni molecules of average velocity Ci with velocity components 
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towards A 2 per cm®, are In n similar fashion the number 

that strike A 1 is As the molecules leaving these surfaces 

jii 

must equal those arriving when equilibrium is established and 
no molecules escape from between the plates, 

= iiV2C2. 

Again, if the two plates be surrounded by gas molecules at an 
average speed c and there are N of these per cm^ in order that the 
pressure between the plates remain constant, the number of 
molecules passing out through the edges from between the 
plates must equal the number passing inward from outside. If 
E be the area at the edges the equilibrium is established when 

^NxCxE + ^iV2C2^ = \ncE, or 2 NiCi = Nc, 


whence 


iVlCl = iV*2C2 — 


Nc 

2 ■ 


The expression for Et then becomes 


Since 


E,. = - C2®). 



where T is the absolute temperature and po is the specific gravity 

of the gas at 273 ° abs. and a pressure 1 then 

cm^ 


Er = 



1 Ti - ^2 

V^oV27Zt’ 


where the analogous expressions for Ci and C2 are introduced and p 
is the pressure in dynes per cm^ in the space between the plates. 
Thus the energy transferred from A 1 to A 2 per cm® per second is 
in terms of the pressure of the gas and the temperatures Ti and T2 
of Ai and A 2, and the temperature T of the gas. 

This was deduced on very simple assumptions. Among others, 
attention was focused only on the transfer of translatory energy. 
If now rotational energy also contributes to heating the plates, 
then it must be included. The ratio k of the translational Ci, 
and rotational e^, energies to the translational energy alone is 
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k 


+ 62 


from Sec. 92 


This^ in turn, can be placed equal to for 

Cp — C-u 


whence 

and 


y = 

C "0 


(t — I) 


2 + ^2 

3 ^ ^ 

+ 62 


ei 


d~ C2 


2 

3 


^ — ^1+ ^2 _ 

ex (t - 1)' 




Now so far in the theory ei = -nic^j the translational energy 

alone has been used in the heat transferred to J. 2 . Actually, 
Cl + 62 is transferred by each naolecule. This would mean that 


gi 


gives the energy transferred by each molecule, provided 

it is assumed that /or each molecule 62 == {k — l)ci as the equation 
demands. The correct value of Et would then be multiplied by 


the factor k = 




where y is the ratio of the specific heats. 


(t - 1) 

This treatment does not satisfy Knudsen, for he states that, 
while, on the average, in impact between molecules the net 
relative values of rotational and translational energies may not 
be altered, the relative values in each molecule are changed after 
the encounter. He assumes that the two quantities are dis- 
tributed independently among the molecules, but that, on the 
average, they bear a definite ratio to each other. This requires 
that the value of Et be redetermined averaging the rotational 

energies separately under this assumption, A 2 receives 

impacts per cm^ per second. Each impacting molecule carries 

the energy imci% where Ci^ is the average squared velocity. Since 

^2 = (fc — l)ci then the rotational energy carried is ^nct^ik 

— 1), and the energy transfer per cm^ per second due to rotational 
or vibrational energies is 
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dEx' = - lyxdNx 

Ex' = ^mcxKh - 1) I cxdNx 
= ^nci^Qc — l)ciN\, 


Accordingly, this treatment differs from the translational case in 


that one computes c 


,f- 


CidN 1 here, while before one computed 


Cl = 03 

cx^dNx- In this case the rotational velocities are averaged 

c, = 0 

independently of translation. Likewise the rotational energy 
lost by A 2 is Ei' = — l)c 2 iV 2 . Thus E^x, the total trans- 

fer due to rotational energy is, on reduction, as before, 

Tx - 




Vpo V273T 
The total energy carried is Et + ^a. = -E', whence 

3,, 1 Tx - 


E 


~ + s'*’ ~ 


Pc V273T 


Putting in the value of k in terms of y and putting for p the 
1409 2 

quantity — X , where M is the molecular weight, then 


E = 1819.2 ^ 


7-1 VMT 


- in ergs.* 


Practically, E cannot be directly measured conveniently due to 
radiation and residual gases. By measuring E at two pressures 


for a given Tx — T%, Knudsen gets a quantity e 
has the value 


AE 

ApAT 


which 


« = 1819.2 


7 + 1 1 

7 — i\/MT 


in ergs. 


Thus for H 2 , O 2 , and CO 2 putting in the values of Lummer and 
Pringsheim for one has 


* As will later be seen, while von Smoluchowski^^ agrees with the value for 
Et, he gives reasons for believing that Ea is not correctly computed. It is 
in any case an approximation and a change in averaging will change Ea 
only a little numerically. 
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H 2 = 10.968 X gram-cal. 

O 2 = 2.803 X 10-6.^J^ gram-cal. 

CO 2 = 3.045 X 10“®.^^^ gram-cal. 

As earlier experiments by others had intimated, Knudsen found 
the values of € in these gases less than the theoretical value. This 
he interprets as meaning that the molecules leaving Ai are colder 
than Ti and that those leaving A 2 are warmer than T 2 , as they 
have not reached thermal equilibrium with the surfaces before 
being diffusely reflected. This might be classified by saying 
that the surfaces are not completely molecularly rough, and the 
term molecular roughness would then apply in the measure that 
the equations were fulfilled. In practice, therefore, the case for 
surfaces which are not molecularly rough must be considered. To 
take this into account, assume that ci and C 2 are the velocities of 
the molecules moving between the plates, ci those going to A 2 and 
C 2 those going to A 1 . If the molecules had been in thermal equilib- 
rium with the surface they had just left then they would have 
had the velocities ci' and C 2 '. If one can write that ci^ -- C 2 ^ = 
— C 2 '*), the equation for translatory energy exchange Er 
becomes 

Er' = 


Since — C 2 '“ determines the temperature difference Ti — 2 ^ 2 ' in 
the same manner as Ci^ C 2 ^ determined Tx — T 2 , one can write 
simply Et — ^Et- Thus the coefficient of heat conductivity ex 
between not completely roughened surfaces is related to the coeffi- 
cient of conductivity between completely molecularly rough sur- 
faces € by the expression 


€1 = jfie — 


Cl 



Actually, it is necessary to investigate the changes at the 
surface in order to get a theoretical expression for The average 
velocity ci is not uniquely determined by Ci', the temperature 
velocity for equilibrium, with Ti', the temperature at Ax. It 
also depends on C 2 , the temperature which the molecule had when 
it struck A 1 . This relation could be expressed by 

Cl = acx -f- &C2, 
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where a, and h are constants. These must be so determined that 
when Cl = Ci and Ci = c%, the equations hold true, that is, 
6 = 1 — a, for then Ci = ac/ + (1 — a)c2. — (1 — a + a)ci. 
Accordingly, 

Cl = Ci (x{ci C2). 

For plates large in dimensions compared to the distance between 
them, and whose surfaces are the same, a must be the same for 
both surfaces, and one can write 

C2 = Cl + a(C2' — Cl). 

The addition of these two equations gives Ci + C2 = Ci' + Ci' , 
an equation which Knudsen has confirmed experimentally in 
earlier work. Subtraction of the two expressions gives ci — C2 = 

— (ci' — Ci'). Multiplying the two expressions, then 
Ci^ - C22 = - ^'2'“)- 

Thus has the value /3 = — The fraction a of the velocity 

Ji Oi 

equivalent to the temperature of the surface which the molecule 
carries away with itself on leaving the surface is called the 
coefficient of accommodation. The heat conductivity between two 
large parallel similar surfaces is then given by 

eii = e = 43.46 X ^ - V ? L_ gram-cal. 

2 - a ^ \2 - a Jy - 1 y/MT ® 

Thus if €11 is measured, a can be determined.* 

In practice, it is not easy to measure €ii. There is, however, 
a very interesting case, and that is where one of the surfaces is a 
fine cylindrical wire and the other a concentric cylindrical sur- 
face about it. In this case the molecules strike the outer surface 
a great many times compared to the inner surface. The mole- 
cules leaving the inner surface A 2 will have a velocity C2 = Ci + 
a{c2 — Cl) as before. Those leaving Ai, the outer surface, will, 
due to the large number of encounters, have ci = Ci'. Thus 
C2 — Cl = a{c2 — Cl')- In this case C2 + ci does not equal 
C2' + cf. Actually, for small differences in temperature the 
difference is not great, so that one can write C2^ ” Ci^ = — 

Cl"). A rigorous analysis of the error due to this assumption with 

* This equation is of the same form as one independently derived by von 
Smoluchowski^^ from similar assumptions, and appears to be the correct 
form. The € used by von Smoluchowski, however, does not contain the 
factor for Ea* 
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experimental verifications indicates that this holds quite well, 
and one can then assert that eioo for the concentric cylinders is 
given by €i CO = ae. Also one has that cioo = (2 — a)exi. Finally, 
Knudsen analyzes the case for two cylinders of dimensions 
which are of the same order of magnitude. The resulting equa- 
tions are more complicated. He finds an expression eru which 
gives the heat conductivity in terms of e, a, and a function of a, 
r, and the radii of the cylinders. By using the same inner 
cylinder, varying the outer cylinder and measuring erR, he is 
able to get two equations giving a and e. 

The considerations above were put to experimental test by 
Knudsen. The details of the experiments, because of their 
extreme ingenuity, merit a description. They are, however, 
beyond the scope of the text. A few of the results may be cited. 

For H 2 in glass, a was found to be a = 0.26. This used in the 
expression for eru gives e == 11.1 X 10“®. The value of e from 
the kinetic-theory calculation outlined above is 11.0 X 10~®. 
This agreement is fortuitously good and is better than the experi- 
mental uncertainties warrant. It is possible, from the observed 
value of €, to deduce the heat conduction for three different types 
of surface conditions in H 2 from the relations of en and eioo. 

Glass and an 

ABsoiiUT3iiLY Hough Absolutely Two Glass 

Surfaces in Ha Hough Surface Surfaces 

c = 10.97 X 10“6 cal. € = 2.9 X IQ-^ cal. e == 1.67 X IQ-e cal. 
Thus it is seen how much the value of e is cut down by smooth 
surfaces. 

Knudsen also measured a in H 2 , using a fine wire and a concen- 
tric cylinder, thus obtaining eioc. The results showed a to vary 
with the temperature. It took on the values 0.35, 0.376, 0.423 
at 0, — 79.5 and — 192'^C. This may simply mean that at lower 
temperatures the energy exchange with the surface is more nearly 
complete. Experiments with platinum and platinum black sur- 
faces in the three gases, H 2 , O 2 , and CO 2 , gave the following table 
of values: 


Pt 

a = 

H 2 

O 2 

CO 2 

Polished 

0.358 

0.835 

0.868 

Slightly coated with black 

0.556 

0.927 

0.945 

Heavily coated with Pt black 

0.712 

0.956 

I 

0.975 
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In what follows, in his paper, Knndsen carries over the notion 
of the accommodation coefficient to the case of heat conduction 
at higher pressures. He arrives at an expression for K, the coeffi- 
cient of heat conductivity, using his expression for e in gases at 
low pressures by considering heat conduction in the gas at higher 
pressures taking place over a region of the order of magnitude of 
the mean free path. It involves the unknown factor Xi == fcL, 
which gives the average distance from which the molecules come 
that carry the heat through the layer considered. It really gives 
Xi as the distance of the temperature drop in the gas. With 
these notions, an expression is developed analogous to the 
expression for K for gases of O. E. Meyer. It reads: 

K = 0 . 8 Q 2 ? 7 -^ - -^ ^ ^fe(gram-cal.) 

IVl y — 1 

while Meyer gets 

Ki = |o. 802 ? 7 ^ — ^ fei(gram-cal.). 

From measured values of K for O 2 , h comes out 1.9 and 1.7 on 
the two theories. Both these equations, however, are severely 
criticized by von Smoluchowski and it is questionable whether 
they merit further discussion. 

In a later paper, M. von Smoluchowski^*^ discusses the paper 
of Knudsen and makes certain criticisms which are of value. 
In 1890, von Smoluchowski^^ had experimentally tested the varia- 
tion of K, the coefficient of heat conductivity, as a function of 
the pressure. He had found it to be independent of the pressure 
down to low values of the pressure. At the lower pressures 
he had observed departures from the predicted law. These he 
explained as being caused by the fact that the temperature drop 
at the surface of the wall was extending well into the conducting 
space at these pressures. The idea of this temperature drop, as 
has been said, came originally from the experiments of Kundt 
and Warburg on gaseous slip and was introduced by them. In 
two papers, von Smoluchowski derived the theory of the tem- 
perature drop at surfaces, using two different viewpoints. In 
these deductions he also had to assume a lack of temperature 
equilibrium for molecules leaving the surface. His first theory 
assumed that molecules leaving a surface had a temperature 0 , 
while Om was the average temperature of the molecules striking 
the surface and 0^ was the temperature of the surface. This led 
to the relation e,, ^ e = (1 ^ ^)(e^ _ q.). This relation 
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is based on the same considerations as those used by Knudsen, 
and leads to Knudsen’s expression if (1 — /3) be replaced by 
Knudsen's a. The second theory depended on the same type 
of reasoning used by Maxwell for the coefficient of slip, that is, 
he assumed that a fraction / of the molecules was “absorbed” 
and reemitted and a fraction 1 — / was reflected. Under these 
assumptions the molecules in the fraction / have the temperature 
of the wall and the 1 — / are uninfluenced by the impact. As was 
discussed under the theory of the coefficient of slip, Baule'^ 
shows that / is capable of a more detailed analysis and definition 
in terms of the number of impacts necessary to bring it to equilib- 
rium with the surface and the chance that it had these impacts. 
This treatment is, however, rather more involved, and for sim- 
plicity’s sake it is best to discuss the equations from the stand- 
point either of von Smoluchowski’s first or second theory, 
though Baule’s theory will be given in Sec. 84. The equations 
deduced gave formally analogous expressions for the heat 
conduction, but ones which led to different numerical results 
for gases at higher pressures. In the conduction at lower pres- 
sures the theories are simpler, and it turns out that for plane 
parallel plates von Smoluchowski’s first mode of approach gives 

€ii = — e, in agreement with Knudsen’s theory, and that for 

ju CL 

f 

the latter theory en = This has the same form as Knud- 

sen’s expression for a, but its meaning is different. There is an 
essential difference between the two cases from a theoretical 
point of. view. In Knudsen’s theory, the directions of the 
emitted molecules are all random and the Maxwell distribution 
law holds for emitted molecules no matter what the distribution 
of impacting molecules. In the second theory for the 1 — / 
molecules reflected these may be reflected in special directions if 
the impacting molecules have certain chosen directions. Von 
Smoluchowski points out, however, that both Warburg’s experi- 
ments on the slip of H 2 and Knudsen’s experiments on thermal 
transpiration (Sec. 82) show/ for H 2 to be near 1, while the experi- 
ments of von Smoluchowski interpreted in terms of his second 
equation show that / must be much less. Thus von Smoluchow- 
ski’s observed / is not the same as the / which comes from slip, 
and this indicates that for the thermal exchanges the accommoda- 
tion coefficient a must be used, while for moinentum transfer 
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another quantity / is used. In H 2 , Knudsen found a = 0.26. 
It would seem, therefore, that the action of ^'surface roughness’^ 
is different for directional effects and temperature equilibrium 
on reflection, for it requires only one or two impacts of a molecule 
with the rough surface to wipe out all of its past history, while it 
takes many impacts for a molecule to reach thermal equilibrium 
with a surface. 

In this connection von Smoluchowski points out that the calcu- 
lation of E from Et and Ea by Knudsen, in which the transla- 
tional and rotational energies are treated as independent, is not 
justified. It is pointed out that it is likely that faster transla- 
tional velocities will imply also faster rotations. Also it is 
pointed out that Knudsen’s assumption that a is the same for 
rotation as for translation is somewhat doubtful. Both are valid 
criticisms. The first one, however, raises the question of inde- 
pendence of velocity components in Maxwelbs distribution law 
as deduced in Sec. 33. It seems probable that, as the speed is 
altered after each impact, the correlation feared by von Smoluch- 
owski is not an important one. To correct this, von Smoluchow- 
ski gives an expression with three unknown coefficients ai, a 2 , 
and P, to multiply € by in order to get en. The ai and a 2 are 
presumably the accommodation coefficients for translational and 
rotational energies, and ^ is a constant between 0 and 3^-^. On 
the other hand, in spite of von Smoluchowski’ s objections, the 
equation of Knudsen is a first step in the direction of a kinetic- 
theory formulation. 

The problem of heat conduction at low pressures may be 
summarized with von Smoluchowski as follows: 

1. A quantitative theory of heat conduction at very low pres- 
sures can, at present, be developed only for monatomic gases. 
From this the heat transfer per cm^ per second between absolutely 
rough plane parallel surfaces is given by 

. = it p 

3 vW V’T a/273 poT’ 

where the first expression is von Smoluchowski’s, putting the 
density as p, C the square root of the mean square speed, and s 
the specific heat at constant volume. 

2. Knudsen’s theory for polyatomic gases is doubtful, as is. 
his theory of heat conduction at higher pressures. 
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3. Knudsen^s experiments establish with great precision the 
proportionality of heat conduction at low pressures with the 
pressure. 

4. To take account of the fact that the temperatures of mole- 
cules leaving a surface are not those of the surface, two theories 
are set forth. The first is identical with Knivdsen^s theory of the 
accommodation coefficient and seems to he established by his 
experiments. 

5. The heat transfer for surfaces that are not molecularly 

rough is therefore given for plane parallel plates by 5 — — 

Ji — a 

6 . The fact that the accommodation coef&cient is low in H 2 
was known for some time from the work of von Smoluchowski, 
and Soddy and Berry. The work of Knudsen confirms this and 
shows how a varies with the nature of the gas and the roughness 
of the surface. It is doubtful to what extent the absolute values 
of a given by Knudsen are correct owing to the question of specific 
heats, but the relative values are correct. 

81. The Absolute Manometer.^^ — The considerations thus far 
dealt with have shown that for very low pressures where the dis- 
tance covered by the molecules is large compared to the distance 
between surfaces conditions arise that somewhat simplify the 
kinetic-theory treatment of the phenomena. In the preceding 
sections the flow of gases through tubes has been investigated as 
well as the transport of heat from one surface to another. The 
former phenomenon at the low pressures gave the volume of gas 
flowing through per unit pressure difference as independent of 
pressure. The heat conduction between parallel plates at the 
low pressures was, however, proportional to the pressure. It 
might be asked how the momentum transfer normal to the sur- 
faces varies with the pressure of the gas. Investigation will show 
that it is proportional to the pressure. If this momentum trans- 
fer could be accurately measured in terms of mechanical force, 
it is possible that this would be a method of accurately measuring 
low pressures. This, in fact, Knudsen has achieved, and it is 
of intereat to give here the theory of the absolute manometer of 
Knudsen. 

To study momentum transfer, Knudsen makes use of the fact 
that the molecules leaving a heated surface have a higher velocity 
than those leaving a cool surface. Thus there will be a force 
between the two surfaces, and this can be measured by a sensitive 
balance. 
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Such forces have been in the past called radiometric forces, as 
they were in the past identified with the forces acting in the 
Crookes radiometer. In the latter instrument vanes blackened 
on one side, suspended in an evacuated chamber, were shown to 
have forces exerted on them when illuminated with radiant energy 
on the blackened side. Concerning the theory of such radio- 
meters more will be said later. Here it may be mentioned that 
these phenomena are differentiated from the Knudsen case 
because they take place at much higher pressures, that is, well 
above 0.001-mm pressure. The effect at the higher pressures 
turns out to be, in reality, an edge effect, as long before postu- 
lated by Maxwell, and not a surface effect, as is Knudsen's case. 

Assume two plates Ax and A 2 of different temperatures. It is 
also to be assumed that their area is large compared to the dis- 
tance between them, which is, in turn, small compared to the 
mean free path of the molecules (f.c., less than one-tenth the 
mean free path). It is assumed that Ax has a higher tempera- 
ture than A 2, and that hence the molecules leaving Ax have a 
velocity Cx greater than C2 that of the molecules leaving A 2. 
Assume that there are Nx molecules per cm^ of a velocity compo- 
nents directed towards A 2 from Ax, whose average value is Ci 
and whose average squared value is Gx^- Similarly, assume there 
are molecules per cm^ leaving A2 with velocity components 
towards Ai of average velocity 62 and of average squared velocity 
It is then possible to get the number striking the surfaces 
per unit time and hence the momentum transfer per second, or 
the force per unit area. If one had considered the molecules 
which had velocity cx components towards Ai as well as away 
from it in an equihbrium case with A 2 absent, the number would 
have been 2 Nx and the pressure would have been given by 
2 — 

Now the pressure on A 2 is caused by only the mole- 
cules moving towards A 2, hence the pressure due to these mole- 
cules on A 2 is '^Nx'i^G-j?, the molecules losing their energy on 
striking the surface. On the other hand, by similar reasoning, 
Ax receives ^N2mG2^ from the molecules leaving A 2 and striking 

Ai with a velocity ci. The net momentum transfer to thje two 
surfaces per cm^ per second, and hence the force between them, 
wii be the sum of these two, and thus K', the pressure per cm^ 
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between the plates, is K' = + N^Gi^). As was shown 

in the preceding section, the quantities NiCi and must 

be related by the expression NiCi = N2C2 when equilibrium 
exists. Again, if the number of molecules outside the plates and 
their average velocity are designated by Nc then, as was shown 
in Sec. 80 , NiCi == N2C2 = Outside the plates the pressure 

is p = ^NmG^. The force outside percm^ is then the pressure 

outside, which is p, and the resulting force K acting on the plates 
per cm^, that is, the force measured, is K' — p. This gives at 
once that 



and substituting for p and K', 

K = v\ - ll 

L NG^ \ 


Using the relation between NiCi, N2C2f and Nc, 



Now 




% 

8 


- 1 


(see Sec. 35 ), and the question arises whether 


(jT (jf 

this relation also holds for — and — 

Cx C2 


Where the difference 
of Cl and C2 is small this can be assumed to hold. Hence one may 

The relation then takes the form 


.. G Gx G2 

write = — = — • 

O Cl C2 


zr ^ J^ G, + G2 _ Cl + 

^ ^1,2 a V ^\2 c V’ _ 

Whether Gi is equal to the temperature of the surface Gi and 
whether G2 is equal to G2' is certainly doubtful. In any case 
Gx' > Gx > G2 > G2' for such cases as the quantity Gx' is assumed 
greater than ^2'. As was the case in Sec. 80 , one can assume the 
existence of an accommodation coefficient a. Then, as in that 
section, one has the conditions 

Gx=G 2 + a(Qx' - O2) 
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and _ _ 

(?2 = <?i + a(<Ji' — 

Thus, through addition, ^ 1 +^ 2 = G^' + G,! . As it was as- 
sumed that the gas about both plates was in temperature equilib- 
rium with A 2 , then Gi = Gz. Making use of this and of the 
relation above, one gets K in the form 



Again, 



where Ti and T 2 are the absolute temperatures of the plates Ai 

2K 


and A 2 . Thus -A 


(VS -O' 


or the pressure p = 


in 


VS-' 

- — 1^. For small temperature differences this changes to the 


cm^ 


simple form 


K = 


pTi- 

4 T 2 


or p = 4:K 


T 2 


dynes 
Ti - T 2 cm2 * 


Thus by knowing Ti and and measuring K one obtains the 
pressure. Also it is seen that the momentum transfer per unit 
time K is proportional to the pressure. 

The theory was tested experimentally by using a heated strip 
of platinum opposite and near one side of a platinum vane sus- 
pended at its center by a wire. The force constant of the torsion 
balance could be determined from its period of oscillation. 
The suspended vane had a mirror fastened to the suspension by 
which its deflection could be measured. The temperature of 
the suspended vane was that of the room. The other strip, 
representing Ai, was heated electrically and its temperature 
determined by its resistance, as it formed one arm of a Wheat- 
stone bridge. An example of the results obtained in air for 
plates 0.66 mm apart is given below. First are given Ti and 7^2. 
Ta was measured at the beginning of each experiment before 
heating Ti, on Ti. From the equation the pressure was calcu- 
lated from the observed deflections. The pressure, as is seen, 

is quite constant. The average value 2.28 is to be com- 

cm2 
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pared with gage measurements which gave the air pressure as 0.20 
and the vapor pressure of the Hg at this temperature as 

2.04 the sum giving the observed pressure as 2.24 

cm^ ® ^ cm^ 

in good agreement with the absolute manometer. 




^2 

V 

31.7 

23.4 

2.31 

73.3 

23.5 

2.39 

118.9 

23.7 

2.45 

155.5 

24.1 

2.32 

198.5 
24.7 
2.27 i 

233.0 

25.6 

2.20 

Ti 

252.0 

274.5 

299.5 

328.9 

351.9 

376.2 



26.7 

28.0 

29.6 

31.7 

34.2 

37.2 

V 

2.19 

2.21 

2.20 

2.23 

2.27 

2.31 


The experiments show that this gage does give good results 
when the conditions are fulfilled that L, the mean free path, is 
large compared to the distance between the plates. In the 
original article more precise forms of the apparatus are described 
and realms of applicability are discussed. For the scope of this 
text, however, the material given suffices. 

In a later article, von Smoluchowski^^ discusses and revises 
Knudsen^s theory of the absolute manometer. He points out 
that if this theory using the Maxwell factor / is applied one has 


Knudsen’s expression for the force K = 2 |^'\/^ ~ how- 

ever, the accommodation coefi&cient a is used, this equation 
is only an approximation. Complicated considerations, for 
which there is no room in this text, taking into account the fact 
that when a is less than unity it is necessary to deal with four 
velocities instead of two, lead to a new equation. This takes 
the form below, which, as is seen, includes the accommodation 
coefficient : 


K = 



1 — a 
4(2 - a) 



When a is unity it goes over into the first expression. 

82. Thermal Transpiration.^^ — ^If two vessels are filled with 
gas at atmospheric pressures and they are connected by a tube 
with a diameter large compared to the mean free path, it is usually 
assumed that if one tube is warmer than the other the pressures 
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will be the same in both vessels, although the densities vary 
inversely as the absolute temperatures, that is, in Fig. 46 on one 
side of the partition A one has a volume Fi, a temperature Ti, a 

pressure pi, and a density pi, while 
on the other side the temperature 
is T^y the pressure p 2 ; the density 
P 2 , and the volume F 2 . Except 
for the small region of transition of 
temperature near -4, it is asserted 
on the basis of' observation that 

— = 1 and that ~ 

P2 P2 Tx 

fact appears to be in conflict with the kinetic-theory assump- 
tions. Suppose that the temperature difference Tx to T 2 
could be sharply confined to the plane at A, The kinetic theory 
would lead one to expect that, since ci is the velocity equivalent 
to Txy and C 2 that equivalent to T 2 , the equilibrium would demand 

iV’iCi = N2C2- This means that == 1 . Multiplying both 


Vx 

i 


Pj 

1 

1 


Pj 

1 

1 


Pi \ 


Pz 


A 

Pig. 46. 


7^* This 


N2C2 


sides of the equation by ™ one has at once that and thus 

C2 N 2 C 2 ^ 02 

“VS . But this is in contradiction to the first statement 
= 1. Obviously, both of these statements cannot be 


that 


Va 

V2 

Vi 


that 

true at once. If the kinetic theory is to be correct, it 
must be shown that the two deductions are not incompatible. 
The discrepancy is cleared up when it is remembered that, in 
practice, one does not have an abrupt change in tempera- 
ture at ordinary pressures. There always exists a transitional 
layer many mean free paths long in which the equilibrium mechan- 
ism may be very complex, and it is probable that the reactions 
of the walls enter in. Osborne Reynolds 

the consequences of these considerations and to grasp the rdle 
played by the walls. It was he who gave the name thermal 
transpiration to the phenomenon. If by some manner the 
temperature transition could be made quite abrupt, then the 
second law stated, that NxCx = N 2 C 2 y must prevail and the con- 
ditions should be different. Such conditions would exist at 
low pressures where the temperature differences over a mean free 
path begin to be significant. Again, as in all such phenomena, 
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the walls play a large rdle, and assist in maintaining large gradi- 
ents over a mean free path. The proof of the kinetic-theory 
assumption must lie in phenomena taking place when two bodies 
of gas are connected by a tube whose dimensions are small 
compared to the mean free path and in which there is a measur- 
able temperature gradient. In fact, it is observed that under 
these conditions pi is not equal to p 2 . A pressure difference is 
generated which depends on the pressure, molecular weight, 
coefficient of viscosity, and the diameter of the tube. The 
phenomenon can be made quite striking if a series of tubes with 
constrictions be arranged between two volumes and the constric- 
tion on the same side be heated to a high temperature. With 
10 such tubes heated to 500°C. each, Knudsen achieved a pres- 
sure in one bulb 10 times that in the other. At 3^-mm pressure 
of Hg, and even at 3.5-mm pressure of Hg, he was able to get a 
pressure difference of 3 mm Hg in the two vessels. If the two 
vessels be connected by a second unheated tube this pressure 
d ifference will develop a flow of gas from one vessel to the other 
so long as the heating takes place. The direction of flow is from 
the region of lower to higher temperature. This must foUow at 
once from the fact that such a flow builds up a pressure pi 


j/Jl 

greater than p^ in the ratio of ^ jfr before the equilibrium is 

\ 1 2 

established. That the flow must go this way is seen at once 
also from the fact that iVi is proportional to pi and hence to 


Ti’ 


while iV 2 is proportional to 


JL^ 

T2 


If Ti is greater than T^, then 


jjr 

greater than Niin the ratio 

1 2 


The velocities ci and C 2 are, 


however, in the ratio 
N 2 C 2 by the ratio 


thus the product NiCi is less than 

' i 2 

Hence the flow will take place from cold 

to hot until the pressure ratio ^ builds up to check it. 

In case this does not occur, the flow will continue indefinitely as 
long as the gradient exists. If a body could be constructed with 
capillaries of the order of 10^^ cm, then temperature differences 
existing at atmospheric pressures should succeed in causing a 
transfer. Such capillaries actu^ly do exist in porous clay vessels . 
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If one of these be provided with a heating arrangement to warm 
the gas inside and then be sealed oif so that its only outlet emerges 
through water, cold air from outside will pour in and will bubble 
out through the water. The pressures observed with strong 
heating may amount to several centimeters of Hg, and some 100 
cm® of gas per minute can be made to pass through a bulk of 100- 
cm® volume. 

Thus the phenomenon of thermal transpiration is not an insig- 
nificant one and, further, it results in completely removing the 
apparent paradox facing the kinetic theory by an analysis of 
what occurs in the region of the gradient. It is therefore worth 
while to study it briefly before closing the subject of low-pressure 
phenomena. To begin the analysis, the phenomenon may be 
regarded as follows : If a plate were placed in the tube, a pressure 
difference due to the difference between NiCi and N^cs would be 
set up. If the plate were free to move, it would encounter a force 
against the walls of the tube. From the kinetic theory it is seen 
that, even were the plate absent, the walls would receive a. tan- 
gential force when the temperature gradient exists. To study 
this assume a tube with a mild temperature gradient down it 
such that the density does not change appreciably over points a 
few free paths apart. Then the molecules striking it from one 
direction (i.e., the warmer side) give it an impulse proportional 
to nci and those from the other direction give it an impulse nc 2 . 
If the temperature gradient is small, the number of impacts dn 
which unit surface receives from the solid angle doi at an angle 


(xisdn = -t-Nc cos a. 
Air 


Let it be assumed that decreases in the 

dl 


direction of the tube, where dl is an element of length of the 
tube of the order of magnitude of the free path X. Here also 
c is the average velocity of the molecules in the cross-section at 
the element, assiiming c constant over the area of the cross- 
section. Assume a rectangular coordinate system with origin 
at the surface. The J-axis is along the tube, and the z-axis 
is normal to the surface. The axis X of the sohd angle makes an 
angle a with z and an angle /8 with I, where X is the mean free 
path. The average velocity of the molecules will be the velocity 

dc 

corresponding to X, and this velocity is c -f- ^X cos /3 when « 


is to the right of the yz plane and c — cos ^ when it is to the 
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left of this plane, if 




IS assumed negative. In this case X 

is small compared to the diameter of the tube. The momentum 
received per cm^ of surface for impacts to the right of the cross- 
section in the yz plane for the solid angle dco is 


mdn\ 


/ dc 

( c + ^ X cos ) cos /5. 


V 


’) 


From the opposite side of the plane the momentum received from 
a similar solid angle is 

dc 


mdnl c 


V ~ di ^ 


The net momentum received per second per cm^ from the gas as 
a whole for dco is, therefore. 


dJlP^ = 2m dn 


dc 


whence 


M' 




di ^ 
dc . 


X cos^ ^dn, 


if it be assumed that the molecules leaving the surface are reflected 
equally in all directions. Putting the value of dn into and 
integrating, for M', the expression is obtained: 




M' = 

Introducing Maxwell’s distribution of velocity then 

M = 


128 '^”*^^ dZ’ 


As Nmc\ = 


V 


(see sec. 59), where rj is the coefi&cient of 


- Sirrj 


dc 


0.30967 

viscosity, this becomes 

M — 

128(0-30967) dl 

The value of rj here used is that of O. E. Meyer. 

This is the tangential force exerted by the gas on unit surface of 
the tube. If this force just balances the force of the molecules, 
equilibrium results, and there is no streaming motion. Thus if 
there is no streaming in the tube 


2TtRM 


_ 0 , 


where It is the radius of the tube. Whence the pressure gradient 
existing can be found at once as 

dp __ Stttj dc 
~dX ^ 64(0;30967)ig dl 



288 


THE KINETIC THEORY OF GASES 


Now 


c = 



T 

27Zp„’ 


where T is the absolute temperature and Po is the specific gravity 
of the gas at 0 ° for a pressure of 1 As 17 varies with the 

temperature, according to Sutherland's formula one has 

^ 273 It 

C V273 

A “i rji 


(see Sec. 62). 

In H 2 gas, C 
Also 


= 83, 77 „ = 84 X 10-^ and p<, = 88.62 X 


1 + 


C 

273 



can be set at 1.12 for two temperatures Ti = 800° and — 300°, 
whence solving, one has ~ 0.0139. For R = 0.0187, 

qvugs 

for the temperature difference 500°, pi — p 2 = 371.9 
With 10 such tubes in series separated by large-diameter tubes. 
Pi — P 2 = 3581 The observed pressure difference 

in an actual experiment gave pi — pz = 3693 ^^ 2 ^ ' 

As M is independent of pressure, this calculated pressure differ- 
ence should be independent of the absolute values of pi and pt. 
Experimentally, the observed pressure difference rapidly dimin- 
ishes with increasing p. 

To explain this case, the hypothesis of equal numbers of impacts 
from both sides, used in arriving at an expression for M, must be 
given up. This change would be expressed by assuming that at 
higher pressures streaming actually occurs in the tube and that 
this streaming is of such a nature that the wall receives less 
momentum than through M, for it is obvious that if and N 2 
were different streaming would occur. Since this streaming 
goes from cold to hot, momentum due to the streaming gas would 
also reach the walls and this would be, in a sense, opposite to the 
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momentum received due to ci being greater than 62 going from 
hot to cold. Also this streaming motion must progress in the 
direction of increasing temperatures, for it is in this direction that 
the walls act on the nearest gas layers with their tangential 
forces. As in equilibrium the gas mass as a whole must be at 
rest, there must therefore be a streaming on the inside of the 
tube in a sense opposite to the streaming along the tube, when this 
streaming along the tube occurs, for the streaming along the wall 
would build up a pressure difference, the pressure building up on 
the hotter side. The return of this moved gas mass which results 
from the walls, in view of the pressure difference built up, will 
naturally take place in the interior sections of the tube where the 
only resistance to overcome is the viscous action of the gas 
(see Fig. 47). It is seen that if such an action takes place the 



Fig. 47. 


pressures in the two vessels will be equal, while, owing to the 
difference between NiCi and N^c^y a streaming does take place. 
This, of course, will occur only at higher pressures. At the lower 
pressures, where the free paths begin to compare with the tube 
size, the simple equations deduced above hold, and a pressure 
difference will be maintained. 

The flow under these conditions may now be investigated 
quantitatively. It is first necessary to calculate M, the momen- 
tum transfer, which every cm^ of the wall receives per second 
through the temperature drop, because the molecules coming 
from one side have a higher velocity than those from the other 
side. In the present case, c is not the same for all molecules 
coming from any point in the cross-section of the tube. The 
isothermal surfaces will now make an angle with the walls. The 
velocity of the gas layers must decrease in the direction of 
the temperature gradient from the axis of the walls. Hence 
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the isothermal surfaces will make an acute angle with the walls 
in the direction of the temperature gradient. This will make the 
number of molecules which come from the left with particularly 
high velocities greater than those which come from the right 
with particularly low velocities. Thus the old expression for M 
is numerically less than the real momentum M received by the 
unit surface, regardless of the momentum which comes from the 
streaming gas along the surface. The new M may therefore be 
set as 

7 37r57 dc 

“■ ~ ^128(0.309^ dl' 

where ki is not a constant. It is unity for normal isothermal 
surfaces and must vary with the distortion of the isothermal 
surfaces from the simple cases where they are normal to the tubes. 
As the mean free path decreases, the angle with the normal 
increases, probably converging to a value less than 90°. That 
this is probable follows from the fact that the mass of gas flowing 
along the wall must equal the return mass of gas flowing in the 
opposite sense. Now the layer of gas flowing along the wall is 
confined in thickness to dimensions comparable with a free path. 
Thus the velocity of the returning gas mass in the center of the 
tube must be very small. The difference between these veloci- 
ties must, therefore, approach a constant value, according to 

2i2 

Knudsen, as the fraction — increases towards infinity. Hence 

A. 

hi probably converges to a value somewhat greater than unity. 
It is seen, then, that for this case the momentum transfer is the 
old M multiplied by hi. Besides this, owing to the velocity of the 
layer next the wall, the momentum B due to this must be given 
the wall. From Knudsen's work on the flow of gases through 
tubes (see Sec. 78) the following equations may be written; 
If is the momentum received by each cm^ of surface per second 
for a mass of gas O moving down a cylindrical tube under a 

pressure gradient where 5' is given by 


B' - 


Stt- 


Norm 


( 


1 



the mass of gas moves with an average velocity of slip V given by 
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This value of V is the slip velocity, and therefore does not contain 
the factor depending on the increase of v towards the axis of the 
tube which exists in all cases of viscous flow at higher pressures. 
If this be included, the mass of gas G flowing through the tube 
per second is expressed by 


G = —\ap-\-h 


dp 


1+^K' 


1 + 


2R 


dp 

U 


(Sec. 78). 


In this, 
second term the slip 


expresses the ordinary viscous flow and the 


Here, as in Sec. 78, a ^ ~ and h 

O 77 


"v/pi R^, where R is the radius of the tube. Experiment 

2R, 


showed (see Sec. 78) that the expression 


1 + 


1 + 


2R 


was best 


represented by 


1 + 0 . 81 ^ 


1 + 


5R 


At high pressures for which this 


5R 


deduction is being made, approaches infinity, and the above 

expression goes over to 0.81. Now B' may be written as 

2E> 


B' 


S-TT 


NcmV 




1 + 


2RK 


by replacing v by the value of v in terms of 
V the slip velocity. Hence B' becomes 

2ljB 

For very small values of — ^ B' changes to 

A. 

JB" = ^ NtticV 

(Sec. 78). Thus B' is somewhat greater than B'\ This may 
come from the fact that, owing to the increase in velocity towards 
the axis at higher pressures, the momentum given the wall is in 
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this case greater when integrated over all space. Where 
the velocity of the gas decreases toward the axis, which is the case 
in question with the flow along the wall and return flow in the 
axis, the momentum B given the wall will be lessened. Assuming 
that the same factor 0.81 is active here, one can write that B, the 
momentum transfer to the wall by the layer moving near it, is 
0.81 B". Thus it may be roughly assumed that 

B = fewmcO.SlT. 


S/o 

Now as 6^ = (ap + 0.816)^» and as the second term, 0.816- 

gives the mass flowing through the tube per second due to 

the velocity of slip V, then one may equate the mass flow 

dny 

0.816-^? V being the relative velocity 


down the tube ttR^pV 
of the fast layer and the slowly moving central layer. Again, 


equilibrium in the tube demands that O is 0, hence ap 




dl 


— 0,81b-^f and thus ttR^pV = ap where p is the density 


and thus irR^pV = ap ^ 

of the gas. This gives a value of V which can be placed in B 
accordingly, becomes 


Bj 


n ___ 3(0.81) ^apdp 


The momentum given the wall in this case is, therefore, the modi- 
fied M plus B. This momentum, as before, must equal the force 
exerted by the pressure difference set up, and one has finally 

2-^R{M -b 5) -b = 0. 

If the values of M and B are placed in this equation, it becomes 

C 


1 “b 


0.00139 


273 Vo 


dp 

dT 


1 + 




*1 


R -b 25.98 




R^ 


1 + 


273 
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Here C is the Sutherland constant for the change of viscosity with 
temperature. 


For a tube of radius R = 0.0187 and for H 2 , where-— 

V pa 

= 8.933, at a temperature difference of 500°C., for which the 
Sutherland factor takes the value 1.12, one has 
dp ^ 0.0139 fci 

0.0187 + 0.000910 


Integrated for a tube from Tx to T 2 , and putting kx == 1, the pres- 
sure difference in equilibrium becomes 


P2 = 


(pi - 0.7lSTx) 


px + 21>28 

P 2 “h 21,28 T 2 J 


+ 0,718 


The results of measurements made in H 2 with 10 tubes in series 
under the given conditions are included in the table below. The 
values are not computed for pressures less than 3.6 mm of Hg as 
the law as deduced does not hold in this region. At the lowest 
pressures the pressures should be given by the equation first 
deduced. 


Pressures observed in mm Hg 

Observed 
pi — P2 

Theoretical 

pi 

P2 

Vi — P2 
for = 1 

Pi — P2 
for ki — 1.45 

0.00978 

0.00419 

0.00559 



0.278 

0.0314 

0.247 



0.475 

0.0476 

0.427 



3.601 

1.169 

2.432 

2.153 

3.303 

4.834 

2.058 

2.776 

1.917 

2.906 

16.5 

15.1 

1.4 

0.96 

1.22 

65.2 

64.8 

0.4 

0.33 

0.50 

235 . 1 

235.0 

0.1 

0.06 

0.14 

760.0 

760.0 

O.'OO 

1 


For O 2 

3.133 

1.747 

1.386 

1.027 



So far, two cases have been treated, that for very low pressures, 
where pressu^^e differences due to transpiration are observable and 
directly calculable, the other at higher pressures, where the pres- 
sure differences produced are smaller and complicated by the flow 
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2i? 

along the wall and the return flow; that is, for — quite 


small and “ very large the theory has been successfully 

A 

worked out, although only roughly in the last case. 

2i? 

Where has values near unity, it is necessary that the 


assumption made above, that the molecules which strike the sur- 
face come from a region, on the average, a free path away, so 
that they have the velocity proper to that region, be modified, 
for at the lower pressures the last impact may have been with a 
wall at less than a gas-free path distance. To do this, one must 
estimate the distance X' covered by the molecule after striking 
the surface of the tube or some other molecule until it strikes the 

surface element considered. Analysis shows that X' = - — 

i J — L 
2R 

If X is large compared to 2R, then X' = 2R. This must replace 
X in the first expression for M, where this expression for M is also 

27? 

multiplied by a factor k which varies with — • Thus M ^ 

X 

kNmck Putting in this correction and performing 
the operations as before, 


dp _ Z j 1 dc 
P 4* ^ c' 

J- “l .y 


If 2R is very small compared to X, the equation becomes 

^ j^dc 

p ^ 4 c 

Since ^ 

p c 

as was seen in the beginning of this section, k in this case is 

Putting T for c in the equation, then y = ^ whence ^ 

This is the result arrived at from the very elementary reasoning 
at the beginning of this section. 

Where 2R is large compared to \, X' = X. For this case k 
becomes unity and one has the expression first deduced. With 
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intermediate values of 2R with respect to X, k can be assumed 


about Accordingly, — = 
o p 


1 + 


dc dc 

pitting- 


IdT’ 
2 -Y’ 


1.12V^ 


Vo 


T 


_ = f- 

(0. 30967) 273 VS Vp » P P 


Integration gives 


log 


Pi = 1 + ^^P 


Call Pi the pressure at the warmed transition between two tubes 
of radii R and Ri, where Ri is greater than R, and, assuming that 
the above equation holds for both tubes, one has for the pressure 
Pi' at the temperature Ti the relation 

log Pi = 1 log 

2^''^ fTi + 2Rip 

Subtracting the two equations one has 


log 






Vi “ V/rz + 2Rp 

This gives as an approximation 




'STi±2Rp 


pi 


7*2 


|(i2i - R) 


fTi + 2Rip\ 
fTi + 2Rip/ 

Ti - Ti 


V2 


P2 

This law, of 


P 2 I ' ' T1T2 

It is seen that P 2 ' for the wider tube is the greater ; also that — 

is proportional to Ti — T 2 , to i?i — 12, and to p. 
course, holds only for the lower pressures. 

As has been seen from the experiments, the theory agrees quite 
satisfyingly with the observations. This indicates that, while 
it may be in error in certain assumptions, it is, in the main, correct 
and can be accepted as explaining the phenomenon. 

83. Radiometric Forces in Gases. — It was remarked in Sec. 
81, where the force between two plates at different temperatures 
in gases at very low pressures was derived, that this phenomenon 
naight be classed with the various other radiometric phenomena. 
In the sense that the forces involved are due to molecular impacts 
depending on differences of temperature at reduced gas pressures, 
they might be identified as belonging to the same class of phe- 
nomena as those usually termed radiometric. From the 
mechanical point of view, however, the resulting mechanisms 
are radically different in the two cases. The radiometric effects 
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which have been mostly used for measurements of radiation 
intensity are most effective and prominent in a pressure regime 
much higher than the regime investigated by Knudsen. Their 
maximum efficiency lies at about 0.05 mm Hg, the exact location 
of the maximum depending, of course, fundamentally on the 
dimensions of the apparatus. Aside from the fact that the 
theoretical treatment depends largely on questions of design 
and has been only incompletely worked out, the pressure regime 
involved makes it scarcely more than deserving brief mention in 
this chapter. 

The repulsion of a radiated body under radiation was first 
observed by Fresnel. W. Crookes studied it beginning in 1873, 
and devised many different forms of the device. Among these 
was the well-known vane radiometer, in which light vanes 
blackened on one side were mounted about an axis free to rotate 
in a partially evacuated space. These radiometers are fre- 
quently seen in opticians’ windows and are called after their 
discoverer the Crookes radiometer. Crookes found that the 
radiometric force was a function of the gas pressure, depended 
on the absorption coefficient of the wing surface, and was pro- 
portional to the intensity of radiation. Schuster showed that 
this was not due to light pressure. He suspended the chamber 
as well as the vane and found that the vane was moved relative 
to the chamber. This indicates that it was a relative force 
between vane and walls, and not the light pressure, which acted. 
Had it been light pressure, both vane and chamber would have 
been displaced. Donle investigated the forces keeping the 
pressure constant. The information gained by him and others, 
notably Nichols and Rubens/^ and Nichols and Hull, dealt chiefly 
with the radiation side of the phenomenon and Nichols^® devel- 
oped a very useful radiometer for the study of radiant energy 
based on this action. 

Even as early as 1874 the effect was ascribed as being due to the 
unequal bombardment of molecules produced on the two sides 
by differences of temperature. That actions of this sort do occur 
was seen in Sec, 81, where Knudsen’s absolute manometer was 
discussed. The pressures where such simple actions occur are, 
however, much lower than those obtaining in Crookes’ experi- 
ments, and it was soon noticed that the explanation given was in 
contradiction to the kinetic theory at the higher pressures. 
Many attempts were made in those days to explain and derive 
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quantitative theories for the phenomenon which would fit 
experimental facts. These largely failed for two reasons: In 
the first place, the pressure measurements until 1909 were not 
reliable, for it is only since Knudsen's work that low-pressure 
measurement has reached any degree of precision. In the second 
place, very few of the experiments were ever correlated with the 
temperature measurements on the vanes. The importance of 
the latter will be seen in later discussion. As a result of the 
analyses of the phenomenon, two rival schools were set up. 
The first group contended that repulsion was due to a surface-area 
effect, and was proportional to the blackened surface. This was 
contended by G. J. Stoney^^ and by Fitzgerald. On the other 
hand, Maxwell, with his remarkably clear vision, contended 
that the large portion of the areas of the vanes were inactive and 
that it was only at the edges that one had any stress arising from 
inequality of temperature in the gas. O. E. Meyer concurred 
with Maxwell in this view. On MaxwelFs theory, therefore, no 
forces other than edge effects could cause the pressure. 
Recently, Miss Edith Einstein again attempted to derive a 
theory for forces proportional to the whole surface, in which she 
carried on MaxwelFs calculations, using higher-order terms. 
Of this, more will be said later. 

In more recent years, interest has again revived in this field, 
largely through the experimental work of Gerlach and West- 
phal,2^ WestphaP® and Gerlach^’^ independently, and finally 
Westphal.^® Westphal in 1919 deduced a theory of the effects 
which virtually stood until 1924. In 1924, two theoretical 
papers appeared.* One was due to Hettner and Czerny^® and 
contained an experimental test of some of their conclusions. It 
dealt with the repulsion type of radiometers, such as used by 
Nichols in radiation measurements. The other paper was by 
A. Einstein, and dealt in a semiquantitative fashion with the 
Crookes type of radiometer. The content of these papers gives 
today a clear picture of the nature of the usual radiometric 
phenomena, and they will form the basis of this section. Sufl5.ce 

* Recently the work of Hettner®® has been carried further in a paper 
“The Theory of Photophoresis, Zeits. f. Phys. 37, 179, 1926. This paper 
carries to a successful conclusion the previous work and explains the whole 
phenomenon quantitatively including the queer negative photophoresis, 
(apparent attraction of light for certain small particles) first observed and 
named by Ehrenhaft. 



298 THE KINETIC THEORY OF GASES 

it to state that both indicate the predominance of the edge of the 
vanes in the two phenomena, thus establishing the correctness 
of the view set forth by MaxwelP^-®® in his paper. The work of 
Einstein has recently received partial experimental confirmation 
by Marsh. 

Just preceding the work of Hettner and Czerny, Miss Edith 
Einstein®^ worked out a theory of the radiometer for pressures 
where the free path was not greater than the dimensions of the 
plates. This theory gave the variations of radiometric forces 
with pressure which were observed experimentally. The theory, 
however, led to radiometric forces proportional to the square of 
the heat flow in the gas. This would mean that the intensity of 
the forces should be proportional to the square of the intensity of 
illumination, while the observed forces are proportional to the 
first power of the intensity. Furthermore, Czerny made measure- 
ments of the absolute magnitude of the radiometer forces which 
showed them to be 10^ times greater than those calculated from 
Miss Einstein’s theory. From this Hettner and Czerny con- 
cluded that, while the effect predicted by Miss Einstein probably 
existed, it constituted but a small fraction of the observed effect. 

In seeking for an explanation, Hettner and Czerny reverted 
back to the theory of Maxwell discussed in Sec. 77, in which 
Maxwell concluded that, because of temperature gradients at the 
surfaces of solid bodies, tangential forces could be set up which 
would produce a streaming along the surface. Such surface gas 
currents Maxwell suspected might be the cause of the radiometric 
effects, and were the basis of his suspecting the edges as being 
the seat of action. The tangential forces assumed by Maxwell 
were, however, proportional to the second derivative of the 
temperature. They would, therefore, although playing a rdle, 
cause small effects compared to forces produced by the first 
derivative of the temperature. Maxwell*® had also calculated 
forces depending on the first derivative, but had not applied them 
to the radiometer. 

The forces last referred to are, however, nothing other than the 
familiar forces discussed in the preceding section, and which led 
to the phenomenon of thermal transpiration. For very low 
pressures, this phenomenon was worked out by Knudsen, who 
also discussed the case at higher pressures. His considerations 
were worked out, however, for special cases, and were not partic- 
ularly adapted to the problem in hand. Furthermore, they 
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were more or less first-order approximations. Maxwell’s con- 
siderations were much more general. At his time, the relations 
between molecular impacts and surfaces were not known. The 
present-day knowledge enabled Hettner and Czerny to carry the 
latter calculations through in a more rigorous fashion than had 
been done before. They, in general, use Maxwell’s method, 
which is based on the development of the distribution of velocity 
functions as powers and products of the velocity components. 
As this method in the form used is beyond the scope of this text, 
the results of their calculations only will be given. Calculation 
shows that the velocity of the layer next the surface relative and 
parallel to it, U 2 , is given by the equation 

dU2 St; dT 

~ ~ 4^ to' 


In this equation f is the coefficient of slip of the gas, f 


M 


M rj 


l2\^T p ^ density, rj the coefficient of viscosity, 

T the absolute temperature, and z is sl length along the axis nor- 
mal to the surface, while x is the length along the axis chosen 
parallel to the temperature gradient. If for rj one put K, the 
coefficient of heat conductivity for a monatomic gas, where 
K 15 R 


4 M 


the equation becomes 


U2 — ^ 


dU2 

dz 


IK^ 
5 p dx 


This equation gives the U 2 the same sign as the 


dT 
dx ^ 


which 


signifies that the velocity is directed in the same sense as 


dT 
dx 

is positive. That is to say, goes from cold to hotter points 

3 71 dT 

along the surface. If one neglect the slip term, U 2 — 4 ^^’ 

dT 392 

This for ? — = 1 ° for air at room temperature has the value 

dx P 

If the pressure p is 392 (0.294 mm Hg), the velocity 

sec. cm^ 


wiU be 1 It is, therefore, obvious that currents with 

sec. 

considerable velocities can be set up for even small temperature 
gradients. 
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To compare their result with Knudsen’s it is essential to cal- 
culate the tangential force -pi 2 exerted on the wall by the gas. 
Calculation gives 

77 du2 3 17 \ R~ dT ^ Tj 

\MTdx + 

From the expression for above can be eliminated and then 
3 17 j R dT r] _ dui 

Knudsen calculated —P 12 in Sec. 82 as 

-f - ■ -jwcm % 

This transforms into 

n 1 o / 

pn- 

while Hettner and Czerny’s equation yields 

- _ fW dT 

-P 12 = 0.30,7-^ 


tto 



The difference lies only in the numerical factors 0.30 and 0.19. 
Knudsen’s experiments gave twice the theoretical value for 
— Pi 2 , and thus Hettner and Czerny’s value is distinctly more 
satisfactory. 

To carry this over to the case of a radiometer, consider the 
system shown in Fig. 48. Plate I is heated with a temperature 
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gradient such that the upper edge is warm while the lower edge is 
cold. Opposite it a cm away is plate II of uniform temperature 
throughout. There will be at the surface I a current from cold 
to hot of velocity Uo. The reaction to this will be a force on the 
vane downward. Call Ua the value of at the plate II, that is 
a cm distant from u^. The velocity uz will then be given at any 
point X by 

OO’ 

U2 = Uq + (Ua — 

The hydrodynamic equations between the plates are fulfilled, 
together with the velocity conditions imposed by the equations 
deduced, when 


and Ua + 



Uo 


0, whence it follows that 


Under the conditions where the equation applies, a must be large 
compared to a free path, while the coefficient of slip has the 

2t 

dimensions of a free path. Thus “ is negligible. The 
tangential force of reaction on the plane is then per cm^ 


— P12 = 


dU2 

^ dXi 




Uq) = 


3 dT 

4 apT dx 


As one can measure pi 2 , and as a, p, T, rj, and — are known, the 

theory may be tested. This test is being carried out by Hettner 
and Czerny.®® 

It is now the question whether these tangential forces may not 
be able to explain quite a number of other of the radiometric 
effects. A qualitative discussion of a few of the more common 
types will be taken up at this point: 

1. Rubens and Nichols designed a radiometer of the type 
shown diagrammatically in Fig. 49. Plate I is blackened and 
illuminated. Plate II is a conducting plate, or one that is uni- 
form in temperature and not heated. It happens from the 
geometry of the system that the illuminated plate has a tempera- 
ture gradient from the center C to the edges. The existence of 
such gradients has been proved experimentally by Marsh®^ on 



302 


THE KINETIC THEORY OF GASES 


blackened radiometer vanes of mica, by direct measurement. 
He observed, at 1.2-, 0.4-, and 0.04-mm pressure, temperature 
differences of 0.16, 0.24, and 0.28° on two points, 1 cm apart, of a 
vane of mica 0.45 mm thick when illuminated on the blackened 
side by light from a Point-O-Light lamp. The one point chosen 
was 1 mm from the edge, the other at the center of the vane. 
As a result of this gradient the gas will flow along the heated 
vane from the cooler edges to the center. As the opposite vane is 
cold and uniform in temperature, the return current of gas 
will flow from the center outward along the surface of plate II. 
Such a flow of gas as indicated by the arrows will, owing to gase- 
ous viscosity, build up a pressure in the center. Thus one will 
have repulsion between the two plates. Hettner and Czerny 
calculated the radiometric force for this case, but do not give it. 
It is stated that the forces in this case for the same ratio of plate 

Cold 

— — 1 ^ 

P-e c /ypf 

Bhckenec^ ^ Cp/cV 
Fig. 49. 
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area to plate distance are greater than the one previously calcu- 
lated for the lateral thrust on the vane. 

2. If both surfaces I and II are illuminated, the currents then 
flow along both surfaces from the edges to the center. The return 
currents occur in the center. This arrangement therefore simply 
gives greater forces of repulsion compared to the hot and cold 
plate. 

Perhaps one of the most striking proofs of this mechanism is in 
those forms of radiometers where the motion can take place in 
the direction of the sharp edges. As the edge is cooler than the 
central part, it will cause the metal to be given an impulse in the 
direction of the edge while the gas streams in the opposite sense. 
An aniusing form of such a radiometer is one made of two half 
cylinders of bright tin, mounted on arms placed on a pivot. 
On illumination, these rotate about the pivot with the concave 
sides leading. 

The actual calculation of the forces and their quantitative 
verification, however, must be confined to simple cases. In 
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most cases the complex nature of the interaction of the gas and 
the walls, the unknown temperature gradients, and the effects 
of the gas on cooling the vanes make accurate study nearly 
impossible. A word more in this connection might be said of 
the variation of these forces with pressure. From the theory the 

force K is proportional to ^ and hence to ^ for the higher 

pressures. On the other hand, at lower pressures in the Knudsen 
regime K is proportional to the number of molecules, that is, K 

is proportional to p. Thus, roughly, one may write K = ~ 

V 

for larger pressures and K = hp for very low pressures. Whence 
one may write that ^ ^ ^ approximation. This 

leads to WestphaFs observed “symmetry” of the radiometer 


function in logarithmic presentation. For if one set Vs - 

and log ~ — X, then K = which is symmetrical with 

po 6 “r" ^ 

regard to the maximum at a; = 0, or at p = po. It must be borne 
in mind, however, that the pressure relations discussed hold only 
for constant temperatures and temperature differences. In 
most radiometric work these change radically with the pressure 
also and the importance of measuring the temperatures as well 
as the pressures must be emphasized when studying these effects. 

In a paper published simultaneously with that of Hettner and 
Czerny, A. Einstein^^ treats in a qualitative but clear manner the 
theory of the action of the vane radiometer first made by Crookes. 
His considerations are as follows: 

1. Take a body small compared with the mean free path placed 
in a gas space of large extent in which there exists a temperature 
gradient. The homogeneous temperature flux lies along the 
a;-axis. All molecules are considered as having the same velocity 
u except for small differences representing the temperature 
gradient. It is further assumed that the molecules only move in 
the directions of the coordinate axes. The mean free path L 
is treated as a constant. This schematic representation of the 
gas will give results of the proper order of magnitude. Using 
more rigorous methods will cause only small changes in the 
value of a constant factor, as is the case with all refinements of 
kinetic-theory treatment. 
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Assume a surface element s whose size is small compared to L 
placed normal to the x-axis, and assume the absence of any mass 
motion of the gas. Then exactly equal number of molecules pass 

through s per second in opposite directions equal to 


where N is the number of molecules per cm®. To account for the 
heat flow, the velocity of the molecules u+ in the positive sense 
of the a:-axis must be slightly greater than u and that of those 
on the negative side slightly less than u. The heat flow sf 
through the surface is given by 


If one call 


rmu-‘ 


sf = ^Nsu^u+^ - 

3 

== and if one assume that and are 


appropriate to the temperatures existing at the place of their 
last collision (i.e., at L cm away from s), then one has in place of 
the above expression 

dT 


/ = - 


^KLu^y 
2 dx 


for 


zm 




In place of the surface area considered, let one now assume a 
small solid body of surface 5. There will be more momentum 
given it per unit time from the positive side of the a;~axis than 
from the negative side. Thus there will be an excess of momen- 
tum k in the direction of the positive a;~axis. This is given by 


k — -^NsuimK^ — muJ). 


If the impulse given due to the recoil of the impacting molecules 
is neglected, then k will also be the force on this surface. From 
this expression and the preceding one, the following equation 
results 


* = ^ = 


u 


1 LdT 
'2^ Tdx^’ 


if it is assumed that and are nearly equal to u, for 

1 77Z 

S = — giVstt -2 (“4- ~ U-)(u+ + It-) 

= or/s = ku, 


where p is the gas pressure. The quantity / is, of course, only 
the heat flow due to translational velocity. To get the velocity 
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V of the particle the frictional force K' of the gas on the particle 
must be calculated. This force arises from the fact that the 
particle gives every molecule it strikes the impulse mv. A simple 
calculation gives this as follows: Call v the velocity of the 
particle, and m its mass. The molecules striking it from behind 
gives 2m{u — v) of momentum to the particle, the one striking 
from in front gives —2m{u + v). The number of collisions 
from behind in unit time is }^Ns(u — v) and from in front is 
}4Ns(u + v). The net momentum transfer in unit time is 
■ 2m[{u — v)^ — (zt + 

= ^Nsm[—4iWv\. 

The resisting force K' is, therefore, 

K' = - ^Nsu{mv). 

Equating k and —if', 

_ 1 / _ 1 LdT _ If 

4:RTri S^Tdx 4p 

This velocity can be quite appreciable, and if the particle is small 
compared to L the velocity is independent of 5 as the equation 

shows. If L is 0.1 cm, = 30, T = 300°, and in H 2 gas 

ox 

one obtains v of the order of 10^ cm per second. At atmospheric 
pressure this would be 0.1 mm per second. 

2. Consider next the effect of a small hole in a large thin parti- 
tion placed normal to the heat flow. It is well known that in a 
vessel, even if its temperature is not uniform, there exists an 
equality of pressure. This holds as long as the dimensions 
considered are large compared to a free path as seen in Sec. 82. 
Thus if the small elements of the preceding paragraph had 
been replaced by a large plane normal to the temperature flow, 
even though a temperature difference existed on both sides, the 
pressures would be equal. Every molecule striking from the 
negative x direction has a velocity Un on striking and leaves with 
a velocity u in the direction of the negative x, Vn such impacts 
occur per second per unit area. The quantities Up, Uj and Vp are 
the corresponding quantities on the positive side of x. It is 
assumed that the velocity of recession, is the same in the 
positive and negative senses of x. The condition for equality 
of pressure is that the total pressure p = mvn(u + = mvp- 
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{u -t- Up). Moreover, the heat flow must be the same on both 
sides of the plate, which is expressed by the equation 


/ = ^ {uj 


Vpm, „ 


Dividing the second equation by the first, 


If this be placed in the expression 
— = Vn{u + Un) = Vp(u + Up), and if 


~l~ Vp 
'2 


set equal to 
Whence 




2it -|- 


~ T’n= + Vp) 


be called v and 


- !)■ 


If there were a minute hole of surface s in the plane, then {vp~ Vn)s 
more molecules would pass through in the sense of decreasing x 
in unit time than in the other sense. Thus the hole would have a 
current of gas of velocity v given by vp — vn — —Nv passing 
through it. From this equation and the preceding equation, 
therefore, 

V ^ _ 1 / 

6 p 

Both these considerations belong really to the pressures in the 
Knudsen regime. They, however, furnish a clue to the problem 
of the radiometer at higher pressures, for consider a vane of area 
large compared to a free path but placed in a vessel whose dimen- 
sions were larger than that of the vane by many free paths. At 
some distance from the edge of the vane, equality of pressure will 
exist as deduced above. At some distance beyond the edge of 
the vane, if a temperature gradient exists, conditions will obtain 

sf 

in which a minute body would experience a force At the 

edges of the vane a gradual transition will occur between the two 
conditions. The width of the zone where this occurs will have 
the dimensions of a free path L. There will thus be a pressure 
normal to the edge of the vane whose value per unit length of 
edge is given by 

u a® 
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This will occur as long as the plate or vane is large compared to 
the free path. 

For the case of a vane warmed on one side only, the equation is 
deduced in order of magnitude only and the deduction is not 
given. The force per unit length of the edge is found to be 


K == -pL 


AT 
T ‘ 


It is seen that the equation predicts a force which will move the 
vane from the warm to the cold side. The force is not propor- 
tional to the area of the vane, but to the area of a strip along the 
edges one mean free path wide. Furthermore, in the radiometer 
heated on one side the force should be independent of pressure, 
for pL is a constant independent of pressure. 

To test this out Marsh, Loeb, and Condon^*^ made radiometers 
having vanes suspended from a quartz fiber. These vanes were 
so constructed that they had equal area moments about the sus- 
pension, but their edge moments were greater on one side than on 
the other. On illumination, such vanes always deflected towards 
the side of greater edge moment. The deflections were not in the 
ratio of the edge moments, however. Later investigation by 
Marshal showed that this was due to the fact that the deflection 
is proportional to AT as well as to the edge moment. The side 
of the vane with the greater edge nioment was, by measurement 
of its temperature, found to be markedly cooler than the side 
with the smaller edge moment. This was in keeping with the 
cooling effect of the edges mentioned by Hettner and Czerny. 
Again, the deflection should be independent of the pressure. A 
fourfold increase of the deflection was observed from 0.4 to 0.04 
mm. It was found that the quantity AT also increased by a 
factor of 3 for the same pressure change. As the accuracy of 
temperature measurement was not high, it is impossible to say 
whether or not all the change in deflection with change in pres- 
sure could not be ascribed to changes in AT. Finally, the equa- 
tion given by Einstein, which is good in order of magnitude only, 
was checked by actual measurements of the forces on the suspen- 
sion, and the values of p, L, AT, and T observed. The force was 
found to be 0.02 dyne per cm of edge at a pressure of 0.03 mm 
The Einstein equation gave a force of 0.03 dyne per cm of edge 
at the same pressure and with the value of AT observed. This 
agreement is good considering the experimental uncertainties and 
the undetermined constant in the equation. 
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The field needs further careful experimental work under con- 
trolled conditions and with a knowledge of the temperatures 
involved. Work of this nature would help a great deal to guide 
further theoretical investigation. ■ 

84. Reflection of Molecules from Surfaces, Adsorbtion, and 
the Theory of Evaporation. — In the preceding sections of this chap- 
ter it has been seen how important the knowledge of the nature of 
the reactions of molecules with surfaces is for low-pressure 
phenomena. Some of the ideas have been developed as the 
various phenomena were discussed, and it was seen that a better 
understanding was gained as time progressed. It needed, how- 
ever, more than this to clarify the situation and it was not until 
the study by Wood,®^ of what he called a “diffuse reflection” of 
atoms from the walls of a glass tube, that a more critical 
review led LangmuirS^-^O’^i- to publish a series of articles in which 
he connects this phenomenon with the adsorption on surfaces. 
Shortly after Wood's paper, Knudsen also published some results 
on this subject. The generalization by Langmuir, which 
because of its scope is very valuable, was independently derived 
by Frenkel, ^3 works out the equations in a more complete 
and noteworthy fashion. The content of the work of these two 
men will largely constitute this section. 

Wood used jets of atoms of evaporating metal in vacuo similar 
to those studied by Dunnoyer.^^ He observed that such a jet 
of atoms on impinging on a cold surface was reflected back down 
the tube in a diffuse manner, showing no tendency to condense 
on the glass tube, although the temperature of the latter was way 
below the condensation temperature of the metal. If the glass 
in the case of mercury or cadmium was cooled with liquid air at 
the point of impact, condensation at once occurred. After it 
had started, even if the air was removed, the atoms continued to 
condense. If the glass target was not cooled but the bulb in the 
neighborhood was cooled, quantitative measurement of the 
deposit of metal on the walls showed that the atoms were diffusely 
reflected from the polished glass surface. That is, the amount 
of metal reflected at any angle with the surface followed the 
cosine law quite accurately. A clever geometrical modification 
of this experiment was carried out by Knudsen, following 
Wood’s first paper verifying the existence of the cosine law. At 
first Wood believed to have observed that there was an absence 
of deposit in a small zone where, according to the cosine law. 
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there should have been a slight deposition. Later experiments 
with cadmium did not show this. As will be seen further on, 
certain recent results of Chariton^® and Semenow indicate that 
the reality of this zone has a bearing of considerable importance 
on the theories of the phenomena. The conclusion Wood drew 
was that there was a characteristic critical temperature above 
which atoms of a metal would not condense on a glass or non- 
metallic surface. This temperature, however, was far below the 
boiling point. On a metallic surface, at least one made up of 
their own kind of atoms, they will condense at once if the tem- 
perature is below the boiling point. For the cases where conden- 
sation did not occur, the direct measurement of the distribution 
of atoms leaving the surface indicated diffuse reflection. This 
observation by Wood of diffuse reflection of atoms was the first 
direct observation of the postulated diffuse reflection resulting 
from the experiments of Kundt and Warburg, ^ Knudsen,^^ and 
others. On the suspicion that possibly this was a case of conden- 
sation and reevaporation, Wood heated his target. He, however, 
still observed the cosine law. 

In studying the evaporation processes of metals from filaments, 
as well as certain chemical effects caused by them, Langmuir had 
arrived independently at a somewhat different view of such phe- 
nomena. He believed that for the cases observed by Wood of 
what the latter termed diffuse reflection, one had no reflection 
in the real sense, but an actual case of condensation and 
reevaporation. 

At first sight it might be thought that the distinction between 
a diffuse reflection and a condensation and reevaporation was 
rather a hair-splitting one, for in any case the condensed layer of 
atoms postulated by Langmuir cannot be appreciable in thick- 
ness. Thus the atoms must condense and reevaporate very 
rapidly. In fact, it is conceivable that the time of impacts with 
the surface, resulting in diffuse reflection, is quite the same as the 
time which the condensed atoms spend on the surface. If this 
were true, the two processes would appear to be indistinguishable 
in the limit, and perhaps they are so. This is only an appearance 
in the general case and the difference in point of view is an 
important one near the critical temperature which can be tested 
experimentally. If reflection takes place at a given temperature, 
and if there is a critical temperature of condensation, the con- 
densation may occur sharply at the critical temperature and will 
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not depend on the density of the stream of impinging atoms. On the 
other hand, on Langmuir’s condensation and reevaporation 
theory, condensation and evaporation will depend very markedly 
on the density of the atomic stream, for the rate of evaporation 
depends on the temperature, while the rate of condensation depends 
on the density of the atoms near the surface. For low stream 
densities where evaporation is rapid compared to condensation, 
the two phenomena may appear to be the same and in the limit 
may be so. Near the condensation temperature a considerable 
increase in the density of the stream of atoms could cause an 
accumulation of atoms on the surface which would disappear on 
reducing the stream density, provided a condensing layer did not 
fully form. No change would occur on reflection, for the number 
of reflected atoms would be equal to the number of the impinging 
ones. Long since Langmuir’s article came out, Chariton and 
Semenow,^® by a very ingenious scheme, have actually shown that 
the condensation on a surface with a temperature gradient down 
its length occurs at lower temperatures where the density of the 
atom stream is reduced. The evidence is not accurately quanti- 
tative and one may question it on other grounds.* Until it is 
more definitely proved, it must not be accepted as final. It, 
however, points strongly to the correctness of Langmuir’s point 
of view. 

That the point of view is justified in some cases follows also 
from considerations of the forces involved. It is obvious that the 
forces of the atoms of an element in the solid state are strong 
enough to cause condensation below the boiling point. When 
the atoms strike surfaces of other solids, there must also be adhe- 
sive forces of considerable magnitude active. That these should 
not be as gretat as the cohesive forces of the atoms in the solid is 
not surprising, although this does not seem to be the case for the 
monomolecular layers of gases condensed on metal surfaces. That 
the forces come into play is, however, shown by the condensation at 
lower temperatures. These forces must to some extent influence 
the interaction of the atoms and the surface. They must increase 
the duration of the time during which the atoms exist near the 
surfaces, and it is not impossible that in some cases they actually 

* The doubt comes in on the question of the existence of a temperature 
gradient normal to the main temperature gradient which would make the 
edges of his plate cooler than the center. Chariton believes to have elimi- 
nated this but the question may well be raised. 
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cause condensation. Certainly, near the critical condensation 
temperature they do become of importance, and should cause just 
the effects observed by Chariton and Semenow. With this point 
of view it is important to analyze the results obtained in the other 
sections of this chapter and to see how they correlate with this 
viewpoint. Later it will be worth while to analyze the mechanics 
and the kinetic theory of the process further. 

Langmuir opens his discussion with the evidence that atoms 
are not reflected from surfaces of their own atoms. The experi- 
ments of Wood on reflections^ and Knudsen on the rate of eva- 
poration of mercury atoms from a mercury surface, as well as 
many experiments of Langmuir on rates of evaporation of fila- 
ments, indicate that practically no atoms of the metals studied 
are reflected from surfaces of their own atomic species. Weyssen- 
hoff^® studied the reflection of atoms of mercury from iron and 
gold surfaces and found a difference. This is probably in part 
due to the fact that the gold amalgamated with and dissolved 
the mercury. Thus not a gold surface, but one of mercury, is 
dealt with largely. The fact that gold amalgamates with mer- 
cury indicates strong adhesive forces and thus the suspicion of 
Langmuir about the rdle of surface forces may be supported. 
The experiment has otherwise no significance. In any case, no 
matter what the results observed between heterogeneous rdetals, 
the situation is clear for homogeneous substances, as Langmuir 
states. This argues strongly for the important r61e of the atomic 
forces in this case. 

The next case considered is that of the heat conduction in 
gases. In this case there is the impact of gas molecules of a gas 
against the walls of a solid substance of another sort. There is 
little doubt but that these walls are partially covered with an 
adsorbed film of gas molecules which in part takes up the unbal- 
anced surface forces of the substance. This layer depends for 
the extent to which it covers the surface on the gas pressure and 
the temperature, as Langmuir has shown elsewhere. 

The results obtained on heat conductivity at low pressures by 
Knudsen have been described in detail. They require inter- 
pretation in terms of a coefficient a, the coefficient of accommoda- 
tion^^ which gives the ratio of heat carried away by a molecule 
which leaves a surface (z.e., is reflected from it) to the heat which 
it would carry away were thermal equilibrium established. The 
lowest value of a for a gas was that for H 2 in contact with a 
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polished glass or platinum surface where a = 0.26. For the 
heavier gases the value of a = 0.87 was found. For rougher 
surfaces higher values were found in all cases. Soddy and 
Berry^^ found a for H 2 in contact with Pt to vary from 0.25 at 
— lOO'^C. to 0.15 at +200°C. For Ar, a = 0.85, while for He they 
found a = 0.49 at — 100‘"C. and 0.37 at +150°C. At higher 
temperatures, Langmuir found a = 0.19 for H 2 and, for N 2 , a == 
0.60, the metal being W at 1500'^K. 

The rough independence of a of the chemical nature of the 
surface is to be expected from the reflection theory; although the 
theory of Baule, to be discussed later, makes the relative masses 
of surface molecules and impinging atoms a determining factor. 
The variations observed are great for the light molecules of H 2 
and He atoms. The variation with the mass of the surface atoms 
largely gives changes that are so small that they fall within the 
accuracy of the results in magnitude. In order to explain the 
independence of the surface molecules, whose forces should vary 
widely among the metals, Langmuir is forced to assume that the 
similarity of surfaces is due to the adsorbed gas films on the metal 
surfaces. The effect of surface roughness indicates the existence 
of large cavities on the surface where multiple impacts are more 
probable, and hence thermal equilibrium can be more nearly 
reached. This is in line with Baule’s theory. The decrease in a 
with temperature indicates a lessened effect of surface forces at 
higher temperatures, an effect well in line with Langmuir’s 
theory. On the reflection idea, it would be difficult to explain, 
except on the basis of changes of the surface with temperature. 

The experiments on viscosity at low pressures and the coeffi- 
cient of slip have shown (as seen in Secs. 77 and 78) that under most 
conditions molecules are emitted from a surface on which they 
impinge with directions completely independent of the direction 
of motion of the impacting molecules. The only exceptions to 
this general rule, which also apparently holds for the metallic- 
reflection experiments of Wood and Knudsen, are some results of 
States^® and Van Dyke,® using the rotating-cylinder method, of 
Gaede,^® who used the flow of gases in tubes, and of Millikan, 
who worked with oil drops. The results of States indicated that 
the molecules were reflected backward in their direction of inci- 
dence to a greater extent than the random reflection would 
warrant. He used, however, very rough surfaces. His measure- 
ments were made under conditions where the purity of his gases 
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could well be questioned due to evaporation of gases from the 
surfaces during the experiment. Blankenstein/ as stated in 
Sec. 77, repeated the experiments of States under more ideal 
conditions and found nearly completely diffuse reflection for a 
silver oxide film. He found the / of Maxwell’s equation to be 
about 0.98 or more. The 2 per cent deviation could well be 
interpreted as a slight slip. The ‘'reverse specular reflection'' 
of States was not present. The results of Van Dyke, using the 
cylinder method, were of a different nature. He measured slip 
on the following surfaces: old shellac, clean brass, scratched brass, 
and watch oil. In his case he found values of / distinctly less 
than those observed by Blankenstein. The results are as follows : 
The slip for an old shellac surface was about 3 per cent higher for 
CO 2 and air than the value calculated on the assumption of 
perfectly diffuse reflection. This gives Maxwell’s / as 0.985. 
In watch oil the values came out 21 and 12 per cent greater for 
air and CO 2 than the diffuse reflection would require. The 
Maxwell / in these two cases is 0.905 and 0.945. For the other 
two surfaces in air, intermediate results were obtained, while a 
result indicating '^reverse specular reflection’^ was found for the 
scratched-brass surface in CO 2 . The results on shellac and oil 
surfaces are in excellent agreement with the values computed by 
Millikan and his pupils from the motion of oil and shellac parti- 
cles in a gas. The results of Millikan mentioned are the results 
of the measurements made on the slip for oil drops falling through 
a gas. A very critical theoretical analysis of this work of Milli- 
kan has recently been published by Epstein. His analysis leads 
to the statement that the force encountered by a droplet of radius 
a, moving with a velocity V through a gas at a pressure when the 
dimensions of the drop are small compared to the mean free 
path, is given by 

F = 5 ^NmcaW, 

where N is the number of molecules per cm^, m is their mass, and 
c their average velocity. In the equation, 5 is a numerical 
coefficient which depends on the nature of the impacts of mole- 
cules with the surface. It takes the following values in the cases 
that are considered below: 

1 . For specular reflection, = 1 . 

2 . For diffuse reflection with conservation of velocity, 62 = 
= 1.444. 
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3. For diffuse reflection with accommodation: 

a. For a complete thermal non-conductor one gets : 

53a = 1 + || = 1-442. 

h. For a perfect thermal conductor; 


535 = 1 + g = 1-393. 


Now Millikan’s experimental results for such droplets give a 
force Fe represented by 

_ 67rC0.3502)iVmca2F 
{A+B) 

Thus A + B = ^ > if Millikan’s expression 

Zo O 

and that of Epstein are comparable. 

Thus for the above cases A + B should have the following 
values ; 

1. Specular reflection {A + jB)i — 1.575. 

2. Conservation of velocity: 

{A + B)^ = 1,091. 

3. Accommodation: 

(A + - 1.093. 

(A +B)^ = 1.131. 

In case a fraction s of the molecules suffer different laws of 
reflection 

F = '^sB ^ NmcaW, 


whence 


A A- B 


1.575 


If one-tenth of the molecules are specularly reflected while nine- 
tenths are diffusely reflected the expression for A B becomes 


A + B 


1.575 

0.1 + 0.95' 


This gives for (2), and for (3), 

2. Conservation of velocity: 

{A -f- B)^ = 1.125. 

3. Accommodation: 


Insulating (A + B)$a = 1.127. 

Conducting (A + B)gb = 1.164. 
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For oil drops, Millikan found 1.154. This agreement is satis- 
factory with {A B)sb but does not deviate from the other 
values {A -f- B)sa and (A + B)^ very much. 

The decision between the views is, however, made definite 
through a consideration of the relation of the "internal conduc- 
tion" through the sphere of the heat received from molecular 
impacts to the “external conduction." For the conditions of the 
experiment this leads to the conclusion that in Millikan’s low-pres- 
sure measurements only the hypothesis of completely conducting 
spheres is justified. Thus it seems probable that from both oil- 
drop measurements and direct slip coeflSicient measurements at low 
pressures some surfaces at least show a definite small amount of 
specular reflection, that is, they have a Maxwell’s / = 

As regards the experiments of Gaede, these show the presence 
of a reverse specular reflection” — ^in some cases of considerable 
magnitude; that is, the amount of gas flowing through the tube is 
less than would be expected on diffuse reflection. This is in 
contradiction to the work of all other observers. It is likely 
that in his case, as in that of States, secondary factors entered in 
that do not affect the conclusions drawn here. Thus, in general, 
it may be concluded that diffuse reflection is the rule, although 
in some special cases a small amount of specular reflection does occur. 
Therefore, except in these cases, the general viewpoint of Lang- 
muir is not contradicted. 

Langmuir then studies the amount of reflection from surfaces 
by a study of the rate of chemical reactions. If one calculate from 
the rate of a surface catalysis the ratio of the number of mole- 
cules which react to the number of molecules striking the surface 
a fraction e is obtained. He assumes that the molecules that react 
must stick. Thus 1 — € is the reflectivity, or at least the upper 
limit for it. The values of e found in some reactions are interest- 
ing, but it would seem hardly convincing as regards reflectivity, 
for in a reaction of N 2 with CuO giving atomic nitrogen the value 
of € = 0.002 was found. This probably indicates that the reac- 
tion did not occur for every molecule which was not specularly 
reflected, for it is quite likely from slip measurements that/ for 1 S [2 
on CuO is as high as 98 per cent or even more, and not 0.002, 
Again, it is possible that the value of^ e in a reaction may be very 
much higher than the value of a, the accommodation coefficient. 
This is the case for H 2 molecules striking a filament of tungsten at 
2700°K. Here e was 0.68, while at 1500°K. the value of a for H 2 
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was 0,19. This Langmuir attributes to the fact that at ISOO'^K. 
the filament is covered with H 2 molecules^ while at 2700°K. it is 
clean and bare and thus reacts with H 2 molecules. Finally, this, 
in general, raises the question whether a reaction in which the 
chemical forces acting between a specific surface and a specific gas 
permits generalization about the nature of impacts between sur- 
faces where this is not the case. All that these results show is 
that chemical forces of one sort or another between surface and gas 
can influence the nature of the “reflection process. Unquestion- 
ably, all degrees of intensity of forces exist. It is not surprising, 
then, that there should he all possible degrees of condensation occur- 
ring on surfaces and possibly even cases where reflection in a true 
sense occurs, as it must do where specular reflection is observed. 

In a succeeding paragraph of Langmuir’s paper the evidence is 
brought out that in the reactions of gas molecules there are some 
cases where every impact between two molecules capable of reac- 
tion results in an inelastic impact of combination. Leaving aside 
the particular question of the correctness of the interpretation of 
these results, they merely show that some molecules, when they 
collide under proper conditions, do not rebound elastically. This 
depends on the chemical forces involved and on the relative ener- 
gies of the molecules. The existence of small molecular groups 
of molecules of water vapor in the saturated gas shown by many 
lines of evidence, such as the condensation experiments on ions,^^ 
and optical phenomena observed by Barus,^^ indicate that colli- 
sions under the proper circumstances may result in combinations. 
Such a conclusion does not, however, in any sense imply that this is 
generally true. In fact, all the evidence of kinetic theory indi- 
cates that this is a rare occurrence under conditions where the 
kinetic theory is generally applied. 

As it seems definitely established that the heat-conduction 
experiments and slip experiments lead to two constants for the 
same surfaces whose values are different (e.g., a and/), a consider- 
ation of the difference implied is worth while. This is well 
summed up in the theoretical treatment of Baule,^ who assumes 
the solid to consist of a cubic space lattice of elastic spherical 
molecules or atoms which vibrate about their equilibrium posi- 
tions with an average kinetic energy corresponding to the 
temperature. The gas molecules strike these and rebound from 
them following the laws of elastic impact. Call Ex the mean 
energy of the incident molecules, E 2 the mean energy of the mole- 
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cules of the solid, and E' the mean energy of the gas molecules 
after one collision with the molecules of the solid. Then 
E^ = ^E^ + (1 - 

In this equation is given by the masses of the molecules and 
indicates the fraction of the energy of the incident molecules 
which they retain after one impact with the solid molecules. The 
value of (3 depends on the masses mi of the gas molecules and m 2 
of the molecules of the solid, and is given by 

(mi 4- m2)^ 

Now some of the molecules make more than one impact before 
escaping from the meshes of the surface. For simplicity, Baule 
assumes that all those leaving after more than one impact have 
the energy j& 2 . Assume a fraction v (this p must depend on the 
form of the surface) makes only one collision. Then if E is the 
energy of all molecules leaving the surface, 

E = pE' + (1 - p)E2 

and thus E = ^pEi + (1 — pv)E 2 - 

Since the mean energy is proportional to their temperatures, it 

is possible to write 

T = pvTx + (1 - MT 2 , 

or {T — Ti) = (1 — Pp)(T 2 — Ti), which gives a, the accommo- 
dation coefficient of Knudsen as 

a = (1 ISp). 

Baule also calculates the value of the accommodation coefficient 
for viscosity. This is a quantity related to MaxwelFs /. Call Vi 
the average velocity component parallel to the surface of the inci- 
dent molecules, and V 2 the tangential velocity of the surface in the 
same direction. Also let be the average velocity parallel to the 
surface of the molecules which rebound after one collision. Call- 
ing y the constant of velocity exchange for one impact, he finds 
from analysis that y depends on the masses of the molecules of 
gas mi and surface m 2 and is given by 

— 

^ m\m2 

From this he deduces the relation 

+ (1 — y)v2* 

If, then, p make only one impact and escape with the velocity 
while 1 — V are diffusely reflected, one has, if be the average 



318 THE KINETIC THEORY OF GASES 

velocity component of all the molecules leaving the surface 
parallel to it, 

^ = pN + (1 — v)v2^ 

This at once gives 

y = yvVi + (1 — yv^V2 

or iv ““ vi) = (1 — yv){v 2 — ^i). 

In terms of Maxwell's theory, / is the fraction of the molecules 
absorbed and 1 — / is the fraction specularly reflected. The 
quantity (v — vi) in terms of Maxwell's/ is then given by 

V = v^f + Vi(l — /) 

{v — Vi) = J(V 2 — Vi), 

and thus Maxwell's / == (1 — yv) in Baule's terminology. 

The measurements of / and a help to evaluate v and to check 
the theory. 

For H 2 in contact with Pt, mi == 2, m 2 = 195, hence ^ = 0.98, 
and y = 0.01. If the value of a = 0.26 be taken from Knudsen's 
experiments, then v = 0.76 and this gives / = (1 — yv) == 0.992. 
This should be the accommodation coeflS.cient for viscosity. 
This agrees well with experiment where the values found lie 
between 98 and 100. For Ar in contact with Pt, mi == 40, 
m 2 = 195, a = 1 — == 0.85 (Soddy and Berry), ^ = 0.72, 

y = 0.17, and 1 — = 0.965. Thus/ for gases should decrease 

with increasing density of the gases, but is in any case near 
unity, Baule then analyzes the coefficient v on various assump- 
tions as to how the molecules on the surface are shadowed by 
others. Such assumptions must, perforce, be at best very 
hypothetical. Furthermore, Baule leaves out of account alto- 
gether the question of the action of surface forces. It is manifest 
that in many cases these are of prime importance, especially 
where the atoms condense on impact. It was the emphasis of 
this point of view which was Langmuir's great contribution. 
His analysis is given in the article in the Physical Review^^ just 
quoted. Since the article was written, and on the basis of the 
later work of Chariton and Semenow,^^ Frenkel^^ has developed 
the theory in a more precise manner, which will, therefore, be 
developed here. 

Before the question is treated at all, the general problem of 
the mechanism of condensation and evaporation from a surface 
might be analyzed from the standpoint of the kinetic theory, 
for in this case one first meets the effect produced by surface 
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forces in kinetic theory. As the treatment of this subject is not 
easily found, it will be included at this point. The treatment is 
taken from Jellinek’s®’^ “Lehrbuch der Physikalischen Chemie,” 
vol. 2, page 246. 

Imagine a plane surface of liquid in equilibrium with its vapor. 
This demands that three conditions be fulfilled. The first is 
that from each side of the surface of the liquid as many molecules 
pass in one direction as in the other. That means that the rate 
of condensation equals the rate of evaporation. The second is 
that, as temperature equilibrium also exists, the kinetic energy 
carried through the surface in one direction equals that carried 
through in the other. The third condition is that as much 
momentum is carried through the surface per second in one direc- 
tion as another. This demands an equality of pressure. Without 
analyzing the nature of the transition layer between a homogene- 
ous gas and a homogeneous liquid it can be assumed that in the 
transition layer there is a continuous variation of density between 
the two phases. Furthermore, the vapor will be, for simplicity, 
treated as an ideal gas. As a result of the capillary forces 
at the surface such as Laplace and Van der Waals assumed, 
molecules in the transition layer will experience a force. This 
force is such as to hinder the evaporating molecules and to draw 
in the condensing ones. In order to analyze the problem further, 
it must be assumed that all molecules are alike, and that the 
volumes of the molecules can be neglected. It must also be 
assumed that Maxwell’s distribution law holds for the molecules 
of the liquid as well as for the gas (see Chap. IV, Sec. 36). 

From the principle of equality of mass assumed above (for 
equality in the number of molecules carried implies equality of 
mass transported for molecules all of one kind), the first equation 
may be set up. Assume the x-axis to be normal to the surface 
and call the velocity component along this axis u. The number 
of molecules with a velocity between u and w dw is then given 
by Maxwell’s distribution law as 

_ 

where cto is the most probable speed of the vapor molecules, 
while Nn is the number of molecules per cm® of vapor. The 
number of molecules of this speed crossing a cm^ of surface per 
second from the vapor phase is, then. 


Nn 
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Nd 

old's/ 




du. 


In crossing the transition layer these molecules get an increase 

in kinetic energy of from the surface forces. Thus since 

all molecules moving in the direction of the surface will be aided 
in crossing the surface layer, the number of molecules of all 
speeds that cross is 




NpCXp 

2'\/ TT* 


For the molecules starting from below the surface layer upwards 
there is the similar expression 



du. 


In this equation Nf represents the number of molecules in a 
cm^ of the liquid phase and ocp the most probable speed of the 
liquid molecules. Whether olf and ap are the same can be left 
undecided for the present. Now the molecules that start out- 
ward have to do work against the surface forces in order to 
escape. Also, as they expand from the specific volume of the 
liquid phase to that of the gaseous phase, in escaping they must 

do work against the Van der Waals^ ^ forces if they are present. 

Both these amounts of work may be lumped into a single term, 
and this must be equivalent to saying that in escaping from the 
surface the molecules lose as much kinetic energy, on the average, 
as the condensing molecules gain. That is to say, they lose 

on the average an energy Thus only the molecules having 

speeds greater than the s of the out of the number above 


that start outward will be able to escape. The energy 
will, in fact be nothing other than the latent heat of vaporization 
per molecules, or where X is the heat of vaporization of a 
gram-molecule and Na is the Avogadro constant. Thus the 
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number of molecules escaping from the surface per second, 
is evaporating, is given by 



= — * 


N pOLp 


JL 

ccpK 


that 


Since mass equilibrium exists, then, at once, 

£2 


In an exactly similar manner the energy carried through the 
surface from both sides may be computed. In this case, however, 
the number transported must be multiplied by the energy trans- 
ported in each case. Thus from the vapor side the energy trans- 
port for all velocities is given by 


Nn 

Oily's/ TT 



— ][ 
ue ^D^du • ^ mu^ = 


Npma^n 

4i\/ TT 


From the liquid side the energy transport per cm^ per second into 
the layer is 


Npm 
2t(XF\/ % 


u^e 


3^, == 


NfOLf — 

e 


2 '\/ TT 


1 ms^ + i map^ ) • 

2 2 I 


Of this energy 2 ^^^ work of evaporation, thus the 

kinetic energy transported outward into the gas from the surface 
is 


NyOLF 2 ^ 9 

2 '\/ TT ^ 


Equilibrium requires that 


S2 


NnOiD^ = Nfolf^ e ^p\ 

At the same time, however, it was also found that 


NbOCd == NfOLf e 


holds. These two statements can only be true if old = ocf^ 

It is also necessary to show that, in spite of the fact that only 
the molecules that have higher speeds can leave the liquid (for 
they lose energy in getting out) while all speeds can enter it, the 
Maxwell distribution is maintained on both sides (see Chap. IV, 
Sec. 43). This is proved if it can be shown that the one phase 
loses as many molecules of a given velocity per unit time as it 
gains from the other phase. 
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The number of molecules of velocity component normal to the 
surface between u and u + du lost by the vapor phase in unit 
time is 

AT — ^ 



Oi\/ TT 

where o: == ao, the common speed. The number of molecules 
from the liquid phase which replaces these per cm^ per second is 

AT 

^U\e dui, 

OL’\/ TT 

where ui is the velocity of the molecules leaving the liquid phase 
which are destined to have a velocity u on passing through the 
transition layer; that is, Ui^ ~~ 52 ^ ^2^ Substituting the value 
for Ui gives at once 

AT 

(m 2 + s2)^e ““ . (s" + u^)~^^udu. 

aVTT 

In order then that Maxwell’s law be maintained, it is required 
that the expressions above be equal. Equating them, one has 
the condition as 

That this condition is fulfilled follows at once from the equality 
of mass transfer which read 

8 ^ 

provided <xjy = <xp = a., which is the case. 

Finally, pressure equality requires that 

S2_ 

Npocp*^ e “if*® = 

As this confirms the previous deduction, it is merely of passing 
interest and is given t© show that all three conditions are mutually 
in agreement. The expression 

however, gives the equilibrium condition for evaporation. Now 
both Ni> and Np may be multiplied by m, the mass of a molecule, 

and each member of the ratio by — ^ ^ where Na is the Avo- 

2 
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gadro number and m is the mass of the molecules. The 
equation then becomes 


mNi) = mNpe ^ ^ 2 *^ > 


N A'in 


But — ^ is nothing else than X, the latent heat of evaporation 


per gram-molecule, while 


NaTti 


OL^ is nothing else than RT, for 


,7. m m 2 

Na-^ol == Na-^ 3 


RT, Also mNu and mAp are the densities 


of liquid pd and gas p^. One thus has 

pD = pfc 


X 

RT 


This can be transformed readily into \ ^ RT loge — = RT loge 

PD 

where Vb and Vf are the molecular volumes of gas and 

Vf 

liquid. This equation may also be deduced from thermodynamic 
reasoning. In the latter case it differs slightly, and this is due to 
the omission of certain factors in the kinetic theory deduction, 
which were omitted for the sake of simplicity (i.6., the assumption 
of an ideal gas). The neglect of cohesive forces in the deduction 

would not change anything except that the ~ms^ would, as 

jU 

stated before, have to contain the work against the term of 

Vah der Waals^ equation. The neglect of the volumes of the 
molecules would play some r61e. The case was treated by 
Kamerlingh-Onnes.^^ The effect of the volumes of the molecules 
would result in a reduction of the number of the molecules 
starting outward which escape, due to the shadowing” of the 
surface by molecules in the transition layer. In this case, how- 
ever, the molecules struck by molecules which would escape are 
capable of escaping, so that the effect of the volumes of the mole- 
cules in this sense is negligible. Were foreign molecules present, 
this would not be so. However, a consequence of this must 
be considered. If a row of molecules normal to the surface be 
considered and one molecule with an energy u necessary for 
escape strikes the innermost one, the outermost one will receive 
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the necessary energy to escape if the impacts are perfectly elastic, 
central, and the masses are equal. Since, however, the rigidity 
of the molecules is great, the time taken for the end molecule to 
escape after the inner one is struck would be less than would have 
been the case for the initial molecule to have moved freely down 
the chain of molecules. If the time of travel of the molecular 
impulse through a molecule be negligible, then the time of escape 
by the “chain of impacts”* mechanism would be shorter. The 

'Ui 

time would be less in the ratio — ; ^ where u is the distance 

u za 

gone in 1 cm of free movement and z<t is the length of path covered 
inside the molecules lying in the path u cm long, there being z 
molecules in the row of u cm length in the gas and cr being the 
diameter of a molecule. If the collisions of all sorts be averaged 
as well as relative motions, analysis yields the apparent velocity 

V 

of the molecules as u r where v is the volume of the gas and 6 

V — b 

is the Van der Waals^ b (see Sec. 49) Chap. V). The change in 
the theory above produced by the use of u {^) in place of u 
gives as a final equation 


which gives 


Nn 



= NfO 

Vp 



X 

e RT 


Vp — hp^ 
Vp — bp 


or 

\ = BT log A". 

This equation is in perfect agreement with the thermodynami- 
cally deduced equation for condensation. In practice; however, 
it is simpler to use the approximate equation for an ideal gas. 

It is now possible to take up the considerations of Frenkel.^^ 
In taking up his discussion it is perhaps best to preface it with the 
statements that Frenkel assumes that all cases of impacts between 
surfaces and molecules result in condensation and reevaporation. 
It is doubtful whether in the case of gases like H 2 on surfaces 

*Tliis '‘chain of impacts'' mechanism is not a new concept. It was 
used by Jaeger in his treatment of the evaluation of the h of Van der Waals' 
equation, of Sec. 49. The treatment there is not given but is referred to. 
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covered with an adsorbed film of H 2 , or of gas molecules with 
certain oil and other surfaces where slip is observed, this dogmatic 
assertion can be made. It is also doubtful if it is essential to the 
theory. It is probable that in a large number of instances the 
surface forces act and the theoretical treatment may be strictly 
applied. Where forces are weak, it is conceivable that FrenkePs 
time of condensation becomes identical with the time of a molec- 
ular impact. Such a case would give the ordinary diffuse 
reflection if the surface was completely molecularly rough (Max- 
well's / = 1), and a certain amount of specular reflection where 
this is not the case. With this caution based on a broader point 
of view than that of Frenkel, his treatment of the subject may 
be taken up. 

He assumes that the atoms or molecules strike the surface, con- 
dense, and reevaporate after a time. The duration in the con- 
densed state, obviously, must vary greatly, depending on the 
temperature of the surface and on the affinity between the 
molecules and the surface. If the number of molecules striking 
unit surface in unit time is small, or if the duration of the con- 
densed state is short, the surface will be covered with a relatively 
diffuse monomolecular layer. As equilibrium between reevapora- 
tion and condensation sets in, one will then have a layer of 
constant surface density under the given conditions. Call n 
the number of adsorbed atoms per cm^, and v the number of atoms 
striking unit surface in unit time. One may then write as a first 
approximation that v = an. Here a is a constant whose dimen- 
sions are As used, it measures the velocity of sublimation, 

or, perhaps better, the probability of sublimation of an adsorbed 
molecule, for adt represents the chance that in dt a molecule will 

leave the surface. In taking the reciprocal of ™ = r, r is now 

a time which defines the average time in the condensed state. 
As the admirable German expression for this, the time of lingering, 
verweilzeitj expresses the meaning more tersely than any English 
equivalent, the time r will hereinafter be termed the verweilzeit 

If one ceased bombarding the surface with molecules, the mole- 
cules should, after a given time, reevaporate. The rate of 
evaporation would be ^ven at once by the relation 


dn = — andt 
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(3/yi/ 

from the definition of <x above. Hence = —an, and if 


w = Wo at i = 0 integration gives at once that 

“at 


n — or n == Uoe 


The above relation was deduced only for small values of n. 
If V is large or if t is very large, the stationary state which would 
give a constant n is not reached, for then molecules would accumu- 
late faster than they could evaporate. When the number 
adsorbed had reached a critical value Uk, a part of the surface 
would be covered by a monomolecular layer. Further, conden- 
sation would then not occur on the initial surface, but on the 
newly adsorbed surface where the forces with metals would be 
greater than before. Thus condensation at this point would 
begin and the solid deposit observed by Wood would be forming. 
Langmuir®® actually studied the formation of such layers. Wood 
had shown that Cd vapor would not condense to a visible deposit 
on glass unless the latter was cooled to liquid-air temperatures. 
Langniuir modified this by cooling a portion of the glass to liquid- 
air temperatures for too short a time for a visible deposit to 
form. If heated to room temperature, a visible deposit formed 
when the Cd vapor was shot against the spot. He further 
showed that condensation was more rapid on surfaces that were 
not allowed to warm up completely after being cooled before the 
stream of vapor was turned on them. This he ascribed to atoms 
that had condensed, but in such a form that they could not remain 
on the warmer surface, owing to evaporation. On the theory 
developed in his Physical Review article, deposits containing 
contiguous pairs or more of atoms could not evaporate at room 
temperatures, while single atoms readily did. He also observed 
that if one-half of a bulb filled with Cd in that half were heated in 
an oil bath, a foggy condensation occurred over the unheated sur- 
face even when liquid air had not been used. This condensation 
consisted of isolated groups of crystals. This fact he uses as an 
argument against Wood's reflection theory, for he states that on 
Wood’s theory no deposit should have occurred. He ascribes the 
difference between this experiment and Wood’s unidirectional 
stream-reflection experiments to the increased density of the 
vapor. It is doubtful whether the conditions of the stream 
density were suflflciently well known relative to those in Wood’s 
experiments to make such an assertion. The experiments do, 
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however, indicate the nature of the effect of atoms or molecules 
present in stimulating further condensation, though why the 
isolated condensation should occur here is not clear. Calculation 
shows that the deposit formed on the surface cooled by liquid air 
for 1 min. only, from Cd at 60°, contains only enough Cd to cover 
^looo of fl^e surface with Cd atoms at room temperature. Yet 
such a film will serve as a nucleus for further condensation to a 
visible deposit. 

It is seen from the experiments of Langmuir that need not 
mean a uniform monomolecular layer covering the whole surface, 
but a layer sufficiently dense so that the chance of atoms coming 
together in groups of two or more is great enough to cause the 
deposit to form on atoms of the same metal. For each there 
will be a critical temperature Tk at which the average verweilzeit r 
will be great enough so that a layer of the critical thickness Uk 
forms. At T > Tk the temporary layer discussed before is 
formed, which evaporates rapidly after cessation of the stream. 

In metals and glass, where the metal does not “ wet’^ the glass, 
the adhesive forces are less than the cohesive forces. Thus the 
reflection or reevaporation occurs for the glass surfaces, but not 
for metallic surfaces at room temperatures. On the other hand, 
phenomena at low pressures, such as the removal of gases, surface 
catalysis, etc., indicate that many of the gases form powerfully 
adhering monomolecular films on the surfaces of metals and glass. 
These films saturate the surface forces of the metals. The 
residual forces between the gas-coated surface and the bombard- 
ing gas molecules are very weak, for the intermolecular forces 
between molecules of the so-called permanent gases are very 
weak. The result is that the verweilzeit may become negligible 
and there seems no reason, judging from the values of / and a 
in some gases, that these forces cannot be completely neglected 
as Baule does. This viewpoint is strenuously attacked by Fren- 
kel in his article, without adequate reasons being given. It is, 
however, possible to accept his treatment with this reservation, 
and to consider both types of reflection and condensation in 
reevaporation as occurring under proper circumstances. 

Quantitatively, Frenkel proceeds as follows: Assume a layer 
of adsorbed particles small in number compared to a uniform 
monomolecular layer and in equilibrium with a gas phase which 
contains n' molecules of the same sort. Equilibrium will then 
be represented by the equation 
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Here v is the number of molecules striking the surface of the 
body 5 in unit time, and is given by v = where V is the 


volume of the gas and v the average of the velocity component 
normal to s. If MaxwelPs distribution be assumed, the v used 
is given by 

i: 


ce 


mc^ 

'ZkTdc 


V = 


i: 


'MTdc 


\2kT 

\ ttTO 


whence 


sn' I kT 
V v 27rm 


From the discussion of the equation for the evaporation, one 
may take the expression deduced that 


Here N'o is the number of molecules per cm® of vapor in equilib- 
rium with a liquid where there are Njf molecules of the liquid 
per cm®. The deduction holds in the case of equilibrium at a 
surface layer equally well. For this purpose multiply top and 

bottom of the expression ^ by and replace iVjr) by and 


7% 

Nf by its equivalent -r where d is the thickness of the adsorbed 

So 

ms^ 

2 

layer. Then is the ratio of the kinetic energy necessary 
~2~ 

for escape from the surface Uo (i.e,, the potential energy of the 
adsorbed molecule) to the average kinetic energy of agitation of 
the gas and surface molecules at a temperature T. This latter 
energy is kT in the Boltzmann notation. Thus the following 
relation may be written between n and n' : 

n' n — 


or 


n n \, ^ 

— = 

s V 



LAWS OF RAREFIED GASES AND SURFACE PHENOMENA 329 


A more satisfactory insight into the problem can be arrived 
at as follows, for 5 is unknown and tells nothing about the forces 
acting. Assume the adsorbed molecule to be bound in its 
position at the surface by forces which enable it to oscillate 
normal to the surface s with a period to. In this case the elastic 

force acting on a molecule displaced a distance z is z~^m 

T 

in terms of its period, mass, and displacement. For small values 


27r^ 

of z the potential energy is Now the value of 

r o 

h can be obtained from this, for 5 is the thickness of a layer 
within which the center of the molecules adsorbed must lie. 
This average displacement b is obtained from the number of 
molecules out of N that have a displacement z multiplied by dz 
and integrated over all distances that bind the molecules in the 
layer, divided by the number of molecules N. Now the molecules 
having the displacement z are those that have an energy of 
oscillation Au characteristic of z as given by the Maxwellian 

^Au 

distribution law. This is e and hence 


d = 


-r 


Au 

'^dz 


N 


The limits A and B are dependent on the forces and compli- 

Au 

cate integration. Frenkel assumes that, since e decreases so 
rapidly as z increases, one may integrate for z from — oo to 
+ oo . Thus 


=x: 


dz 


[W 

"2mm 


It therefore follows at once that 

S V ‘’\j2Trm ' 


( 3 ) 


He shows that at very low temperatures quantization of the 
energy must be used, and obtains an expression for n 


n' rioh^e^'^ 

^ ” V (27rm&T)^' 

where h is the Planck constant and no is the number of molecules 
in the adsorbing: laver. This is of little but passing interest, 
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and shows that even here quantum theory may be profitably 
used. If it is remembered that 

sn' 1 

" “ V^j2-n-m r” 

then 

n _ Tsn' I kT _ n' I kT ^ 
s “ V^"\27rmf 

or 

Up 

T = 

Thus one has r, the average verweilzeit, expressed as the period of 
oscillation of the molecule in the adsorbed layer, the potential 
energy in the layer, and the absolute temperature. 

While the formula was deduced for the case of a diffuse mono- 
molecular layer, it can hold also for any layers. In order to 
adapt it to this case it becomes necessary to alter Uo and 
to fit the new conditions. If the particles are unequally spaced, 
the values of Uo and To will be different for different particles, 
depending on their proximity to other particles. This will be 
a very important factor for cases such as that of Cd on glass 
investigated by Langmuir, that is, for cases where cohesion is 
far greater than adhesion to the surface. Call the work function 
or energy function of an atom which is combined with i atoms of the 
same sort Ui and its verweilzeit The term ^ ^combined atoms'^ 
or atoms combined with other atoms comprises such atoms as 
are closer than a distance do from each other, which will be termed 
the effective atomic diameter,^’ All atoms greater than do 
distant from other atoms may be termed ^ isolated.'' 

Call the extra work to separate an atom combined with one 
other atom Aiti, then Ui may be assumed to be given by Ui == Uo 
+ ^Aui, and accordingly, the time r will become defined by 
the relation 

Uo-j-i A ui 

Here is the average verweilzeit of an atom surrounded by i 
neighbors. 

Let it be assumed that the number n of atoms which constitute 
the surface is small compared to the number n max. that would 
form a complete monomolecular layer. If they are distributed 
completely at random, then all combinations and distributions 
will be possible if the surface is large enough. The probability 
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that an atom of such a distribution is closer than the distance 
do to another of the n — 1 atoms left would roughly be given by 

the relation (n — 1) where <To, the effective surface occupied 

s 

by an atom, is <to = irdo^. This expression is only an approxima- 
tion, as some of these areas <to may overlap. It is the less the 
smaller the total number n. Thus for small values of n, the num- 
ber of isolated atoms will be 


Uo = n\ 


1- (ri- 1)-" 

5 


and the number of combined ones will be rii = n{n — 1) — • 

s 

It may be assumed, for simplicity, that, although the number of 
molecules in a combined group has not been computed, the prob- 
ability for more than two being combined under the above cir- 
cumstances is small. Thus in this case one deals largely with 
pairs, or twins. This is the viewpoint also used by Langmuir. 

Frenkel further assumes that it is not merely chance that causes 
the pairing of the atoms. He assumes that their cohesive forces 
tend to further this. Since the movement along the surface 
requires no energy, the atoms at the surface can be considered as 
a two-dimensional gas of diatomic molecules that is largely dis- 
sociated. The work of dissociation is At^i. The ratio of the 
number of the pairs associated as a result of the forces, relative 

Am 

to those associated by accident, will be given by the ratio of elcT 


to 1. He therefore modifies his equation to suit this by setting 

Am 

for (To the area a == cto e Calling n — 1 equal to n, for n is large 


compared to unity, then ni, the number of condensed associated 

atoms, is given by ni The n — Ui atoms may be con- 

sidered as isolated. 

Whether the last calculation assuming the surface atoms to be 
in the state of a two-dimensional gas is legitimate is questionable. 
It would seem, in fact, surprising with the intense forces between 
atoms that under these conditions condensation would not always 
take place, if once two atoms could get together. If Langmuir’s 
interpretation of his general condensation on an uncooled surface 
were correct, this process would greatly aid it. At any rate, it 
gives a basis for further discussion. 
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1 1 

OL — - and of a combined one be o:' — -7 

r r 


If now the probability of evaporation of an isolated atom be 

the sum of the 

adsorbed atoms leaving in a time dt will be + <xn^dt. If v 
represents the number of atoms that strike the surface s in unit 
time, the differential equation for n becomes 

dn 
dt 

n^cF 


OLUo 


ol'ui. 


As Ux == 


and if (a 


a,') - is called where /3 > 0, then 


dn 

dt 


cm + fin^- 


dn 


For the case of equilibrium ^ ~ 

S/ OL^ — 


n = 


OL 




2i8 


The other possible value for n,n — 


a + "s/ ot^ — 4:pv 


> has no phys- 


ical meaning, for with i/ = 0 it would give ^ while n must 

be 0 when = 0. Again, only as long as a® ^ 4/3^ is n real. At 
the critical value — 4fiv, n = ■—> and the particular critical 

a* 

state is determined by v reaching a value vk Fi v be- 

comes greater than v* the quantity n becomes imaginary. This 
means that the equilibrium assumed does not exist. The density 
of the layer must continue to increase, and one has the case of the 
condensation of the metal on the metal surface. Now vk is a 
function of the temperature, since both a and /3 are functions of 
temperature, and, reciprocally, the critical temperature at w;hich 
this condensation occurs is a function of v when v approaches 

or specifically when ^ critical temperature varies 
with V. 

The relation between T and v can be easily found from 
the preceding equations, as 


► kT 


0- 


— p j = 


/ AcXoVTa 
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where ti is the period of atoms bound in a pair and is the period 
for isolated atoms, while Aux is the work to separate a pair, and 
Ux is the work to remove an atom of a pair from the surface. 

At the critical temperature the density of the adsorbed layer 
reaches its maximum value which can exist in equilibrium. This 

thickness is given by the relation n* = ^ > the value of n at Vk. 

Zp 

Hence 

njc _ OL _ 5 _ 1 

This value of the critical density is distinctly less than that 
which would be demanded by the densest covering possible on 
the surface, for if it is assumed that each atom of diameter do can 
be surrounded by six other atoms, the minimum surface will be 

0.87(5<,2. On the other hand, 

A = 2cr/l - 

Uk \ Ti / 

and, as ao = irdo^y one has 

nk \ Ti y 

If do is nearly equal to do, and if e~l^ is small compared to 

Tl 

unity, it is seen at once that the area per atom in the critical 
layer is about 3^ that of the densest possible monomolecular layer. 
Again, if the atoms were uniformly distributed, the distance 
between any two atoms would be 2x<io, and as do is required so 
that atoms may further condense, no condensation would take 
place. Thus the pairing is essential for condensation, and these 
serve as nucleii. 

Isolated atoms play no direct role in the phenomenon. They 
do, however, increase the chance of pair formation and thus aid 
condensation. Of course, strictly, larger complexes also build 
up which are not included in the theory. As a first approxima- 
tion, however, the equations give the situation up to near the 

Aui 

critical point. Again, one may also neglect — e to a first 
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approximation with respect to unity. This enables a qualitative 
test of the theory to be made. 

From the experiments of Chariton and Semenow^® quoted, the 
critical temperature of Cd on a surface of picene for r = 2 X 10'^’’ 
per cm^ is 203°K. When v calculated for the edge of their plate 
was reduced by half, the decrease in temperature to cause con- 
densation as estimated from the curvature of the line of condensa- 
tion and the temperature gradient was 5°. 

If one write 

hT ^ 

^CToroV 

then 

j T xT ^ 

Ux = Tp loge - • 

^ 2 — jf 1 Vx 


If the energy Ux corresponds to gram-calories per gram-atom, 
A: = = 2 cal. Putting in Chariton and Semenow^s values for 

cal 

V 2 , vi, T 2 and Ti, one arrives at ux = 11,000 — ^ - This is the 

work of evaporation for paired atoms, and in order of magni- 
tude it approaches the heat of sublimation but is somewhat less 
these heats for Na, K, and Cd are 26,000, 23,000, and 32,000 
cal. \ 
mol.y 

Placing in the equation 


<ro7"u 



ut 

hT 


7 


and assuming v = 2 y. 10^’' at T = 203°K., then cr„To — 2.5 X 
10®“. As the order of magnitude of a-o is 10“’^® cm®, then To = 10”^^ 
sec. In sohd bodies the period of oscillation is of the order of 
10~^® sec. This is a rough agreement. That it comes out too 
low may be due to the fact that the value taken for ui was too 

high, as — was inaccurately known. If — had been 1.9 instead 

J'l Vx 

of 2, Ux would have been 10,200 gram-cal., and to would have been 
10“^® sec. The average thickness 5 of the layer under these 
conditions would have been 10~® cm. 

One more case of interest is the adsorption of a gas film. Here 
the molecules do not stick together but cling to the surface, and 
thus decrease the effective area of the surface which is available 
for further adhesion. 
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Let (7o be the surface occupied by one molecule, and thus 
screened off from the other molecules. If n molecules are 


Tlffo 


adsorbed on s, then of the v molecules striking only v- 

o 

able to adhere. If r is the average verweilzeit 
the condition for equilibrium will take the form 

\ s J r 


Thus 

Remembering that 

and that 


n = 


^ 1 

s T 


r = Toe‘ 


,kT 


n 

s 


Vl 

V 


' I kT 


okT 


kn'T 

while p = one obtains for the thickness of the layer as a 

function of temperature and pressure the relation 


- + ^/s 


6 


This shows that at sufficiently low temperatures n approaches 
the value ~ which it would have for a surface completely 

CTo 

covered by a monomolecular layer. At these temperatures 
considerable changes of pressure are of little effect, for the 

— is negligible. The pressure begins to exert an influence 
V2TrmkT 

when 


-v/ 2TckmT 

^ 

proCFo 


kT 


approaches unity. 

Thus Langmuir^s experiments show that a compact monomolec- 
ular layer of air molecules on W begins to disappear only at 
3000°K,, at pressures of the order of 1 dyne-cm. Assuming that 

1 a / 2Tr7nkT 


r o 


P 
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is about unity at jP — 3000°K., if Tohe assumed 10 (Xo == 10 
p about 1 dyne per cm^ fc = 1.3 X 10~^®, and m = 5 X 10“^^, 

then e is about lO”’^^ This gives Uo as about 170,000 cal, per 
molecule. This value is pretty high, as the heat of sublimation of 
W is 150,000 cal. It is, apparently, of the right order of magni- 
tude. The calculation is, however, only rough, as the diffusion 
of the gas into the solid, the complexity of the gas, and the pres- 
ence of chemical reactions complicate it. It is interesting to see 
that it leads to the proper order of magnitude at least. 

The discussion shows that, although the theory is still very 
rough, a clearer insight into the relation of molecules and solid 
surfaces is gained by the study. 
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CHAPTER VIII 


THE REALITY OF MOLECULAR MOTIONS, BROWN- , 
IAN MOVEMENTS 

85. Introduction. — In the preceding seven chapters the kinetic 
concept of a gas and its consequences was developed in some 
detail, and the development in many cases resulted in predictions 
which were more or less successfully verified by experiment. 
Thus in more recent years the predicted velocities of silver atoms, 
the distribution of velocities, and free paths were roughly 
measured and found to be in agreement with the theory. Further- 
more, the representation of the various constants of transfer dis- 
cussed in Chap. VI in terms of the kinetic theory at an early date 
furnished strong indications of the correctness of the assumptions 
of the kinetic hypothesis. However, while these predictions 
were fulfilled, until 1908 no direct proof of the fundamental 
assumption of the kinetic theory existed; to wit, no proof of the 
continuous and eternal heat motions of the molecules was known. 
To place the kinetic hypothesis on the basis of a proper theory, 
such a proof was absolutely essential, and it was due to the lack 
of this evidence that the proponents of the school of energetics 
(see Chap. I) had a legitimate foundation for their criticism of the 
kinetic conception of gases. 

Again, before 1908, there was no direct means of estimating 
the Avagadro or Loschmidt's number N, that is, the number of 
molecules in a gram-molecule or in a cm®. It is true that the 
quantities N and a, the molecular radius, were bound together 

in the equation for the mean free path, L = — , and it is 

•V 2ir(r® N 

clear that if a could be evaluated N could be determined. Pre- 
vious to this date attempts had been made to evaluate a- from the 
limiting thickness of soap-solution films just before they break^ 
(i.e., where the film was supposed to be two molecules thick), and 
from the value of Van der Waals’ 6.^ The first method gave very 
crude and uncertain results of the order of ten times the value of 
cr obtained from 6 taken from the critical data. Clearly then, it 
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remained for a direct determination of N, and a direct proof 
of the heat motions of the molecules to establish the kinetic 
hypothesis on the firm basis of an acceptable theory. 

These conditions were realized at one stroke through the genius 
of the French physical chemist, Jean Perrin, ^ in 1908, by a study 
of the Brownian movements. By means of these movements by 
two independent lines of reasoning, based on the assumptions that 
they were the result of molecular motions, Perrin was able to 
obtain a value of N in good agreement with the value of N calcu- 
lated from (X from the critical data. The value of N thus obtained 
was also in satisfactory general agreement with the early rough 
values of N obtained by Millikan^ and Rutherford^ from Ne and 
the value of e the unit electric charge by entirely different means. 
The agreement of observations on the Brownian movements 
with the equations derived, assuming them to be the result of 
molecular impacts, definitely established the real existence of the 
assumed heat motions. Bater experiments of Millikan and Flet- 
cher^ using minute electrically charged oil drops in air giving an 
accurate value of the Faraday constant Ne verified the assump- 
tions in a still more striking manner. The theory and the results 
of these measurements will constitute the body of this chapter. 

86. Brownian Movements. — In 1827, an English botanist, 
Brown, observed that in aqueous suspensions of fine inanimate 
spores the spores were apparently in constant motion dancing 
hither and thither in the field of the microscope without apparent 
rhyme or reason. He extended his observations to suspensions 
of a large number of other inorganic substances, the so-called 
colloidal solutions, and found it to be a general phenomenon. 
His observation of the motions lead him to venture the idea that 
the motion was due to the unequal bombardment of the particles 
on various sides by the molecules of the liquid executing their 
heat motions and that they were therefore a manifestation of 
molecular heat motions. This started a violent controversy and 
a long line of experimental investigations by now nearly unknown 
investigators which definitely terminated only with the quantita- 
tive experiments of Perrin. The investigations preceding the 
work of Perrin established the following facts, which in a qualita- 
tive fashion pointed quite strongly to the correctness of the 
tentative explanation of Brown. These facts are as follows: 

1. The motions are completely irregular and random. No two 
particles in one locality are moving in the same direction at the 
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same time. The motions are also independent of the location of 
the particles in the observation chamber. Thus they cannot be 
due to eddy, convection, or streaming motions in the liquid. 

2. They are independent of jarring or shaking of the vessel. 

3. The lower the viscosity of the liquid the faster the motion. 

4. The smaHer the particles the greater the motion. 

5 . Two particles the same size move equally fast at the same 
temperature. 

6. The motions are continuous and eternal, that is, the colloidal 
quartz particles in the liquid suspensions included in certain 
quartz specimens that are thousands of years old still show the 
Brownian movements. Thus these cannot be attributed to 
special types of physical activity, such as is displayed by camphor 
on a clean water surface, for such actions cease after a short 
interval of time. 

These results indicate first that the motions are properties of 
individual particles, that each one of these acts independently, 
and that local convection currents, streaming, and mechanical 
agitation are not the cause of them. The variation of the motion 
with size, viscosity, and temperature is in agreement with the 
concept that they are due to unbalanced forces of the molecular 
type. Finally, the eternal nature of the motion suggests that 
the energy cannot come from the chemical or electrical properties 
of the suspension and the only source of energy of this duration is 
the ever-present heat motion of the Hquid molecules. 

Accepting Brown’s hypothesis then, the following picture of 
the processes at work may be drawn. The suspended particles, 
large compared to the molecules of the liquid (perhaps millions 
of times larger) are being continually bombarded on all sides by 
molecules of the Hquid executing their heat motions. If the parti- 
cles are sufiBLciently large, on the average, equal numbers of mole- 
cules strike them on all sides each instant. For smaller particles, 
from the laws of chance, the numbers striking various sides each 
instant may not be equal. Thus the particle at each instant 
suffers an unbalanced force due to the inequality in the number of 
molecular impacts on different parts of the surface. The result of 
such an action is a force causing the particle each instant to move 
this way or that in response to the force, its motion being opposed 
by the viscous drag of the Hquid. Thus the particles act just like 
very large molecules in the Hquid and the motions they exhibit 
should be exactly analogous to the real motions of the molecules. 
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It is this similarity of these large observable particles to molecules 
that Perrin used as the basis of one of his proofs, for if these 
particles differ from molecules in their behavior in respect to 
heat motions just in size, they should obey the laws of partial 
pressures and of molecular atmospheres. Also if the particles 
are moved hither and thither by the unbalanced forces of the 
liquid, the mathematical theory of the amplitude of their motion 
in a given time for particles acted on in the fashion deduced by 
von Smoluchowski and later independently by Einstein should 
be applicable to this case, and the dependence of the amplitude 
on various factors, such as temperature, size, and viscosity, should 
be in accord with that observed. The test of this equation con- 
stitutes the second of Perrin’s methods of attack and it will be 
the task of the next two sections to derive the relations and indi- 
cate the success of the measurements. 

87. Brownian Movements and the Law of Atmospheres. — 
The study of the physical chemistry of solutions has shown that 
molecules of dissolved substances in a liquid behave in many 
respects as if the same molecules were moving freely as gas mole- 
cules in empty space. Thus the molecules of 342 grams, (i-e,, 1 
gram-molecule), of cane sugar dissolved in 22.4 liters of solution 
act very much as if they were molecules of sugar vapor at a 
pressure of 1 atmosphere at the existing temperature, that is, they 
execute heat motions and exert a partial pressure on the walls, 
commonly known as the osmotic pressure. By using heavier 
molecules than sugar, the case is not altered, for there is no change 
in the observed laws with molecular weight. There is no reason 
why the molecules to be discussed, even if they have the size of 
colloidal protein molecules visible as diffraction patterns in the 
ultra-microscope, should not show exactly the same behavior as 
sugar solutions of low molecular weight.* It is, therefore, not 

* It appears now that, in spite of the views of certain colloidal chemists, 
colloidal particles in suspension do not differ essentially from crystalloidal 
particles in solution. Their chief difference lies in their greater size, which 
makes them unable to pass through certain filters and which also enable 
them to scatter light. They are also at times electrically charged, the charge 
being very active in preventing agglomeration and precipitation. Certain 
crystalloidal solutes (the ions), however, also exhibit charges in solution 
whose nature may not be very different from that of the particles above. 
They also follow the laws of osmotic pressure. It is possible that the 
charges on Perrin^s particles might have affected his results. Apparently, 
he chose particles where this was not the case. That he did so is evidenced 
by Faults of later worker^ who could not check sc>^5^e of his results. 
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unlikely that the laws of solutions and hence of gases are justifiably 
applicable to suspensions of colloidal particles in liquids. It was 
this analogy which lead Perrin to the first of his considerations. 

Assuming that the colloidal particles in a suspension may be 
compared to an atmosphere of molecules in free space, say the 
nitrogen molecules of the atmosphere, it is possible to proceed as 
follows. The nitrogen molecules of the earth’s atmosphere are 
in constant heat motion. Due to this, they are moving equally 
in all directions. At the same time they are acted on by gravity. 
Accordingly, those in the outer layers have a resultant force 
urging them towards the center of the earth, that is, there is a 
pressure exerted by them on the next inner layer of molecules. 
These, in turn, are attracted inwards, and they add the force of 
attraction upon themselves to the pressure exerted on them by 
the outer layer. Through their heat motions the pressure is 
transmitted from layer to layer of the gas, becoming continually 
greater as the center of the earth is approached. Since the 
pressure acting from above increases the density of the gas, more 
molecules are crowded into each successive layer than there were 
in the layer before. Hence the attractive force on an inner layer 
will be greater than on the next outer one and the pressure will 
increase more rapidly than by a linear law with the decrease in 
distance from the center. Also, the heavier the gas molecules 
the greater the gravitational force on each layer, and hence the 
more rapidly the pressure will increase with decreasing distance 
from the center. Thus for nitrogen there is an atmosphere like 
that of the earth — ^tenuous outside, dense at the surface. For 
molecules like sugar that are some 10 times heavier than nitrogen 
it would be necessary only to go up a distance e'A o as high to reach 
the same fractional density as is exhibited by the atmosphere. 
For colloidal particles whose mass may be 10^ times that of the 
sugar molecules the fractional change in density, which in the 
atmosphere requires kilometers in height, will occur in milli- 
meters in colloidal suspensions. Thus if the colloidal particles 
showing Brownian movements act exactly as if they were large 
molecules, their motions being due to the heat motions of the 
molecules of the liquid, a colloidal suspension should show a change 
in density for different layers depending on the mass of the parti- 
cles, but exactly analogous in form to the changes in density of 
the earth’s atmosphere. To study this, the law of atmospheres, 
which was originally due to Laplace, must be deduced. 
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Consider a cylinder of gas of cross-section a and also one of the 
layers mentioned above dh cm high. Call the pressures on its 
bottom and top p and p'. Then p > p', for the mass of the layer 
dh acted on by gravity has been added to p' to make p. Thus 

p — p' = {dh)pg _ This merely says that the force of gravity 

CL 

a dhpg acting on the gas divided by the area a is the difference in 
pressure p — p'. Here g is the constant of gravity and p is the 
density of the gas in grams per cm^. Hence 

dp p — p' = —dhpg = — — ^ 


the — sign indicating that as h increases p decreases. Here M 
is the mass of a gram-molecule of gas, and v the corresponding 

volume p = Since it was assumed that the Brownian 

particles act like nitrogen molecules, it is legitimate in the rough 
calculations to follow to assume that Boyle^s law holds. Then 
for such particles as for one may approximately write pv = 
RaT, where v and Ra refer to a mol, and one has 


or 


dp — — 


Mgdh 


V 


P RaT 


dh. 


Integrating this from p — pQS^th — 0, top = ps^th = h, 
__ Mg 


/' 


V 


RaT 


^dh, 


log p — log Po = — h 


R.T 


Mg 


p — p^e ^A^ 


h. 


Further, since the number of particles or molecules per cm^, no 
and n, are proportional to po and p, respectively, 

Mg 

n = n^e 

This is Laplace’s well-known law of atmospheres and it expresses 
precisely how the number of particles or molecules per unit 
volume will vary wi| 3 h distance from the earth’s surface. The 
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equation may be modified a bit further by replacing M, the gram- 
molecular mass, by iuNa, the mass of a single particle times the 
number in a gram-molecule, hence 

mN j^gh 
Uo 


Thus the density of particles increases exponentially as the height 
decreases. The rate of increase is greater the greater the mass m 
of the particles, and the lower the temperature. If the values of 


n 


771 , g, h, R, and T were known for a given — and h, N a, the Avo- 

TTjo 


gadro number; could be found. 

In the colloidal particles in solution the force of gravity acts on 
the particles which are buoyed up by the liquid in which they are 


suspended. 


Thus mg must be replaced by m 



where d 


is the density of the liquid and D is the density of the particles. 
If V is the volume of the particles, then 


Hl = e 

Uo 

- 6 ^ 


In the logarithmic form this becomes 

To test this experimentally, Perrin used colloidal suspensions 
of gum mastic and of gum gamboge. These could be prepared 
by dissolving the gum in alcohol and then pouring the clear solu- 
tion into water. In this way clear spherical globules of the sub- 
stances appeared; of which the smaller ones showed the Brownian 
movements very nicely. The equation to be tested, however, 
demands the P or m for all the particles considered be the same. 
To insure this, Perrin separated particles of one size from the 
assorted groups present in the initial emulsion by fractional centri- 
fuging. These were then placed in small cells kept at constant 
temperatures by water baths and placed on the stage of the micro- 
scope. Since the depth of focus of a microscope is very sharp, 
the number of particles in the field F of th^ microscope and of a 
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depth dk could be easily counted. By raising or lowering the 
microscope, the numbers n at different levels in the volume Fdh 
could be counted at different depths. The value of h for different 
settings of the microscope yielding a number n could be read 
accurately from the graduated head of the adjusting screws of the 
microscope governing its distance from the solution. Thus Uo, n, 
and h starting at some arbitrary depth in the solution could be 
determined. The counting of moving particles in the field was 
difficult, due to the motions. This was overcome by reducing 
the field so that about 10 particles appeared at one time. Perrin 
then counted the number in the field (the bursts of 0 to 10 parti- 
cles) at various successive intervals of time. By averaging a 
large number of counts and knowing the area of the field of 
the diaphragm, he was able to arrive at a fairly accurate value 
of n. 

The most serious difficulty in the measurements lay in an 
evaluation of m or V , and D. D was determined in three ways : 
(1) by the use of the pycnometer; (2) by direct measurement of 
the density of the fused dry gum; (3) by adding KBr, or a salt of 
known composition, to the solution to increase the density of the 
liquid until the density of the suspending liquid was so near that 
of the particles that violent centrifuging would not separate the 
particles. 

1. The pycnometer method consisted in filling the same pyc- 
nometer first with distilled water, and then with the suspension 
at the same temperature, and weighing it. The emulsion was 
next evaporated to dryness and the resin desiccated at llO'^C. 
and weighed. The dry weight gave the mass of the gum particles 
present. The difference in the weight of liquid and distilled 
water gave the excess in mass of all the particles in the suspension 
over the water which they displace. 

2. Unless the process of suspension changes the density of the 
gum, the density of the dried extracted gum should be the same 
as that of the particles. 

3. The separation of particles by centrifuging, that is, by 
using powerful centrifugal forces, depends on the fact that the 
particles or substance of greater density will be thrown outward 
relatively more than the less dense substance the substance 
of less inertia, the solution). If the densities are the same, 
separation should be impossible. The precision of this method 
depends on the centrifugai forces being great enough to separate 
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particles of small enough differences in density to a noticeable 
extent in the time intervals used. It also demands that the 
salt added does not affect the nature of the suspension by causing 
agglomeration or change of constitution. 

The results of the measurements by the three methods on the 
same suspension for one case are given by Perrin as Z>i = 1.1942, 
Z>2 = 1.194. = 1.195. 

The next problem was the accurate determination of m or V for 
the particles. The particles appeared as spheres, but the edges 
were not sharply defined, owing to the diffraction effects. Thus 
it was impossible to measure the diameter of any one accurately. 
It happens that if a very dilute suspension be evaporated on an 
uncovered microscope object glass the capillary forces of the 
liquid cause the particles to run together in groups. These 
groups are, in general, one particle in depth and may lie more or 
less in horizontal rows, or in sheets. Thus the diameter can be 
found by counting the number in a given area or the number 
lying side by side in a given straight row. As an example, Perrin 
found the diameter to be 0.746 X 10“« mm for the average of 50 
rows of from six to seven particles, and 0.738 X 10~'’* mm for 
2000 particles distributed over 10“® cm^. Thus if the diameter 
is known, V can be computed, assuming the particles spherical, 
and m can be fqynd from D and V. Another way in which the 
mass of the grains can be found is by direct weighing. In 
slightly acid solution (J^oo normal), while the grains do not 
adhere to each other, they all adhere to the walls on striking 
them. Hence, after some hours all the particles are precipitated 
on the glass walls of the vessel. Thus, by precipitating the grains 
in this fashion on the walls of small cylinders whose volume 
could be measured, and by counting the number of grains so 
precipitated at various parts of the cylinder, a close estimate 
of the number of grains in the whole small volume of solution 
was obtained. By then evaporating a known volume of solution, 
the weight of the particles present could be determined. Thus 
by dividing the weight so obtained by the number of particles 
in this volume, deduced by the counting, the mass m of a single 
particle was determined. A third method of determining the 
radius of the particles made use of Stokes’ law. Stokes has 
shown mathematically that for spheres moving through a viscous 
liquid under the action of uniform force, when the spheres are 
small compared to the diameter of the vessel but large compared 
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to the discrete structure of the liquid,* the velocity of fall is 
given by 

V(D - d)ff 

<0 = — ^ = J 

07n7a OTT-iya 

where a is the radius of the sphere, v the velocity of fall, and /? the 
coefficient of viscosity. This law holds for macroscopic spheres 
and for microscopic spheres, if they are not too small. If v, the 
velocity of fall of a cloud of suspended particles doWn a capillary 
tube, be observed in a liquid (distilled water) for which 77 is 
known, a can at once be found. Using these three methods, 
Perrin found the following values for a from a single emulsion. 

AligisTment Weight Stokes* Ltaw 

a 0.371 X 10-* cm 0.3667 X 10-« cm 0.3676 X 10“^ cm 

With these data then, it was possible to get for — and h 

no 

were observed, while m, or F, Z>, and d were measured and Ra 
and T were known. 

Before computing Na, however, it was essential to know 

n 

whether the equation between — } h, m, and T was verified. This 

no 

was found to be the case. The results obtained by Perrin in 
two typical experiments are as follows: 

1. Particles df radius 0.212 X cm, with 13,000 particles 
counted at depths of 5 X 10“"^ 35 X 10“^, 65 X 10~^, and 95 

qn 

X 10^^ cm gave — proportional to 100, 47, 22.6, and 12 . 

no 

Had these accurately followed the exponential law, they would 
have given 100, 48, 23, and 11.1. 

2 . In another series of experiments the particles were photo- 
graphed in a plane normal to the earth^s gravitational field and 
the numbers of particles at various levels were counted on the 
photograph. These particles had radii 0.52 X 10"”^ cm and 
the distance between the levels was 6 X 10“”^ cm. The numbers 
found for four levels were 1880, 940, 530, and 305. The expo- 
nential law leads one to expect 1880, 995, 528, and 280. The 
deviations are all within the hmits of probable variation for the 
numbers counted. Counts were made on suspensions of difier- 

* This assumption demands conditions which are the reverse of those 
for which the Brownian motions become noticeable. It is to this circum- 
stance that part of the discrepancy between Millikan's result and that of 
Perrin is ascribed. 
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ent sorts, 77 varying in a ratio of 1 to 125. T was varied from 
— 9 to +60‘'C., while the volume V varied in the ratio of 1 to 50. 
These suspensions all obeyed the exponential law and led to 
values for the constant term which yielded a value of N a. lying 
between 6.5 X 10^^ and 7.2 X 10^^. In these values there was 
no systematic variation of with any factor. It can be safely 
assumed that the constancy oi N a. and the verification of the 
exponential ratio confirm the assumptions involved in the 
deduction of the equation beyond a reasonable doubt. 

88. The Displacement of the Particles in a Given Time and 
the Verification of the Brownian -movement Law of Einstein 
and von Smoluchowski. — The most striking proof of the molec- 
ular origin of the Brownian movements lies in the quantitative 
agreement of the displacements measured in a given time with 
the predicted value of the displacement based on the theory of 
Einstein® and von Smoluchowski.*^ As was stated, the particles 
are acted on each instant by unbalanced forces due to unequal 
molecular bombardment on various sides. The force opposing 
this motion is the viscous drag of the liquid. As a result of 
this, the particles move hither and thither through the liquid. 
If one particle be observed in the field of the microscope which 
has a series of lines cutting each other at right angles in its field 
of view, one can plot the position of the particle at any instant 
on a system of Cartesian coordinates. If the distances of these 
lines from each other be known, the position of the particle at the 
end of equal time intervals (e.g,y every 30 sec.) can be plotted, 
and hence the distance it has moved in these time intervals may 
be determined. Thus the average distance A moved through in 
a given time r can then be found. This distance depends on the 
forces acting on the particle, the viscous drag of the liquid, the 
size of the particle, and other constant factors. If the variation 
of A with 77, F, etc. predicted by theory, and the values of the 

constants computed from observed values of ^ for a given 

particle, agree with values obtained in other ways, the under- 
lying assumptions can be taken as completely verified. 

The theory for this effect was first deduced by von Smoluch- 
owski and Einstein independently about 1905, and the deduction 
here given is a simplified treatment due to Lange vin.® For sim- 
pEcity, it will be convenient to use not the average displacement of 
the particle A for any time interval r, but only the x component of 
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this along one of the observing axes arbitrarily chosen as the 
a;-axis. 

Assume that the particle encounters an unbalanced force X 
along the or-axis* It is retarded in its motion by the viscous drag 
which for a spherical particle is given by the constant factor in 
the Stokes’ law equation mentioned before. This is 

f = -&Tr-nav = -Kv = 

at 

where v is the velocity, a the radius, and 57 the coefficient of 
viscosity. The equation of motion is, then, 

_ -x* + X 

dt^ dt 

Now X may be positive or negative along the axis, for the particle 
will move in one sense or the other. To get rid of the + and 
— signs in the equation which occur because the particle moves 
one way or the other; that is, to enable one to deal with the magni- 
tude of the displacement only, it is easier to modify the equation 
so as to get rid of x terms and deal only with terms in x^. To do 
this, one multiplies by x 


mx 


d^x 


= -Kz^^- + Xx. 


dt 


Now 

dH 1 dH'^ 
dt^ 2 dt^ 

and 

dx Id (a;®) 


^dt ~ 2 dt 

Hence, 



_ 

\dt ) 


md^x^ 

2l[F 


{dxY 

-’Aw - 




For a large number of displacements the xX term will, in general, 
cancel out, for the sign of the xX is as often positive as negative, 
that is, the average motion is as much in one sense as another. 
Thus Xx, the average Xx, is zero. Also, approximately, pV a = 


where 


Va is the volume of a gram-molecule. 


Ra is the gas constant for this mass of gas, and N a is the number 
of molecules in tliis volume. Hence the kinetic energy is = 


3 Rjjr 
2 N. • 


In dealing with the kinetic energy along the aj-axis only. 
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the kinetic energy along x is 3^^ the total kinetic energy (see 

1 /s R T\ \ R T 
Chap. IX) ; that is, ^ ^ 7^/ 2 1^' 


set p: 


1 / dxV 
2^\dt) 


IRaT 


The equation for the displacement as 


2 Na 

deduced above then loses the Xx term and becomes 


md^x^ 


Call 

and the result is: 


RaT 

Na 

dx^ 

dt 


m dz 
2 dt 
dz 


Kd^ 

2 dt 


+ 0 . 


or 


2RaT 

NaK 


RaT R 

A. 

T< 

-dt. 


Na 

-K 


2^’ 


m 


Integrating this for z from 0 to z, and for t from 0 to i the result 
obtained is: 


log 


(- 


2RaT 

NaK 


h(-i^+=)]:=(-s 


Kt 


2RaT _ 2RaT6 « 
NaK NaK 


z — 


2RaT 

NaK 




Now for finite intervals of t of the order of 10“® or 10”^ sec. the 


e ^ vanishes. For K 


Qwrja and m = where a is about 

10~^ cm and tj is 0.01 the exponential has the value If t 

is greater than 10“^, the quantity is negligible. Thus 

restricting the value of t to finite intervals r of the order of 10““^ 
sec. or more, the quantity must be replaced by Ax^ and the dt by 

dx ^ 

a finite interval r in Z’—r- and the vanishes. Therefore 
zat 
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Accordingly, 


^ r 

N A 67r??a 

Thus Ax"^, the average squared displacement of a particle due to 
Brownian movements along the :r-axis in a time r, is given by an 
equation containing the absolute temperature, the gas constant 
Ra, the Avogadro number, the coefficient of viscosity, and the 
radius of the particle. It is, consequently, open to simple experi- 
mental verification, since all these quantities may be measured, 
or it can be verified by seeing if Ax^ varies as predicted, and if n[ 
fits values from other data. Finally, a verification of the random 
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nature of the Brownian movements and the verification of the 
predicted law of diffusion of particles under Brownian move- 
ments deduced by Einstein give additional proof. 

Perrin made these measurements using the camera lucida and 
a coordinate system where 16 divisions represented 5.0 X 10”^ cm. 
The time interval chosen was 30 sec. The average squared x 
component of these displacements (see Fig. 50) gives AEb^, and 
this leads to a test of the theory. 

1. Proof of the Random Nature of the Brownian Motions , — 
The distribution of the x projectioiis for a given time was found 
to be according to the Gauss-Laplacian law of probabihty which 



352 


THE KINETIC THEORY OF GASES 


would be expected as a result of molecular motions obeying Max- 
welPs distribution law, that is, out of N projections considered, 

dx should have projections lying between Xi and . 

X 2 j the mean square being measured as above. Using an 
emulsion of gamboge with a = 0.211 X 10“"^ cm, the number N 
of displacements lying between successive multiples of the length 
X 2 — Xx = 1.7 X 10 “^ cm were as follows: 


X\ 

X2 

One 

series 

Another series 

N obs. 

N calc. 

N obs. 

N calc. 

0 and 

1.7 

38 

48 

48 

44 

1 . 7 and 

3.4 

44 

43 

38 

40 

3 .4 and 

5.1 

33 

40 

i 36 

35 

5 . 1 and 

6.8 

33 

30 

29 

28 

6.8 and 

8.5 

35 

23 

16 

21 

8.5 and 10.2 

11 

16 

15 , 

15 

10.2 and 11.9 

14 

11 

8 

10 

11,9 and 13.6 

6 

6 

7 

5 

13.6 and 15.3 

5 

4 

4 

4 

15.3 and 17.0 

2 

2 

1 

4 

2 


This analysis and a series of others on the same subject but using 
different methods of representation established the completely 
random nature of the displacements on a quantitative basis. 

2 . should^De proportional to r. Perrin found that, mak- 
ing r 120 sec,, Ax^ was about four times what it was for 30 sec^ 
that is, that 

^ 30 ^ = =. 1 . 

Axi2q^ 120 4 


3. The Test of the Brownian-movement Equation , — Up to 1908, 
tests of the Einstein- von Smoluchowski conclusions were made 
using the meager data available. They yielded better than an 
agreement in order of magnitude. 

A. The Variation with Temperature. — From the theory above, 
the average displacements and at two tempera- 

tures Tx and at which the viscosities are and 772 should be 
in the ratio 
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For a temperature interval from 17 to 90°C. in one suspen- 


sion, the variation should have been 2.05 for 



The 


observed value was 2.2, which lay within the limits of experi- 
mental error for these results. 

B. The Variation with -q and a, and the Evaluation of Na.. — 

R T T 

If the theory is correct, Na should be given by Na == 

Ax^ oTvy)a 


If a is measured as in the law of atmospheres, then Na will be 
determined. The summary of a series of results is given in the 
accompanying table : 


10077 

Emulsion 

Radius 

X 10^ cm 

Mass 

X 10^5 

Number 
of dis- 
place- 
ments 

Na 

102S 

1 

Gamboge 

0.5 

600 

100 

8.0 

1 

Gamboge 

0.212 

48 

900 

6.95 

4-5 

Gamboge in 35 per cent 
sugar solution 

0.212 

48 

400 

5.5 

1 

Mastic 

0.52 

650 

1,000 

7.25 

1.2 

Large mastic in 27 per 
cent urea solution 

5.5 

750,000 

100 

7.8 

125 

Gamboge in glycerine 
with 10 per cent water 

0.385 

290 

100 

6.4 

1 

Gamboge of very uni- 
form quality 

0.367 

246 

1,500 

6.88 


Thus masses varying in the ratio of 1 to 15,000 and viscosities 
varying from 1 to 125 gave sensibly the same value for Na within 
the limits of experimental error, so that the equation is verified 
as regards variation of Ax^ with these factors. The value of 
Na from the last measurements, namely, 6.88 X 10^^, lies within 
1 per cent of the value found from the law of atmospheres for the 
best case, and is near the value 6.2 X 10^® found from L and Van 
der Waals^ 6. He therefore adopted the value 6.85 X 10^^ as 
the true Na^ Rutherford, from measurements of the charge for 
oc particles in about 1908, found N a from e and the Faraday con- 
stant to be 6.22 X 10^^ and Millikan^s accepted value, based on 
a measurement of e and a knowledge of gives N a = 6.06 X 

10^^. The proof of the nature of the Brownian movements of 
Perrin seems, therefore, to be quite conclusive and it may safely 
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be assumed that these experiments establish the validity of the 
kinetic theory. 

4. The Application of the Einstein Theory of Rotational 
Brownian Movements . — Applying the analysis of Einstein^ for 
the rotational movement of Brownian particles, which involves 
the assumption of the law of equipartition, Perrin was again able 
to obtain a value of == 6.5 X 10^^ which is in good agreement 
with his translational experiments. This verification therefore 
also establishes the validity of the equipartition hypothesis as 
applied to the distribution of rotational and translational kinetic 
energy. 

5. The Study of the Diffusion Rate of the Brownian Particles and 
Another Determination of N a - — A still further value of Na was 
oDtained from the diffusion rate of mastic particles in glycerine 
solutions by Brillouin^ under Perrin^s direction. Einstein pre- 
dicted that the coeflScient of diffusion D should be given by the 
relation 

N a drrTja 

for solutions where the particles were so large that the Stokes' 
law relation held. By measuring D in an ingenious manner, 
Brillouin was able to evaluate Na, and found it to be 6.9 X 10^^; 
in agreement with the earlier work of Perrin on displacements. 
The absolute values of Perrin for Na, while consistent with them- 
selves, are, as a whole, higher than those from Van der Waals' 6, 
and from Rutherford or Millikan's values. This difference does 
not lie in any fault of the theory. It lies chiefly in the inac- 
curacies present in the difficult measurements of Perrin, notably 
on the value of a. Another error of some significance in these 
results lies in the assumptions of Stokes' law as Millikan^ has 
shown. As the error was the same throughout, it makes the 
results of Perrin consistent. Where it was eliminated Millikan 
was able to get an accurate verification. 

89* Accurate Verification of the Brownian -movement Rela- 
tions for Gases. Millikan’s Oil-drop Measurements. — In all 
Perrin's work the accuracy of the results was limited by the difl&- 
culty of evaluating a, the radius of the particles, and also in the 
Brownian displacement measurements by the uncertainty of the 
validity of Stokes' law assumed for the small particles used. 
Furthermore, the results are based on analogy between colloidal 
suspensions and particles in a gas acted on by molecular impacts. 
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They are thus open to some theoretical criticism as a* complete 
•proof. Millikan overcame this objection in a very striking man- 
ner. He worked with minute droplets of oil floating in air or H 2 . 
These took on a spherical form, owing to cohesive forces. He 
eliminated at one stroke both the assumption of correctness of 
Stokes’ law and the uncertainty in the determination of a by a 
technique used in the determination of the elementary charge e. 
To accomplish this, he charged the drop electrically and studied 
first the lateral Brownian displacements of the drop when sus- 
pended in the air, then its rate of fall under gravity alone, and 
finally under gravity which was opposed by an electrical field 
acting on the charged drop. The measurements were carried out 
by Millikan and Fletcher in 1911. As was shown in Sec. 88, a 
particle undergoing Brownian movement is assumed to be 
retarded by a viscous force F = —Kv. If the Stokes’ law holds, 
K — 67rrja. If it is possible that it does not hold, the use of an 
undetermined factor K is more accurate for the discussion. Now 
it is this constant K which depends on a, and, as the law may not 
hold, the indeterminate form will be used. Assume the particle 
for which the Einstein equation holds in the form 


Ax^ = 


2RaT r 

Na k’ 


to be placed in a uniform electrical field of strength F parallel 
to the earth’s field. Assume that it has an electrical charge 
ev on it (where e is the electron and v is some whole number), 
of such a sign that the force acting on the particle opposes the 
action of gravity. The drop will then fall under the force mg of 
gravity with a velocity v\ if the field is absent. If the field F 
acts on the drop, it will fall with a retarded speed V 2 under 
the force mg — Fev, Since the retarding force is the same in both 
cases and the fall is uniform, then 


V 2 Fev — mg mg vi 


ve = 




, , mg 

Now Stokes’ law says that mg = Kvx, so that = il. 

K - K 

Therefore ve == + *^i). For v equal to unity, e — 


(y 2 + 2^ 1)0 and K = 


eF 

(vi 1^2)0 
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Now Millikan in a separate series had actually determined e, 
so that it was easy to get v and to find the value for v 

K 

= 1 . Actually, e need not have been known, for e = + vi)q 

could be found by charging the drop a number of times to differ- 
ent values, and finding the least common divisor for + 2^1). 
K 

This would give + ^;2)o. Thus one could obtain K by- 

observation from Viy V2 and F and e. 

Putting the value for K into the Brownian-movement equation 
above, then at once 


Ax^ 


2RaT (vi + ^;2)o 
F N^e '' 


or 




If, accordingly, the Brownian-movement theory is correct, 
measurements of and {vi + for a given r, and -F should 

yield N^e, the Faraday constant for the electrolysis of a univalent 
ion. In these experiments Millikan and Fletcher first held a 
drop suspended between the plates and measured, its Brownian 
motion along a line normal to the direction of sight and gravity, 
timing the transits of the drop across cross-hairs of known 
distance in the eyepiece of the telescope. By using gases of 
low 77 and working at lower pressures, values of a^^ could be 
worked with 50 times as large as those of Perrin for the same drop. 
Hence much more accurate measurements were possible. Next 
the drop was allowed to fall in the absence of F, and Vi was 
determined. Then it was charged to varying amounts and 
was measured. From these measurements + 2^2)0 was 
determined for a given F. The measurements as made gave the 
average Ax for a given r. For convenience, the average, 
was computed and then squared. This gave (ax)^* the 
Brownian-movement equation the average of the squares 
occurs. Thus, to insert the values for ^ observed into 
the equation above, it is necessary to employ the relation^^ 

12 2 ^ 4 : RaF (vi -f" 2^2)0 

to - -sj-Ax', whence Ar,e - - -p. 
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The temperature in these measurements was also easily more 
accurately controlled by a thermostat than in those of Perrin. 
The results should, consequently, be more rehable. With 1735 
displacements on a drop with unit charge, MUlikan and Fletcher 
got WxC = 2.88 X 10^* electrostatic units. For a univalent 
ion in electrolysis, iV^e comes out as 2.89 X 10^^ electrostatic 
units. The probable error on the number of counts used is 
2 per cent and the observed difference is well within this limit. 
Both in the accuracy of the result and in the avoidance of any 
questionable assumptions this beautiful piece of work confirms 
Perrin’s conclusions in a striking manner, and can be regarded 
as one of the triumphs of modern technique in experimental 
kinetic theory. It definitely establishes the correctness of the 
kinetic-theory explanation of Brownian movements and thus 
verifies the kinetic theory of matter beyond a doubt. 
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CHAPTER IX 

SPECIFIC HEATS AND THE KINETIC THEORY 

90. definition of Specific Heats and the Simple Experimental 
Facts. — After the perfection of thermometry to a point where 
physicists could discuss such measurements from a common 
viewpoint, the next great advance made in the field of heat was 
the definition of a term which is called the quantity of heat. 
In the master mind of Black/ the obvious interpretation of his 
measurements connoted to him the existence of an imponderable 
heat fluid which he could measure. The heat theory based on 
this connotation is, of course, now completely abandoned, as a 
result of the interpretation of heat in terms of the kinetic theory 
which arose scarcely 60 years later. It still remains to interpret 
this very definite concept, the quantity of heat, in terms of a 
theory ascribing all heat to the kinetics of gas molecules. Closely 
associated with the concept of heat quantity is another concept 
inseparable from it, and without which the definition of a unit of 
heat quantity is impossible. This quantity is defined as the 
specific heat. It is the capacity of a body to absorb heat fora 
given rise in temperature. The unit commonly used in physics 
is a purely arbitrary one, based for convenience on the most 
serviceable and common substance used in heat-quantity 
measurements, to wit, water. The definition of the precise unit 
is at present much a matter of choice, the convenient unit used 
being easily convertible into any other unit. This situation 
arises from the fact that the specific heat of water, i.e,, its thermal 
capacity, varies with the temperature. It is, in general, defined 
as the heat required to raise 1 gram of water l^C. at a given 
temperature which is convenient for the work in hand. Since 
the change of heat capacity of water with temperature is known, 
all these may be referred back to the heat necessary to raise 1 
gram of water 1°C. at 20°C. This unit of heat quantity is called 
the gram-calorie. It furnishes a convenient reproducible unit in 
which to define heat quantity. If with this unit the heat required 
to raise a gram of any other substance 1®C. be measured, the heat 
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capacity of that substance relative to water is obtained, or its 
specific heat. This is measured and expressed in terms of calories. 
A table of values of the specific heats of a number of common 
substances is given below in order to represent the order of magni- 
tude of the quantities involved. 


Substance 

Tempera- 

ture, 

degrees 

centigrade 

Specific 
heat at 
constant 
pressure 

Tempera- 

ture, 

degrees 

centigrade 

Specific 
heat at 
constant 
volume 

W^ater 

0 

1.0094 

1.0000 

0 0333 



Water 

20 



Mercury 

20 



Silver 

15-100 

0.0560 

0.2190 

i 


Aluminum. . 

15-185 



Lead 

20-100 

0.03050 



Oarbon (graphite) 

11 

0.160 



Benzene 

10 

0.340 



Ice 

21- 1 

0.502 



Air 

20 

0.2417 

0 

0.1715 

2.402 

Hvdroeen 

3.4020 

50 

C 02 

0 

0.2010 

55 

0 . 1650 

Argon 

20- 90 

0.123 

0-200 

0 . 0746 

Water vapor 

100 

0.4652 

100 

0.340 


It is to be noticed that there are in the table two types of 
specific heats listed — those taken at constant pressure, and those 
taken at constant volume for gases. The former, designated in 
what follows by the symbol is the amount of heat required to 
raise the temperature 1°C. when the substance is expanding 
against a constant pressure. Thus this quantity is the heat 
required to raise the temperature plus that which goes into the 
work of expanding against the atmospheric pressure. For 
soKds and liquids this is small, and (7^ nearly equals the other 
specific heat, that at constant volume, designated hereafter by 
Ct,. C,, is the heat required to raise 1 gram of the substance 1°C. 
when the volume is constant, that is, when it does no work. In 
this sense it measures the true heat capacity of the substance. 
For gases where expansion is appreciable, Cp contains an appreci- 
able heat expenditure as external work and is distinctly greater 
than Cr. For solids this is less but is not negligible, as was shown 
by G. N. Lewis^ for a number of pure substances. 
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It is also seen in the table that this quantity varies from 3.4 for 
hydrogen down to 0.033 for some solids, water having the next 
highest specific heat to hydrogen. Furthermore, there is, 
apparently, no regularity in the way in which they vary except 
that the lighter elements or substances seem to have the highest 
specific heats. For substances whose densities change rapidly 
with temperature there is, in .general, a rapid change of specific 
heat with temperature. Thus it might be suspected that, by 
some correlation of weight or density, the apparent disorder of the 
values of the specific heats could be changed to show more 
regularities. In investigating the specific heats of pure elements 
two Frenchmen, Du Long and Petit, in 1819 observed the 
important fact that for most solid elements the specific heat 
multiplied by the atomic weight was a constant, and took on a 
value of about 6 cal. 


Table of Atomic Heats 


Substance 

Atomic 

weight 

Specific 

heat 

Product 

A1 

27.1 

0.2143 

5.80 

Pb 

206.4 

0.0314 

6.48 

Br 

79.76 

0.0843 

6.33 

Fe 

55.9 

0.1138 

6.36 

Au 

196.7 

0.0324 

6.37 

Gu 

63.18 

0.0952 

6.01 

K 

39.03 

0 . 1655 

6.46 

Li 

7.01 

0.9408 

6.59 

P 

30.96 

0.1895 

5.87 

Hg (solid) 

199.8 

0.0319 

6.37 

S . . 

31.98 

0.1776 

5.68 

Ag 

107.66 

0.0570 

6.14 

Bi 

208.38 

[ 0.0308 

6.42 

C (diamond 10°C.) 

11.97 

0.1128 

1.35 

C (diamond 985 °C.) 

11.97 

0.4589 

5.49 

C (graphite 10.8°C.) 

11.97 

0.1604 

1.92 

C (graphite 985 °C.) 

11.97 

0.4674 

5.60 

B (26°C.) 

10.9 

0.2382 

2.60 

B (233^0.) 

10.9 

0.3663 

3.99 

B (red heat) . . . . : 

10.9 

0.50 

5.45 

Si (crystalline, 21.6°C.) 

28.3 

0 . 1697 

4.80 

Si (crystalline, 232.4*^0.) 

28.3 

0.2029 

5.74 
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Since a gram-molecule or a gram-atom of a substance is its molec- 
ular or atomic weight in grams, this law says that for such simple 
substances it takes 6 cal. to raise a gram-atom 1°C. Now this at 
once suggests an interesting conclusion, for by Avogadro's rule 
(see Sec. 8), the gram-atom of all substances has the same 
number of atoms. Hence for these elementary sohd sub- 
stances it takes the same amount of heat to raise the atoms in 
a gram-atom of the solid irrespective of the substance. 

This rule holds well (if the Cp measured is converted to Cv) at 
ordinary temperatures for all but boron, carbon, and silicon, where 
the atomic heats are much lower. Investigation shows that these 
increase their atomic heats, approaching 6 as the temperature is 



raised, while the others all fall below 6 cal. as the temperature 
falls. At absolute^® 0 all atomic heats approach 0, as shown by 
the curves of Fig. 51. At very high temperatures the atomic 
heat for elements normal at room temperatures begins to increase 
slowly above the value 6. 

If the same criterion be applied to the values of Cp and Cv for 
gases, the apparent chaos disappears and again a semblance of 
order appears, with, of* course, some deviations. The atomic or 
molecular weight of the gas multiplied by Cv and Cp gives the 
following approximate values for three types of gases: 

Calories Calories 

Monatomic gases 3 5 

Diatomic gases ..... — .... 5 7 

Polyatomic gases ^ . 6 8 
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In the diatomic gases certain chemically very reactive gases, 
such as CI2 and Br2, show distinctly higher values than the rule 
permits. This holds true also for many of the polyatomic gases, 
particularly those regarded as chemically reactive at ordinary 
temperatures. At higher temperatures these approximate con- 
stants all increase in value, while those deviating at room tem- 
peratures tend to conform to the rule as the temperature decreases. 
Finally, the general rule may he applied to a number of com- 
pounds of definite molecular composition. Neumann^^found that 
for oxides and sulphides of the form indicated below the molecular 
heats took on values characteristic of the molecular constitution. 


Type of Oxide 

RO 

R02 

R03 

R203 

BS 

IIS2 

RCl 

RCI2 

RNO 3 .... 

RCN03)2.. 

RS04 

R2S04.... 

RCOs 

R2CO3.... 


Moleculak Heat 


11 


5.5 

X 

2 

14.0 


4.7 

X 

3 

18.4 


4.6 

X 

4 

26.9 


5.4 

X 

5 

11.9 


5.9 

X 

2 

18.1 


6.0 

X 

3 

12.75 

= 

6.4 

X 

2 

18.7 


6.2 

X 

3 

24 


4.8 

X 

5 

38.2 

= 

4.2 

X 

9 

26.4 


4.4 

X 

6 

32.9 

= 

4.7 

X 

7 

21.4 


4.3 

X 

5 

29.1 


4.9 

X 

6 


Thus there is, clearly, a heat contribution which is roughly 
proportional to the number of atoms in the molecule, which is, 
however^ influenced in magnitude by certain constitutional 
differences for specific types of groupings. This remarkable 
discovery of Du Long and Petit was not only of great use to 
the chemist in his attempts to establish the correct formulae for 
his compounds, but lead to an expression for the specific heats 
which put them into some semblance of order. This order 
remained unexplained for many years and the kinetic theory 
offered the first and only explanation. The clue to the meaning 
of these laws is suggested by the rule of Avogadro that points 
to the fact that, in elementary solids, the same number of atoms 
under certain conditions have the same specific heat. Not only 
have the regularities proved of use, but the very irregularities or 
deviations have yielded a remarkable service in showing where the 
classical treatment and understanding ended and the mysterious 
quantum actions began. In fact, the applications and limitations 
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of the treatment of specific heats by the kinetic theory furnish 
one of the most dramatic and fascinating chapters of the kinetic 
theory and perhaps one of its strongest supports. 

91. The Doctrine of Equipartition of Energy and the Distribu- 
tion of the Energy among the Degrees of Freedom there. A. 
Review of Assumptions Involving Equipartition of Energy. — In 
Sec. 9 it was shown that if the interpretation of pressure by the 
kinetic theory is accepted and is combined with Avogadro’s 
rule, for point molecules, making elastic impacts, it follows that, 
on the average, every type of molecule of a gaseous mixture has 
the same kinetic energy, and this energy is related to the tem- 
perature of the gas. Thus, if two types of molecules mi and 
of average velocities Ci and Cz existed in a gas of pressure p in a 
volume w at a temperature T, then 

pv = ^nmiCi® = = RT, 

where n is the number of molecules in each volume. Since by 

71 / 

Avogadro^s rule ” is the same for all gases at constant pressure 
and temperature, 

R 

where — is the value of R appropriate to a single molecule. 

This means that the kinetic energy of translation of the molecules 
mi and in a mixture of gases is, on the average, the same, or the 
kinetic energy is distributed evenly among the molecules, whether 
of different types or not. 

This idea is capable of being pushed further and has been actu- 
ally carried further in Chaps. II and IV.* There it was assuraed 
that in a gas in equilibrium the velocities were equally distributed 
along the three coordinate axes — ^that is to say, that the x, y, 
and z components of c, or v, and w, were, on the average, equal. 
In this case, then, the energies associated with the velocities 
u, and w along the axes, which are proportional to u^, and 

* A more rigorous proof of the theorem of equipartition. of energies as 
a result of the conditions underlying the Maxwellian distribution of velo- 
cities is given in Sec. 36 of Chap. IV* 
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are also equal. For a gas where the raolecules can show 
only motions of translation along the three axes {fi.g., the mona- 
tomic gases), the energy is composed of the kinetic-energy com- 
ponents of its motion along the three coordinate axes, and 
these, on the average, are equal. 

B. Definition of Term “Degree of Freedom” and Extension of 
Idea of Equipartition to Rotation and Vibration. — In discussing 
motion in what follows, the allowable independent motions which 
a body can make will be termed its degrees of freedom of motion. 
Thus, for example, a body that can have only motions of transla- 
tion has only three independent motions possible, i.e., those 
along the three axes. It is said to have three degrees of freedom 
of motion. A body which can rotate about three independent 
axes has, then, besides its three degrees of freedom of translation, 
likewise three degrees of rotation. Finally, a body composed of 
two or more molecules bound by elastic forces may have vibratory 
motions of the molecules along their lines of junction. Each 
such vibrational mode which is independent of any other con- 
stitutes a new degree of freedom of motion. It may be pointed 
out, in this connection, that for such a motion under elastic 
restoring forces, on the average, one half the energy is at any 
instant in a kinetic form, the other half is in the potential form. 
Thus a body may have, at most, three degrees of translational 
freedom, three degrees of rotational freedom, and as many 
degrees of vibrational freedom as there are independent modes of 
vibration possible, each vibrational mode, however, having equal 
quantities of kinetic and potential energy. The law of equiparti- 
tions of energies may from the foregoing then be stated by the 
assertion that the energy of a gas is on the average distributed 
eqtLally among the degrees of freedom. 

C. Existence of Rotation Proven. — Thus far in the text attention 
has been focused bn the translatory motions of the molecules. 
That, with the assumption of elastic impacts and equipartition, 
one should also expect rotational motions in which each degree of 
freedom has as much energy as each degree of translational free- 
dom cannot be questioned, where molecules with moments of 
inertia exist. Experimentally, the work of Perrin has shown that 
the larger particles undergoing Brownian movements do exhibit 
rotations, and he has proved these to be rotational heat motions, 
similar to those for molecules, by quantitatively verifying Eins- 
stein’s equation for this case (see Chap, VIII, Sco. 88), A further 
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proof of existence of the rotations and vibrations of atoms in mole- 
cules comes in a striking fashion from the theory of band spectra. 
An atom in which an electron is emitting light, as was shown in 
Sec. 46, has the single line of negligible width broadened as a 
result of the Doppler principle and the translational motions 
coupled with the distribution of velocities. If, now, a molecule 
be considered in which, owing to the moments of inertia of the 
atoms about their common center of gravity, rotations of the 
molecule as a whole may be expected, then if one of the atoms 
be emitting a spectral line, the line will be displaced to the one 
side or the other of the line emitted by the atom at rest, due to the 
rotation and the Doppler principle. For rotations as well as 
translations then the lines would be broadened, owing to the 
distribution of velocities among the molecules. In rotation, 
however, there is a mysterious action which restricts the con- 
tinuity of the distribution of rotational velocities, while it does 
not do so in translation. For some reason at present unknown, 
a molecule may rotate about its center of gravity in such a 
fashion that its kinetic energy of rotation (where I is the 

moment of inertia and co is its angular velocity) is only whole 
multiples of an energy Ar, v being the frequency of rotation 
and h being the universal constant of Planck.^ Thus unhke the 
translational motions which can take on a large continuous range 
of values dictated by the Maxwell distribution law around room 
temperatures, the rotational velocities can take on values of 
only hvj 2hv, 3hv, 4hv, etc. Thus one would have, besides the 
single broadened line due to translation for a hght emitting 
molecule, a pair each of lines displaced one to each side of that 
line corresponding to the Ihv, 2Ar, 3hv, etc. of rotation. In a 
similar manner, the quantization of the vibrations will superpose 
more displacements of the single line emitted, in which, due to 
many different values of j/ for vibration, the displacements may 
be different, so that for each line emitted by an atom of the 
molecule there will be a group of lines, closely related to it in 
frequency, constituting a single band or a system of bands. The 
spectrum of such a molecule will then consist of a system of 
bands corresponding each, one to a single electronic frequency 
within the atom with the velocities of rotation and vibration so 
compounded with it that each single line becomes a band or 
group of bands of definite structure. In some cases these bands 
are in the infra-red, in others they lie in the visible, For many 
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gases they have been analyzed and from the distance between 
the components of a band it has been possible to compute the 
moments of inertia of the molecule and the distances between 
atomic centers.®*^ Similar calculations for the vibrations lead 
to an evaluation of the law of attraction and the forces between 
the atoms. The values for these forces are now being checked in 
a spectacular fashion by Birge®*® on the basis of the swelling'' 
of the atom due to the centrifugal forces of rotation. In fact, 
the uncanny precision of the explanation of such a multitude of 
phenomena by the assumptions of quantized rotations and vihra^- 
tions has caused their unqualified adoption in the field of spectro- 
scopy. This is carried so far that whenever a band spectrum 
is observed it is taken for granted that it represents a molecular 
compound, even when it occurs in gases where to the chemist's 
knowledge molecules do not exist {e.g., in such gases as He and 
Hg and Ar). This evidence may then be accepted Without hesi- 
tation as proving the existence of rotational motion among mole- 
cules, and as further evidence that the distribution of energy 
among the various rotational states is governed, contrary to the 
translations, by the restrictions of the quantum theory. 

D. Application of Equipartition to Rotation and Vibration and 
Limitations Imposed by Quantum Theory, — Thus having assumed 
rotations to exist, and having accepted the doctrine of equiparti- 
tion of energy for translation, it is not a great step to assume 
that the principle of equipartition must apply to the gas as a 
whole, that is, to rotational as well as to translational motion. 
As far as the quantum theory,* which was perhaps introduced 
somewhat prematurely in the last paragraph, is concerned, it 
has no conflict with this assumption. While it restricts the 
energies which single rotations of a given atom can take on 
to a limited number of values instead of the infinity to be expected 
from a continuous distribution law, it does not in any way pre- 
vent the particular degree of freedom as a whole from taking 
its full quota of the energy of the gas. What it does do, how- 
ever, is to restrict the activity of a given rotational or vibra- 
tional degree of freedom in certain cases, as will be seen. In 
fact, there is an actual experimental case on record where, owing 

*It may be added that the term ^^theory'' in “quantum theoryf' is 
perhaps a misnomer. It is from observation by experiment only that the 
physicist has been lead to the necessity of adopting the quantum concept in 
order to correlate the results of observation. The quantum is an observa- 
tional fact, not a theory. 
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to the quantum action^ the rotational degrees of freedom of gas 
disappear at low temperatures and it acts as a monatomic gas. The 
restriction of the quantum theory to the application of the law of 
equipartition perhaps might be stated as follows: Wherever a 
degree of freedom can, under the quantum restrictions, assume 
its full activity, the law of equipartition of energy among the 
degrees of freedom may be applied without question. 

As regards the quantum restrictions in equipartition for 
vibrational degrees of freedom, the same may be said as for rota- 
tion. The extension of the doctrine of equipartition to the vibra- 
tions of the atoms is, in general, a little more doubtful. In this 
case the vibrations are intramolecular. If these vibrations lead 
to dissipation of the energy in any other form than that of mass 
motion of the atoms (e,g., in radiation which can escape from the 
gas or in chemical work of separation, dissociation, of the atoms), 
the impacts are inelastic. This is an assumption which has been 
carefully avoided in the kinetic theory and must be so in order to 
study the gases under sufficiently simple conditions. Thus in 
including the vibrations in the category of degrees of freedom to 
which equipartition can be applied, the restriction must be added 
that this can only be done where the elasticity of impacts is pre- 
served and no changes in the kinetic energy of the gas as a whole 
take place. 

E. Calculation of Cv for Various Types of Gases from Equipar- 
tition among Degrees of Freedom, 

1 3 JR/T 3 

Returning to the relation that == 2 "W “ 2 (where 

3 

%kT is the energy of translation for one atom), it is seen 

XJ 

at once that each of the three degrees of freedom of translation, on 
the average, takes an energy or Thus the law of 

equipartition may be stated by saying that to each degree of 
freedom of a gas molecule the energy associated with it is, on the 

average, ^T- Accordingly, for a gram-molecule, since 22,400 

Nk == Ra., is about 2 cal. for 1°C. (accurately, R = 1.9885 cal.), 

2 

it can be said that each degree of freedom corresponds to cal. 

Hence, if the temperature of a gram-molecule of the gas be raised 
1®C., the heat taken to increase the energy of the degree of free- 
dom by an amount corresponding to this is roughly 1 cal. Thus 
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the molecular heat for each degree of freedom is 1 cal. It is now 
possible to apply the above assumption to the practical cases 
exhibited by different types of gases. For a monatomic gas like 
He, Ar, or Hg, all but M 720 of the mass or even less is concen- 
trated at the center of the atom in a nucleus whose radius is of 

the order of that of the atom.’’’® Accordingly, the frac- 
oUjUUU 

tion of the energy involved in rotation may be considered 
negligible. Such gases can have only three degrees of freedom 
of translation along the three coordinate axes. The atomic heats 
of all such gases should be 3 X 1, or 3 cal. Measurement shows 
this to be the case within the limits of experimental error. In a 
diatomic gas in which vibrations do not occur, there are two mas- 
sive points moving as a rigid whole. This system can have its 
center of gravity moving along the three axes. It may also 
exhibit rotation of the two masses about two axes at right angles 
to each other and to the line adjoining the two atoms, that is, it 
may have three degrees of freedom of translation and two degrees 
of freedom of rotation, making a total of five degrees of freedom 
of motion. To each of these is permitted 1 cal. for all the mole- 
cules in a gram-molecule. Hence for these MCv should be 5 cal. 
This is seen to be the case for most chemically inert gases within 

* How the energy of rotation of atoms may be neglected on the quantum 
theory may be seen at once from what follows. According to that theory, 

Er =\lw'^ = ^ (4T^=) = n 

where Er is the energy of rotation that must be quantized, I is the moment of 
inertia, w the angular velocity, v the frequency, h the Planck constant, and 
n an integer taking successively values (0, 1, 2, 3, 4, 5 . . .). 

Hence 

= W ^ 1, 2, 3, 4 . . .) 

and 

If / is very small, Er is very large and the energy necessary to activate these 
quantum states is so much above the normal thermal energy that no energy 
of rotation is absorbed by the atoms of He, Ar, and Hg. This peculiar 
action of the quantization of energy will be discussed more in detail later in 
this section. If the radius of the atom is 10*“® cm, the electron mass is 
9 X h — 6.5 X 10“^^ ergs sec., n ^ I, Er takes a value of 10"^^ ergs. 

This is a thousand times the energy of thermal agitation at 273° absolute. 
So at room temperatures there is not energy enough in the atoms to cause 
^eh a spin of the electrons. 
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the limits of experimental error. For all other polyatomic gases 
there are three degrees of freedom of rotation and three of transla- 
tion. Hence MC„ should be 6. This is the case for a few. With 
most of them MC-o is greater than 6, and this is the more so the 
more reactive the gas is chemically. As the temperature is 
lowered, MC^ for such gases decreases and approaches 6 calories. 

All this indicates definitely that for some of the more complicated 
gases energy is going into other channels than that of increasing 
the translatory or rotational energies. It can go into only two 
other channels, that of increasing vibrational energy along the 
lines of junction of the atoms, an act which might ultimately 
cause a loss of heat energy to work of dissociation, or that of displac- 
ing electrons in the molecules from their positions of equilibrium 
to new positions of greater energy content. The non-existence 
of ionization of the gas or light emission at ordinary temper- 
atures definitely rules out the electronic vibrations as the cause 
for the higher molecular heats of such gases. Furthermore, 
most molecular gases obey the gas laws either in their elementary 
form or in the form of Van der Waals’ equation, and dissociation 
does not occur at ordinary temperatures in most gases. It may 
therefore be concluded that for most polyatomic gases the high 
molecular heats are due to the activity of degrees of freedom of 
vibration inside the molecules. These degrees of freedom, how- 
ever, do not necessarily demand inelasticity of impact in any sense. 

F. Brief Statement of Quantum Theory . — If the atom is re- 
garded as a system of electrons in orbits about a central sun 
or nucleus, and molecules as the grouping of two or more such 
celestial systems in positions of equilibrium relative to each 
other, the question arises as to why the impacts should be 
elastic at all, that is, why at impact could not the kinetic energies 
be used in semipermanent distortions of the molecules which 
increase their potential energy and cause dissipation of energy 
as radiation. It is here that a generahzation from other fields, 
and one which early found its application in specific heats, may 
be applied. . The first to realize the application of quantum theory 
to specific heats was Einstein® in 1907. Work on the radiation 
laws had lead Planck^® in 1900 to conclude that these could be 
derived only on the assumptions that energy was absorbed or 
emitted in whole units or quanta. These quanta he showed 
consisted of the frequency of vibration of the oscillator multiphed 
by a universal constant A. Einstein^’^ in 1905 indicated that the 
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energy of electrons liberated by light from a metal, the photo- 
electrons, should be ^ hv — P, where v was the frequency 

of the emitting light and P was the work to get an electron out 
of surface. This law was subsequently proved experimentally 
by Millikan^^ in 1916. In 1913, experiments by Franck^^ 
and Hert^; had shown that electrons collided elastically with 
atoms, that is, they retained their energy gained from the 
field unless the energy exceeded that necessary to ionize the atom. 
This was later also shown to apply to the process of light emis- 
sion in that it was found that, to excite radiation of light by the 
bombardment of atoms by electrons, atoms and electrons were 
unaffected by impact unless the energy at impact exceeded the 
value of hv characteristic of the light excited. All of these may be 
correlated as belonging to phenomena which were summed up by 
Bohr^^*^^ in his formulation of the structure of the atom begun in 
1913. In this formulation, Bohr postulated that for an electron 
moving about a nucleus on the inverse-square law of force the 
electron, although accelerated, does not radiate energy as classical 
electrodynamics requires; and that, furthermore, it was not 
possible for the electron to assume any orbit consistent with the 
force and its velocity. He assumed that the electron could take on 
a limited number of definite orbits, in which it could move without 
radiation. In order to be disturbed, an electron in such an orbit 
had to receive energy enough in the encounter to move it to one of the 
next outer stable orbits, that is, it could only be removed from an 
orbit to an outer one when it received from the impinging electron 
an energy equal to that of moving it to a higher orbit or but of the 
atom. Light was emitted then only in the process in which the 
electron fell back from an outer to an inner orbit and the energy 
radiated was hv. The frequency v of the radiation was connected 
with the orbital frequency by what is known as the correspondence 
principle. This group of assumptions has had such a remarkable 
success in correlating the spectroscopic data that, together with 
the experimental evidence on inelastic impacts and radiation laws, 
they must be accepted as essentially in conformity with nature, 
although the mechanism of the processes remains quite obscure. 

G. Effect of Quantum Restrictions as Regards Equipartition of 
Electronic Vibrational and Rotational Energies , — The important 
feature of these quantum assumptions for the problem of specific 
heats lies in the problem dealing with the effectiveness of impacts 
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in sotting rotations or vibrations into action or in disturbing 
the electronic configuration of the atom. Thus on this basis 
it would not be expected that an electron in an atom should 
be excited on impact unless it received energy enough to raise 
it to a level where in falling back to its original position it would 
radiate light of a frequency r. For an electron emitting one 
of the Z) lines of yellow sodium light y = 5.095 X 10 Planck^s 
constant h is 6.62 X ergs sec., whence hv = 3.37 X 10"^^ 

ergs. The average energy of an electron or of a molecule at 
O'^C. is 5.62 X 10“^^ ergs. Thus it would be a rare impact 
between atoms in which the relative energy imparted to one 
electron would be 50 times the average energy of agitation. 
The quantum condition for an inelastic impact would, therefore, 
be fulfilled but rarely and the majority of the impacts would be 
elastic. It is therefore to be expected that degrees of freedom of 
electronic vibration are only to be awakened at temperatures 
where the average energy of agitation of the molecules or atoms 
becomes comparable with the quanta required for light emission 
by electrons. That such processes do occur at high temperatures 
is evidenced by the emission of spectral lines in flames when the 
adequate temperatures are reached.^® At room temperatures, 
however, practically all impacts are elastic as regards losses to 
electrons. For the vibrational energies in molecules v is very much 
lower, that is, the light radiated is in the infra-red and for rota- 
tional energies the frequency is yet still lower. Hence in this 
region it is not surprising that, since hv is not much greater than 
the 5.62 X 10~^^ ergs of energy of agitation, an appreciable frac- 
tion of the collisions set the molecules into vibration along the 
line of centers. Thus MC^ should be expected to show signs of 
increasing at room temperature. If, on the average, one-half 
the molecules were kept vibrating with one quantum of energy, 
then, since equipartition demands that each vibrational degree 
take 2 cal., it would be expected that the value of Cv would be 
7 instead of 6 cal. for a polyatomic gas, and 6 instead of 5 cal. for 
a diatomic gas. This is the case for Br 2 , where MCn> is about 5.82 
instead of 5, and less so folr CI 2 , where MCv is 5,2. It is clear 
that, as the temperatures are raised, gases which had the number 
of calories for MCv that theory demanded would begin to 
increase their molecular heats, and that as the temperatures were 
lowered gases like CI 2 and Br would begin to , conform to the 
general rule. This appears to be so experimentally. 
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Since rotational quanta require still less energy, it is not sur- 
prising that at room temperatures the molecules all show their 
full quanta of rotation. At very low temperatures this should not 
be so. Unfortunately, all molecular gases other than H 2 liquefy 
at temperatures so high that a marked decrease in the rotational 
energy has not set in. In H 2 luckily, it had been shown by 
Eucken”' in 1912 that at temperatures below the boiling point 
of liquid air the molecular heat of the gas rapidly diminishes, 
reaching a value characteristic of a monatomic gas at about 60° 
abs. This, as will be seen in what follows, can only mean that 
at such temperatures the average kinetic energy of thermal agita- 
tion is so low that it is only rarely that the molecule has an energy 



Log. of Absolu+e Temperalurs T 

Fia. 62 . 


imparted to it, equivalent to the hv, for rotation, and hence 
capable of imparting rotational degrees of freedom to the gas. 
This can be seen in Fig. 52, where Cp for H 2 is plotted against the 
logio.=^* 

92. The Specific Heat at Constant Pressure C.p, and y, the 

Q 

Ratio of the Specific Heats, as Interpreted on the Kinetic 

v-/ no 4 

Theory. — Consider a gas in a vessel provided with a weightless 
piston in contact with a heat reservoir. If the gas is insulated for 
heat losses its temperature will gradually increase due to the heat 
inflow. As the temperature increases, the gas will expand, driv- 
ing the piston outward. If the initial pressure was p, the outside 
atmospheric pressure, the gas in expanding by an amount At; 

* Hecent measurements of Cornish/® at the University of California, 
have established the correctness of this with remarkable precision. 
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will do the external work pAv against the outside pressure p. 
In addition to this, the kinetic energy of the gas will increase by 

7? 

an amount corresponding to ^dT = dT cal. for each gram- 

molecule of gas for each degree of freedom of mechanical motion 
active. If the gas is one in which degrees of freedom of vibra- 

tion can exist, then again -^dT, or ^dT caL, will be absorbed by 


the gram-molecule of the gas per degree of freedom of vibration. 
Finally, if the intermolecular forces are very great {e.g., Van der 
Waals’ a is appreciable) and dv is great, then some work will be 
done in increasing the potential energy of the gas. If Av is small, 
since a is generally minute, this term may be neglected and 


~~zdv can be set equal to 0. 

0 


Thus C^dT - A{KE)t + A(KE)j, 


+ A(E)v + pAVj w'^here A{KE)t represents the gain in trans- 
latory kinetic energy, A{KE)r the gain in rotational kinetic 
energy, A{E)v the gain in vibratory energy, and finally pAv, the 
external work done against pressure. 

Now pz; = to a first approximation and hence for small 
volume changes pAv = RdT, Thus, expressing the relation 
for the heat absorbed CpdT, where Cp is the specific heat at 
constant pressure, in terms of R and dT one has 


C^dT = I RdT 4- /i I RdT + f2RdT + RdT, 


where ^RdT = A(KE)t, }^‘£fiRdT = A(KR), f^RdT = A(E')v, 
RdT = PAv, and the factors fi and represent the degrees of 
freedom of rotation and vibration present. Thus 

Cp = (^1 +§ 

As 12 = 2 cal., one may write 

Cp = (5 + /i + 2/2). 

For a monatomic gas /i = 0 a-nd fz = 0. Hence Cp = 5 cal. 
For a diatomic gas /i = 2 and <7, = 7 when /a = 0, while for a 
polyatomic gas where fz = 0, Cp = &. For a gas with /i = 2, 
fz = 1, and for a gas with/i = 3, fz = 1, Cp becomes 9 and 10 cal. 
respectively. These last figures are approximated under certain 
conditions by gases such as CI 2 and CaHg. 
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In general, while Cp is known, y, the ratio of the specific heats. 


C 

y = is much more accurately known, for it can be found 

by direct measurements of Gp and Cv, from the velocity of sound 
in a gas, and by adiabatic and isothermal expansion methods 
such, for instance, as the Clement-Des Ormes method. 

Using the notation of this section, CvdT may be given by 


or 

whence 


C^clT = A(KJE)t + AiKE)n + A(^)., 

Cv = 2/i-K + f^R, 

Gp _ _ ^4R + y^ifiR + + R 

a ^ ^ “ %R + ^AhR +hR 


Thus one has for 7 

= ^ = (5 + /i H~ 2/2) 
Gv (3 +/i + 2 / 2 ) 


For monatomic, diatomic, and polyatomic gases this gives y 
as A — 1 , 66 , % == 1.40, % = 1.33 respectively. Where /j, — 
2 and = 1, and also where /i = 3 and = 1, that is, for dia- 
tomic and polyatomic gases with one vibrational degree of freedom, 
y is A “ 1.286 and 1 % = 1.25. It is seen that as /a increases 
beyond unity y will gradually approach 1 as a limit. Below is 
given a table of the values of 7 for a number of gases and it is 
seen that 7 varies as is predicted, reaching values near 1 for 
such complicated gases as ether vapor where many vibrational 
modes may be operative. It is possible, however, with ether 
that the internal energy of expansion may need to be taken into 
account in order to compute a correct theoretical value for 7 . 
How well these laws are obeyed may be seen from the observed 
values of 7 given below: 


Monatomic Gases 


He 1.63 

Ar 1.667 

Kr 1.66 

Hg 1.66 


Observed y fob Gases 

Diatomic Gasbs 


Air 1.401 • 

H 2 1.408 • 

O 2 1.400 

CO 1.401 

NO 1.394 

Br2 1.293 

CI 2 1.323 


Polyatomic Gabbs 


Os 

. . . . 1.20 

H 20 

1.305 

C 02 

1.300 

NH 3 

1.336 

CH 4 

1.313 

C 2 H 6 .... . . 

1.22 

CsHs 

1.130 

Ether 

1.024 
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93. Atomic and Molecular Heats of SoHds. — In view of what 
has gone before in the case of gases, it is a simple matter to 
explain the law of Du Long and Petit on the kinetic theory. 
In the solid state, and especially in crystals, it is assumed that 
the atoms or molecular groups are bound in fixed positions rela- 
tive to each other. Thus there is not the motion associated 
with the solid state that characterizes the liquid and gaseous 
states. Heat motions, obviously, exist, for solid bodies both 
transmit and absorb heat. Thus they must be capable of taking 
up the kinetic energy from a gas and, in turn, passing on energy 
to a gas, A body held in a fixed position, while not free to 
execute random heat motions, may weU move if disturbed. Such 
a motion will be an oscillation or a vibration about its rest 
position as center. Since it is likely that, within certain limits, 
the forces urging the displaced atom or molecule in a solid back 
to its initial position may be assumed to obey Hooke’s law, the 
particles then execute simple harmonic vibrations about their 
equilibrium positions. Thus the heat motions in a crystal consist 
of vibrations of the atoms or molecules about their rest positions. 
Since, on the average, each such degree of freedom of harmonic 
vibrations has equal amounts of kinetic and potential energies, 
there are 2 cal. per degree C associated with each degree of free- 
dom of vibration in a gram-molecule of solid. As there are only 
three degrees of freedom of vibrations possible, along the three 
coordinate axes, the molecular heat should be 

MCp = 3 X is = 6 cal. per degree C. 

Thus Du Long and Petit’s law that each molecule or atom has 
associated with it a given amount of the absorbed energy which 
goes to raise its temperature at once finds its explanation in terms 
of the kinetic theory and the law of equipartition. With the 
exceptions discussed before, and which will be analyzed in what 
follows, this law holds for the elements very closely. For com- 
plex solids the law of Neumann holds. Here it is found that each 
molecule often does not absorb its full 6 cal., but where certain 
groupings appear the energy absorbed is less. This finds imme- 
diate and simple explanation in the view now held of the crystal 
structure in the case of complicated molecular groupings. Thus 
in CaCOs the crystal is built up of Ca atoms and CO3 groups. The 
latter then act as a unit. It is quite plausible to assume that each 
of the atoms in this CO3 unit are not free to vibrate in all three of 
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their degrees of freedom. Hence it is to be expected that where 
the CO3 group occurs its contribution to the molecular heat may 
not be 24 units, but less, owing to some of the vibrational modes 
suppressed in its component atoms. Why some modes are sup- 
pressed and others not is explainable on the basis of the quantum 
theory, for if one of the oxygen atoms is very rigidly bound to the 
CO 2 , and not equally so bound in the group along the three axes, 
it will require blows of greater energy to set the particular vibra- 
tion into operation — that is to say, it is possible that at the exist- 
ing temperature the average kinetic energy is too low to awaken 
the particular mode of vibration. Hence only those vibrations 
which are loosely enough bound to be active at the temperature 
in question should respond, and the energy absorptions will be 
less by 2 cal. for each such sleeping degree of freedom. Of 
course, since the energy exchanges are statistical, an occasional 
degree that is normally “sleeping^' will absorb. More of these 
will absorb the higher the temperature. Thus the molecular 
heat of such a compound will begin to go up as certain temper- 
atures are approached. This increase will at first be gradual and 
then more rapid, but in any case more or less continual, due to 
the continuous value of the energy distribution function. 

The explanation just given for the Neumann law should also 
apply to all the elements as well. In this case, however, the 
greater symmetry of the crystal lattices and the equality of the 
atoms should make the probability of exceptionally strong forces 
in certain directions less likely. As may be seen from the table on 
page 360, this is the case. The three elements C, Si, and B, hav- 
ing the highest melting points, however, deviate quite perceptibly 
and have M well below 6 cal. This is not surprising, since the 
high melting points of these substances indicate very intense 
interatomic forces, for the melting points are merely the temper- 
atures where the average kinetic energy of agitation of the atoms 
becomes comparable with the potential energies of the atoms in 
the crystal. At this point the interatomic forces cease to be able 
to hold the atoms in the rigid positions characterizing the solid 
and the body melts, becoming a liquid. Strong forces mean that 
the vibrational frequencies of the atoms are high, and thus at 
room temperatures the average heat impact is not able to impart 
hv to all the different modes of vibration possible. As the tem- 
perature increases, this becomes possible and at higher temper- 
atures C, Si, and B all show the normal value for MCp, As 
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temperatures are lowered, all of the solid elements, and, in fact, 
all substances, should have decreasing values of MCv, and at 
abs. MCv should be 0, for no mode of vibration can have a fre- 
quency so low as to be set into vibration at 0 energy. The accu- 
rate study of the decrease of the specific heats of the elements as 
the temperature was lowered was largely the work of Nernst^® 
and his pupils. It was this study which most helped to lead to 
the explanations of the deviations from Du Long and Petit^s law 
' on the basis of the quantum theory. 

At very high temperatures MCp for the elements increases 
abbve 6 caL, and, in fact, it is so for the alkah metals at a little 
above room temperatures. This may be ascribed to the absorp- - 
tion of energy into degrees of freedom so far not included. It 
coincides with the emission of light by the heated solids. The 
equipartition of energy of motion among the atoms and molecules 
heretofore discussed, as was stated in Sec. 9 and 92, presupposed 
that no energy was absorbed into the atoms themselves, that is, 
it was assumed that the energy was not taken up by individual 
electrons of the atoms. In view of the work of Franck^® and 
Hertz and all of the present-day knowledge of the quantum theory 
as regards the electronic energy exchanges, it is obvious that at 
ordinary temperatures it would not be expected that this would 
occur; at 1000 or 1200°C. there are four to five times the energy 
of agitation, so that the probability of having impacts which can 
excite some of the lower electronic frequencies begins to be 
appreciable. It is, therefore, not astonishing that MC^p should 
increase above 6 cal. at high temperatures. 

One more point should be touched on here. In the metallic ele- 
ments, electrical conduction and even heat conduction received 
a tentative explanation from the electronic point of view, that is, 
the parallelism between heat conductivity K and electrical 

conductivity - of metals, which was evidenced in the Wiedeman- 
P 

Franz^° law that Kp = constant, led to a theory that these con- 
ductivities were due to the same agent. On the discovery of the 
electron, the high electrical conductivity of the metal conductors 
as against ionic conductors, such as liquids, led to the assump- 
tion that the conductivity of the metals was due to the highly 
mobile electron. Thus heat conductivity was also ascribed to 
this agent. The conductivity of heat and electricity by electrons 
led at that time to the assumption of the existence of large num- 
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bers of permanent lyfree electrons in the metal which were in thermal 
equilibrium with the atoms of the metal. Certain phenomenon, 
such as the reflection of light by metals, the Peltier effect, the 
contact potentials, the general photoelectric effect, and the ther- 
mionic effect (mentioned in Sec. 45), also seemed to confirm the 
workers in this belief. On the basis of such evidence, Lorentz^^ 
worked out an elaborate theory of electronic conduction, which 
was later extended by Richardson, Drude,^® Norman Camp- 
bell,^^ and others. It led, however, in its extreme form to one 
conclusion which was not Justified by fact. In order to account 
for optical conductivity and Peltier effects, the actual numbers of 
free electrons present had to be assumed to be very large, that is 
to say, they were assumed to be at least comparable in number to 
the number of atoms present. An alternative to this was that 
they have mean free paths of excessive length in the metal. 
While the latter alternative was possible, it did not seem probable 
at that time. Today it is considered more likely in view of the 
apparent transparency of atoms like argon to slow electrons.^® 
Thus at that time the assumption of large numbers of free elec- 
trons in thermal equilibrium with the metals was made. If this 
is so, the electrons must, if they are present in the same numbers 
as the atoms, contribute to the specific heat, that is, MCp for 
metals must be increased by 3 cal. for the translational energies 
of the electrons if there are as many present as there are atoms. 

It is of interest to see to what extent this condition holds 
true. A glance at the values of the atomic heats of the elements 
in the table of Sec. 90 shows that many of the elements have a heat 
higher than 6. Others seem to have lower ones. There, further- 
more, seems to be no correlation between the electrical con- 
ductivity, or “free electron” content, and the excess value of 
atomic heat as the table stands. G. N. Lewis^® and Gibson point 
out that for most of these substances the heat measured is not 
MCv but MCp. While the difference is small, calculation shows 
it to be appreciable. They obtained data which enabled Cp — Cv 
to be computed for 15 elements. They found MCp for iodine to 
be 6.9, and MCp — MCv = 0.9. Thus the true MCv for iodine 
was 6.0 and not 6.9 cal. The values of MCp — MCv calculated 
by them are given in the following table: 
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MCp - MC^ 


Li 

0.3 

Co 

0.1 

Sn 

0.1 

Be 

0.2 

Ni 

0.2 

I 

0.9 

C 

0.0 

Ou 

0.2 

La 

0.1 

Na 

0.5 

Zn 

0.3 

Ce 

0.1 

Mg ....... 

0.2 

As 

0.0 

W 

0.1 

A1 

0.2 

Se 

0.3 " 

Os 

0.1 

Si 

0.1 

Zr 

0.1 

Ir 

0.2 

S 

0.4 

Mo 

0.1 

Pt 

0.2 

K 

0.6 

Bu 

0.1 

Au 

0-3 

Ca 

0.3 

Bh 

0.1 

Tl 

0-3 

Ti 

0.1 

Pd 

0.2 

Pb 

0.4 

Cr 

0.1 

Ag 

0.3 

Bi 

0.1 

Mn 

0.1 

Cd 

0.3 

Th 

0.1 

Fe 

0.1 

Sb 

0.3 

U 

0.1 


Using these data, they find for 15 elements a mean value of MCv 
of 5.9, with the average deviation of 0.09. It is, therefore, shown 
that for almost all metals MCv is nearly 6 and the electrons do not 
share markedly in the specific-heat contribution. Lewis, East- 
man, and Rodebush,^T however, found that for certain electro- 
positive metals (e.g., Na, K, Cu, and Mg), MCv rose weU above 
6 cal. as the temperature went up. In the most electropositive 
element Cs Dewar showed that, even between the boiling 
point of H 2 and of liquid air, MCv was greater than 6 cal. This 
these authors interpreted as meaning that number of electrons in 
these metals are held in such weak restraints that they can pick 
up thermal energy of low value. 

The verdict of this evidence, on the whole, seems to be that in 
no metal are there numbers of ‘^free^’ electrons closely comparable 
in number with the atoms of the metal. At higher temperatures 
the electrons certainly partake of the energy of agitation. Thus 
it would seem that the specific-heat data answer the question of 
the old ^Tree electron atmosphere quite decisively, while they 
also indicate the presence of electrons very loosely bound. 

94. Calculation of the Temperature Variation of Specific Heats 
from the Quantum Theory and the Values of the Natural Atomic 
Frequencies v in Solids. — It is instructive to study a simple 
derivation of the equation for the variation of specific heat with 
temperature. By means of such an expression, the natural 
frequencies v of the atoms may be computed and the value com- 
pared with those obtained by other methods. The derivation is 
also of value, as it indicates how the quantum theory operates in 
such cases as have been dealt with. 
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To achieve this, one proceeds as follows. For the sake of 
simplicity, assume that the oscillator or atom is a linear oscillator 
describing simple harmonic oscillations. From this and the 
general law for the distribution of energy, assuming equipartition 
among the infinite number of values of the energy of oscillation, 
one obtains, by integration, the average energy for one of the 
degrees of freedom of the linear oscillator, or the atom. This 
is an expression which is merely %,kT for the vibrating atom 
(see See. 36 for further details). The above is merely the applica- 
tion of the distribution law to the case of oscillatory instead of 
translatory motion. It is then necessary to introduce the 
quantum conditions before integrating the expression above, 
which was obtained for the energy before introducing the quan- 
tum concepts. Owing to the discontinuous nature of such a 
quantized energy content, the solution cannot be obtained by 
integration, but must be obtained by summing a series. The 
new value of the average energy per degree of freedom will then 
be found to be of a complicated form involving the ratio of the 
energy quantum and the absolute temperature. 

Consider the simplest type of an oscillator, that is, an oscil- 
lator which executes simple harmonic motions along a straight 
line. This might be an atom bound in a crystal. The state of 
the atom or oscillator is defined by the coordinates x, y, and z of 
its center of mass, and u, v, and w of its velocity of translation. 
From the general law of equipartition of energy, the number of 
atoms of the sohd with these parameters between x and x -f- dx, 
u and u -|- du, etc. are given by the Maxwell-Boltzmann law of 
equipartition. This says, in its most general form, that 
d-q = Ae~^^^dxdydzdudvdw. 


In this expression the 2hE is equivalent to ^ in the expres- 
sion for the distribution of velocities on Maxwell’s distribution 
law given in Sec. 36. E is, however, the total energy of a linear 

1 TTIC^ 

oscillator and is given hy E = + od*), where 

is the kinetic energy and ad^ is the potential energy, a being the 
force constant and d the displacement. 

It is simpler to consider the energy along one axis only, since 
the energies, on the average, are equal along the three axes. 
This is equivalent to picking one degree of freedom of oscillation 
only. To get this from the above expression one must integrate 
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it for all values of y, z, v, and w. This gives the number of 
atoms or oscillators with parameters beween x and x + dx, and 
u and u + du only, as 


where 

Putting h == 
42), then, 


1 

2kT' 


dy]x — Axe~^^^=^dxdu, 

Ex = + cix^ 

where k is the Boltzmann constant (see Sec. 
dyjx = A xe ^^dxdu. 


This cannot be integrated in this form, for u and x must be 
expressed in the same form as Ex, that is, to integrate this equa- 
tion it must be transformed from an area in the ux plane to an 
area in polar coordinates in the Ex plane. Since Ex = 


+ one may choose as axes 



becomes the radius of a circle, and the result is: 


Then 



's/Wx sin $ 


's/ ax = a/ Ex cos 0. 


By means of a Jacobean transformation the area dudx may be 
transformed into an area in the Ex, d plane. 


dudxe 


-{ 


dudxe = 


4 

4 


Im du (m du\ 

yj'2'^x 

/- dx /- da: 


\dExdd 


^am 

'2 


du 


2 dEx 2Ex^ 


sin $ 


I- ^ sin e 

2 de 


's/a dx 


dEx 2Ex^^ 
dx 


cos S 


y- dX 

Vaj-^ = 

EJ^ sin* e 

2EJ^ 


— \/ Ex sin 0 
Ex^ cos* d\dExde 


2Ex^ 




m 


1 dE^B 
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Therefore 


dudxe 


1 dEa^dd 



For all values of 6, dudx becomes 


dudx = — 


1 dE:, r 

2 lam I 

V'^Jo 


27r 




Hence 


dudx = — • 


7rd(E.) 


4 


am 


B:c 


From this it follows that 

dri:c == driE^ = Be ^'^dExj 
TtAx 


where 


B 


4 


am 


Now if any value of the energy is equally probable for linear 
vibration, that is to say, the energy is not quantized or distributed 
in any other manner, the average energy possessed by a degree 
of freedom may at once be calculated from 


that is 


Ex = 


Ex = 


^ oo 

J 

00 

I 

I 




B 

kT, 


£ 


o jEl X 

e~k¥dE, 


that is, for a linear oscillator the energy per degree of freedom is 
kT. For three degrees of freedom it is 3kT. If it be multiplied 

dE 

by Na. and differentiated for T, then at once MCv — 


= 3iV^ 


dE. 

dT 


SkN^ == SB, or 6 calories. This is independent 


of T and is merely the expression obtained for MCv before on 
elementary considerations. Now actually, if it is assumed 
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that the energy can only be absorbed in quanta, in which the 
quanta must be equal to a given value depending on the fre- 
quency of the oscillator, it is impossible to integrate in the manner 
above. The situation may be seen in the two diagrams of Fig. 
53. Diagram a gives the distribution law for energy Ex among 
the oscillators, assuming all energies are possible. The average 
Ex is obtained by the integration process performed above. It 



to) 



Fig. 53 . 


is the product Exdrj^^ summed up from 0 to oo, divided by 
dr}Ea, integrated from 0 to that is, by the total number of 
atoms in each element summed up for all the elements. In 
the diagram h the curve is not continuous but the total energy 
content is made up of the various strips dE^ = e wide and having 
consecutively the ordinates dfiE^i given for the particular^ strip e 
in question. The E^ is then the sum of a finite number of the 
quantities €, of value, respectively, 0, €, 26, 3e, 4e, etc. the number 
of atoms having, the energy Ea: being given by the appropriate 
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value of dr)Ex for the given energy €, 2€, Se, 4e, etc. The quantity 
previously represented by 

03 OO 

dfjEx is 

0 0 

r 0^ €_ ^ 1 

= B\ee + €6 + ee , L 

Ex 

for the value of dris^ = Be ^"^dE:^, and E^^ has progressively the 
values 0, e, 26, 3e, etc. while dEx = e, and that represented by 

c° ^ 

\Ex4vex is Txow^ExdnBx 

r _ o_ ^ _ 26 __^6 -1 

= B o X €6 + 6 X ee + e X 2ee *^’+ e X See . . . 

r 6^ 3« 1 

5 0+ 6^6 + 26^6 + Se^e *2’ + . . . 


Therefore 5x = 


B\ € €6 + ee ^ ^ ^ 


This leads to the study of the power series obtained by setting 
€ 

X ^ e and gives an expression 

-yx €X r=L e 

To get the specific heat, this must be differentiated with respect . 
to T. Differentiation gives 

dEx 


For a gram-molecule, that is, for Na molecules and for three 
degrees of freedom, one has MCv for a monatomic gas as 


MCx = Na- 


3dEx dEif^ 


(e*r _ i)' 


The energy quantum e according to the quantum theory is hv, 
where v is the characteristic frequency of the atoms and h is the 
Planck constant. Thus one may write that 

MCx = SBIHA—TI- 
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It is seen that when ^ is very large, that is, T is very small, 

this quantity is nearly 0, and asymptotically approaches 0 as T 
approaches 0. When IcT is large compared to hv, this quantity 
approaches ZR asymptotically. Since 3ig is the classical value 
for Cv, the equation fits the experimental facts quite well. 

The values of v found from the form of the experimental curves 
makes it possible to plot the theoretical curves and to compare 
them with the observed curves. The comparison leads to a 
satisfactory agreement. As a final check on this theory, the com- 
parison of the value for v obtained from the experimental results, 
using this equation, may be compared with other estimates of y.®® 

Since v is a characteristic of the atoms in the crystal structure, 
and is related to the forces of restitution for the atoms in the body, 
it is not surprising to find that Einstein®® as far back as 1911 found 
a relation between v and the elastic properties of the body. On 
the assumption that the atom vibrates with simple periodic 
vibrations (f.e., that it emits monochromatic waves) he derived 
an expression for 

_ 2.8 X 10^ 

where A is the atomic weight, p the density, and K the com- 
pressibility o£ the body. Lindemann^^ assumed that the ampli- 
tude of the atomic vibrations in a solid at the melting point is of 
the order of the distance between the atoms. From this assump- 
tion he obtained the following relation between Ts the absolute 
melting point and the characteristic frequency v 

VT, = 2.8 X 10^®^^^. 

where A and p have the same significance as before. It is seen at 
once why the light refractory elements at room temperature 
depart from the Du Long and Petit law so widely, for with a small 
A and a large Ts, vts is very great, which makes Cv < SB in the 
equation above. Finally, E. Madelung^o and W- Sutherland,^^ 
independently, found that in certain substances the frequency v 
should coincide with the optical frequencies of the atoms. Thus 
rock salt, Sylvin (KCl), and KBr show strong absorption bands in 
the far infra-red. Together with this they show strong metaUic 
reflection for these same waves. Thus these crystals have atoms 
which have natural frequencies in this region. These frequencies 
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can be none other than the oscillation frequencies of the atoms in 
these bodies, for the crystal is known to be composed of a regular 
lattice in which the metal ion and the anion alternate. Thus as 
these electric waves have too low a frequency to be electronic in 
origin, they can only come from the oscillations of the charged 
atoms or ions themselves. Since these are the atoms, the atomic 
frequency v must be the same as these. Now by repeated selec- 
tive reflection from a rock salt or other crystal, these waves can 
be segregated out and their wave lengths measured. Thus one 
can find v for the atoms directly by getting the wave length of 
the residual rays according to Nernst.^^ The comparison of 
these values with the values from the atomic-heat equation may 
be seen summarized for a few substances. The first column gives 
the element or substance used; the second, ve calculated from 
elasticity data, using Einstein’s equation; the third the value of pt^ 
calculated by the Lindemann formula from the absolute melting 
point. Column four gives for the residual rays and the last 
column the values of v calculated from the atomic or molecular 
heats by Lindemann and Nernst from the equation for specific 
heats. Thus the values for v from the equation agree in a remark- 
able fashion with the values of v calculated from diverse sources 
with approximate equations. They thus give an excellent confir- 
mation to the theory of atomic heats as modified by the new 
quantum concepts. 


Characteristic Frequency 


Substance 

Ve 


Vr 

^atomic heat 

A1 

6.7 X 1012 

5.7 X 1012 

7.6 X 1012 

6.8 X 1012 
4.4 X 1012 

, 4.4 X 1012 

1.8 X 1012 
32.5 X 1012 

7.2 X 1012 

5.6 X 1012 


8.3 X 1012 

6.7 X 1012 

4.8 X 1012 

4.5 X 1012 

1.5 X 1012 
40.0 X 1012 

5.9 X 1012 

4.5 X 1012 

Cu 


Zn 


Ag 

4.1 X 1012 

2.2 X 1012 


Pb 


Diamond 


NaCl 


5.8 X 1012 
4.7 X 1012 

KCl 
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CHAPTER X 

CONTRIBUTIONS OF THE KINETIC THEORY TO 
ELECTRICAL AND MAGNETIC PROPERTIES OF 
MOLECULES 

I. THE DIELECTRIC CONSTANT OF MOLECULES 

95. Elementary Statement of the Problem. — It had long been 
known that there was a relation between the optical refractive 
index of a substance and its chemical nature. In fact, Gladstone 
and Oale^ as far back as 1858 to 1863, and Landolt^ found that 
the refractive index n diminished by unity and divided by the 
density p gave a characteristic quantity associated with each 
chemical type of atom. This when applied to the atoms of some 
compounds had marked additive properties. It did not hold 
for changes of state of aggregation nor did it fulfil the values 
observed in mixtures very well. An equation was deduced 
simultaneously in 1880 by Lorenz® in Copenhagen and Lorentz'^in 
Leyden on a sound theoretical basis which satisfied the condition 
of being independent of the state of aggregation quite well. 
It starts out with the assumption that the molecules are spherical 
electrical conductors. If such molecules find themselves in an 
electrical field they will have charges induced on them of opposite 
signs on the two sides of the plane normal to the line represented 
by the direction of the field and passing through the center, that 
is, the centers of gravity of the positive and negative electricity 
present in equal amounts will be shifted from the center of the 
sphere by the field, so that the molecules act as induced electrical 
dipoles. Such dipoles would act on the charged bodies producing 
the field so as to diminish the forces between them, and it is thus 
that the dielectric constant may be accounted for. Clausius® had 
shown in 1867 that if the fraction of the volume occupied by the 
substance which is actually occupied by the molecules be Uj then 

, . ^ 1+ 2u 

the dielectric constant S is given by an , expression o — ^ ^ * 

This expression will be deduced in a later section. Thus the 
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fraction of the volume of a gas occupied by the molecules 
themselves will be given by 


u 


5-1 

5-1-2 


For a gram-molecule of substance M, of density p, the total volume 
M 

is — . Then if Pa is the fraction of the volume occupied by the 
p 

molecules in a gram-molecule, one may write 

_ uM _ 6 — 1 M 
p “ 5 -t- 2 T” 


This Pa is termed the polarizability and is independent of the 
density. 

Now from the wave theory of light it had been known that 5 
should approximate n^, the refractive index, particularly where 
could be measured far from an absorption band, or for very long 
wave lengths when there are no absorption bands in the infra-red. 
Thus for a gram-molecule where n is the index of refraction, one 
can write P, the specific refraction : 


M- 

p 


- IM 

+ 2 d ■ 


The result is an equation representing the relation of the index 
of refraction to the actual specific volume of the molecule which 
is supposed to act like a conducting sphere. This should depend 
on the characteristics of this molecule only and represent its 
contribution to the refractive index no matter what the state 
of aggregation. The theory achieved a remarkable amount of 
success in its applications, and the success achieved may be seen 
in referring, for instance, to Nernst’s® “Theoretical Chemistry,” 
Seventh Edition, Chap. VI. 

As was seen above in deducing the Lorentz-Lorenz law, which 
holds surprisingly well, an expression for u in terms of 5, the 
dielectric constant, was first deduced, on the Clausius-Mosotti 
theory of dielectrics. This expression should have the same validity 
as the expression for the index of refraction which was deduced 
from if. Thus since n^ was assumed equal to 5, the additive law 
for refractivity should also hold for the dielectric constants 5, 
that is, P 0 which holds for infinitely long electric waves should 

be given by Fo = This 'is, however, found to be in no 

sense the case. For some substances the value of Fo is not at all 
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constant with the temperature or varying state of aggregation. 
It also fails for the case of mixtures, and the additive laws found 
in the case of the index of refraction cannot possibly be applied 
to some substances. It was at first thought that this was 
due to the fact that for some substances did not equal 5 , as, 
owing to absorption bands, the extrapolation of for visible light 
did not give the real value in the infra-red (see Nemst, Loc. cit.). 
As investigations in the spectra developed, this explanation of 
the failure did not seem to agree with the facts and the matter 
remained unexplained. In 1912, Debye’^ published a paper in 
which the idea which lay at the basis of his beautiful explana- 
tion was expounded. It was further developed in subsequent 
papers and a masterful account of this will be found in his 
chapter on the subject in Marx’s “Handbuch der Radiologie,”® 
from which a large portion of the subsequent discussion in a 
simplified form was taken. 

To understand Debye’s reasoning, one must return to the 
underlying Clausius-Mosotti picture of the molecules from which 
their equation was deduced. The molecules were assumed to be 
conducting spheres which could not give up their charges on 
contact but were charged on opposite sides by the inducing field. 
These by their action led to an expression between u, their total 
volume, and the dielectric constant 5 of the form given before; 
namely, 

5 — 1 


For those in a gram-molecule the volume should be Po = ^ — r~k —> 

5 -f- P 

that is, the actual volume of the spherical conducting molecules 
in a gram-molecule should be given by P(ff Now from Van der 
Waals’ equation (Sec. 48) one has a quantity b whose volume is 
four times the total volume of the molecules present. Thus b 
should equal 4Po calculated from the above equations. Actually, 


from critical data 6 = 


Is 

3 


or Po 



From the critical data 


also 


PeVc 

RTo 



(see Sec. 52), so that 


Po 


r ^ 

32 p, ■ 


The values of Po computed from 5 for O 2 , H 2 , and NH 3 gases are 
given in the table and compared with the values calculated from 
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the critical data. For Ha, Po = was used as it was for the 

first value of Oa. For the second value of Oa used, as well as for 
NHs, the expression 

T> _ 1 RT, 

" 32 p, 

was used as the latter data are better for NH 3 . 


Gas 

Po by 5 

Po critical 
data 

H2 

2.04 

4.98 

O2* 

4.05 

6.20 

O2 

4.05 

7.83 

NHs 

63.0 

9.52 



* The difference in the figures for O 2 is due to errors inherent in all calcu- 
lations from critical data (see Sec. 52). 


The table is very interesting as it shows first that for Ha and Oa 
the value of Po obtained, assuming that the atoms act as condiaept- 
ing spheres, is in as good an agreement as can be expected with 
observed values of the volumes. For NH 3 this is not the case. 
The disagreement is striking, being almost one of order of magni- 
tude. Again, the constant Po should be additive, as it is for the 
case of P, using refractive indices. This is found to be the case 
for carbon and hydrogen in CH 4 and CeHe- For H 2 , Po was 2.04 
cm®, so that for H it is 1.02 cm®. For CH 4 one calculates, from 
S, Po = 7.09 cm®, whence if the additive law holds Po for carbon 
should be 3.01 cm®. Benzene (CeHe) leads one to calculate Po 
on .the additive law from Po for carbon and hydrogen as 24.2 cm®. 
The observed value is 27.5 cm®. Thus for carbon and hydrogen 
the additive laws for Po calculated from 5 seem to hold in CH 4 
and CeHe. For N 2 , Po is 4.33 cm® from d, so that N has Po as 
2.16 cm® if the additive law holds for N 2 , as appears to be the 
case. Calculating Po for JMHs from these data on an additive 
law, it comes out 5.22 cm®. The Po as computed from the 
observed 5 is 63 cm®. Thus again NH 3 fails to obey the additive 
law, while H, N, C, and O seem to follow it in some compounds. 

Finally, if the variation of Po with temperature is examined 
under conditions where the molecules are separated by consider- 
able jiistances as in a gas or in dilute solutions, it will be found 
that a large number of them have Po constant with temperature, 
as the theory dernands. These substances comprise the whole 
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group found above that give the values of Pq from d which agree 
with other data, and that follow the additive law, e.g,, O2, N2, 
H2, CH4, CeHg. On the other hand, substances liie NH3, SO2, 
H2O, alcohols, pyridine, etc., which fail to give reasonable values of 
Pq from d and do not follow the additivte law, also show a large 
variation of Pq with T. Thus for NH3, Pq decreases as the 
temperature increases, as seen in the table below: 


T 

Po 

292.2 

57.57 

309.0 

55.01 

333.0 

51.22 

387.0 

44.99 

413.0 

42.51 

446.0 

39.59 

448.0 

39.50 


All these phenomena appeared to Debye to have a common 
cau^e, and he asked the question, How can one have a dielectric 
constant or a portion of it that varies with the absolute temper- 
attire? This at once leads one back to the original Clausius- 
Mosotti explanation of 8 , According to them, 8 was due to the 
polarization of electrically conducting spherical molecules. 
Debye and others investigated this in the light of modern theories 
of atomic structure and found that the type of action assumed by 
Clausius and Mosotti for their conducting spheres was also appli- 
cable to molecules composed of nuclei with orbital electrons. 
Debye, however, could imagine no mechanism for this type of polar- 
izing action consistent with modern theory which would account 
for a temperature variation. If, however, it is assumed that with 
this polarizability there exist in some of the molecules permanent 
electrical dipoles the case is entirely different. The precedent 
for this idea lay in the fact that the chemists had long regarded 
the electrical charges of substances strongly ionized in aqueous 
solutions to be segregated even in the molecules. This was 
required to account for the easy electrolytic dissociation. Thus, 
for instance, in HCl the H atom was supposed to be positively 
charged and the Cl atom negatively charged. The HCl mole- 
cule has thus a permanent electrical moment as the H and Cl 
atoms are separated by finite distances from each other in the 
molecule. With permanent dipoles the whole temperature effect 
is explained as well as the high non-additive values of Pq. * The 
idea for this explanation came to Debye from the work of 
Langevin, who had in 1905 deduced the expression for the 
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magnetic behavior of paramagnetic gases as a function of the tem- 
perature, assuming the existence of molecular magnetic dipoles, 
for if HCl molecules are imagined in a gas the action of a field will 
be such as to cause the molecules to try to orient themselves in the 
field. This orientation analogously to the case of molecular 
magnets in iron in a magnetic field tends to be destroyed by the 
random heat motions. Thus, although the HCl molecules are 
free to turn in the field, on the average, they are oriented only 
partially in the field and only a fraction of the moment is effective. 
This could be expressed by the moment multiplied by the cosine 
of the average angle of orientation in the field. The higher the 
temperature the less the orientation and hence, as the temper- 
ature increases, the value of 5, and so the apparent value of Po, 
should decrease. Again, the Clausius-Mosotti equation allows 
one to calculate only the induced portion of Pq. Thus the values 
of Po due to the induced electrification of separate atoms in a 
compound should really be less than values of Pq calculated from 
a 5 where part of this quantity is due to permanent moments. 
This explains the non-additive nature of the values of Po for such 
compounds. While N and H separately have a small additive 
Po due to induced electrification of the Clausius-Mosotti type 
when they unite to form NH 3 , there is a new grouping with a large 
permanent dipole moment due to the segregation of the charges 
in this particular type of molecule. Other compounds of H and 
N which did not have this could conceivably have a 5 and hence a 
Pq where the H and N Po values combined purely additively and 
were of a simple induced nature. Most compounds have a P 
calculated from the index of refraction which is nicely additive, 
since, because of the very high frequency of the light vibrations, 
the slow orientation of the permanent molecular dipoles in the 
field cannot occur. Hence here mostly the purely induced dielec- 
tric constants which are nicely additive are dealt with. In cer- 
tain cases where the frequencies of the light waves approach fre- 
quencies of dipole rotation in the infra-red this no longer holds 
and the additivity then begins to break down. 

This beautiful explanation of the paradoxical situation of the 

two equations of Po == t-k — and P = where the 

second equation held while the one from which it was derived 
failed, merits treatment in this book because of its relation to the 
kinetic theory. It is also very desirable that it be made accessi- 
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ble to students in this country to whom it would otherwise be 
inaccessible due to language difficulties and to the fact that it does 
not appear in usual reference books. In the succeeding sections 
the Clausius-Mosotti equation wiU be deduced and the Debye 
calculation for the temperature variation of d will be given. Sec- 
tion 97 will give the beautiful quantitative agreement between 
theory and experiment. In Part II, the treatment of the 
magnetic properties of gases from a similar point of view will be 
given. 

96. Theory of the Variation of Dielectric Constant with Tem- 
perature. a. The Deduction of ^ the Clausius-Mosotti Law . — 
Consider a region in free space with no material present and pro- 
duce an electrical field E in this region; the field produced has 
the intensity E, that is, if one represent it by the number of lines 
of force per cm^ normal to the direction of these lines, there will 
be E fines of force per cm^. If, now, one place matter in this 
space, the field intensity will no longer be E, but it will have the 
value D. D is, however, related to in a simple manner. 
Owing to the presence of induced electrical charges in the dielec- 
tric, the added fines of force can be treated as coming from the 
two ends of the volume considered, the ends being chosen normal 
to the fines of force, that is, the action of this region filled by mat- 
ter can be imagined as being replaced by two condenser plates 
with a charge density at the two ends of the volume. This 
new charge gives fines of force which add to the field E initially 
existing. If unit volume is considered, these charges may be 
designated as ±P. Hence, numerically, each unit volume will 
contribute 47rP new fines to the field E. Thus Z>, the dielectric 
displacement, is given by 

D = E + 47rP, 

where P is called the polarization. Now P is proportional to E 
in certain cases, for P is caused by E, Thus P = KEj where K 
is the electrical susceptibility. For the cases where this holds 
then 

D == P(1 + 47rK). 

This may be written in a different form, to wit, D = dEj where 
6 = 1+ 4 : 7 rK and is known as the dielectric constant. It is 
the same quantity by which the force between two electrified 
bodies in a medium is reduced by the polarization of the medium. 
Thus it is 6 which is measured experimentally, and the quantity 
K must be derived from it. 
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All the above considerations apply to the case of a homogeneous 
medium filled uniformly with matter of dielectric properties. 
Actually, matter is made up of molecules whose total volume 
may make up only a fraction of the total volume. The question 
of interest is how these molecules affect the dielectric constant, 
and what can be learned about the molecules by a study of their 
dielectric constants. It could be assumed that for any one 
molecule the relations of the last paragraph were applicable. 
This molecule does, however, not find itself in an isolated space 
in a field E devoid of matter. It is, in fact, surrounded on all 
sides by molecules, each of which is polarized and each of which 
consequently contributes to the field acting. The field in which 
a molecule finds itself is not now E, but a field F. This F may 
also be considered proportional to E, so that one may write 

F E + vP. 

This field will be designated as the inner field. The constant 
factor V is called the constant of the inner field. It is a pure 
number which replaces the Air in the equation above. Its value 
depends on the nature and distribution of the molecules. Calcu- 
lations for which there is no space in this book make it possible 
to determine v. For a more complete treatment, refer to H. A. 
Lorentz,® and a complete summary of the literature will be found 
given by Born.^° For spherical molecules which constitute the 
corners of a regular molecular (or atomic) space lattice, or for 
such molecules which are distributed completely at random in 

• • • 

space, {e.g,, as in a gas or a liquid), this factor v is -g-. Thus 

instead of D one now uses the inner field F, given by F ^ E + 
47r . 

for cases which are of interest in the questions raised. 

In the electrical case saturation as observed in ferromagnetic 
substances is hardly detectable.* Thus it may be assumed that 
a molecule in an inner field F will acquire a moment m whose 
average value with time m is proportional to F, Hence m = 

* Tlie reason for this is that the electric fields are so feeble compared to 
the atomic electrical fields that the polarization produced is very slight, 
thus, as in magnetism, one can assume proportionality for weak fields through 
narrow ranges. Furthermore, the orienting action of the weak electrical 
fields on molecular dipoles in gases and liquids is too slight with the violent 
heat motions to give saturation. 
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yF . If there are in unit mass of the substance z molecules, and 
if the density is p, then 

P = pzm = ypzF. 

As, however, 


F E + vP 


and 


and therefore 


P = 


K - 


pzy 


1 — vpzy 




pzy 


1 -{- = 


1 ~ vpzy 
1 - 


irK)pZy 


1 *— v'^y 

These equations relate K and 5 to r and the polarizability of a 
single molecule y. One may also put this in the form 

5 - 1 


h - 


V — 4'7r 


= vpzy, 


by solving for pzy. 
then becomes 


47r 


For the case where j/ = — the solution 


4x 


-pzy. 


5-1 
5 + 2 ~ 3 

If Y, the polarizability, is a constant independent of pressure or 

g ^ 

temperature, the quantity r- ^ is by the equation proportional 

o ^ 

^ ^ 

to the density. Where ^ is not proportional to the density, 

0 Z 

2 ^ g j|^ 

that is, where - — is not a constant, it is to be inferred 
p 0 z 

that y^ the polarizability, varies with the temperature or pres- 
sure. That this actually occurs was noted in the Introduction, 
for 5 is a function of the temperature. It was the study of this 
temperature variation which led Debye to the assumption of 
molecular dipoles. The above expression is the Clausius-Mosotti 
law.* To obtain the Lorenz-Lorentz expression from this, it 


* In the deduction here, however, the conducting sphere hypothesis is 
absent. Clausius and Mosotti deduced the law and calculated the factor v — 
4«' 

for the special case of a conducting sphere. The deduction here is 
o 

correct for any body with positive and negative charges that are relatively 
nxobile and for the cases of random or special spatial distribution. 



398 


THE KINETIC THEORY OF OASES 


need only be remembered that 5 = n^, where n is the index of 
refraction, if one is far from an absorption band and at infinite 
wave length. Thus one can write 

15 — 1 4x 

p ^+^2 “ 

and 

1 — 1 4'jr 

p 2 “ 


as the Clausius-Mosotti and Lorenz-Lorentz equations. To 
make them more useful, both sides may be multiplied by the 
molecular weight M. Then 


and 


M S - 1 
p 5 2 





p n® + 2 


where N a, the Avogadro number, is Mz. Thus the molecular 
refraction is a constant times the molecular polarizability. Call 
47r 

-^yNA as deduced from the refractivity P, and the value deduced 
for the dielectric constant {i.e., for infinitely long waves) Po; then 


and 


Po 


5 - 1 

8 ~|— 2 p 


— 1 M 

+ 2 p 


The P should be equal to Po if for high-frequency waves and 
infinitely long waves 5 is a constant independent of temperature. 
As was stated before, the law for polarizability seems to hold for 
fast vibrations (i.e., for the equation for P), but does not hold for 
the equation from which this was deduced (i.e., the Po equation). 

The quantity Po has the dimensions of a volume. Its meaning 
in this sense becomes evident if one takes the earliest Clausius- 
Mosotti theory which assumes the molecules as conducting 
spheres of radius a, which do not lose their charges on contact. 
The moment m of such a sphere in a field F is then merely 

m = a^F. 

Since in — yF, one obtains for this ease 

-y = a®; 



whence, 
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Po = ^ 

6 

But ^Tra^ is the volume of a sphere of radius a, and 
this is simply the total volume of these supposed spherical mole- 
cules in a gram-molecule, that is, Pq = O = -, where O is the 

volume of all the molecules in a gram-molecule, and b is the b of 
Van der Waals' equation for a gram-molecule. As will be seen 
by referring to the preceding section, these predictions are ful- 
filled for certain substances but fail badly for others. Since, 
again, ^2 is a constant for each type of atom, it should follow an 
additive law for compounds. It is found that this holds for the 
same substances for which computed from S agrees with the 
values from Van der Waals^ equation, but not for the others. 
The Lorenz-Lorentz equation fits fairly well for all substances in 
spite of the fact that it was derived from the Clausius-Mosotti 
law for d which breaks down. It was the fact that the substances 
for which the Clausius-Mosotti law fails show a temperature 
variation of Q (i.e., for which y is not independent of pressure and 
temperature) that Debye used in discovering the clue to the 
discrepancy. 

&. The Temperature Variation of the Dielectric Constant . — On 
the basis of the preceding difficulties, Debye began to investigate 
the cause of a temperature variation of y and hence Pq. The 
first question investigated was whether the modern views of 
atomic structure can cause the modifications required. The 
atom or molecule is considered a dynamical system of charges. 
If the average positions of the charges are disturbed by some 
external force, these charges endeavor to return to their average 
positions again. Investigations show that it makes no difference 
whether these charges are dynamical or static systems. It was 
also found that the sharing of the heat motions of the molecules 
by the electronic charges would make no difference in the law of 
force. As is seen (Sec. 91), this does not occur in molecules at 
ordinary temperatures, so that even if it did have an effect the 
question would not be solved. Another way out might be that 
it be assumed that the electrons ar^ unsymmetrically bound to 
their rest positions as a second approximation, so that the poten- 
tial energy of the charge on a displacement f would be repre- 
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sented by ^ f ^ ^ constants of the elastic 

forces. Then if the electrons shared in the heat motions, the 
change of dielectric constant with temperature would result. 
As said before, however, such an interpretation is contrary to the 
verdict from specific-heat considerations, and so will have to be 
discarded. For solids where thermal expansions change the 
elastic forces, and hence could change the displacements, these 
considerations would, of course, be applicable. 

If it be assumed that the dielectric constant has, in part, 
another origin than the simple induced dipoles due to the dis- 
placement of the charges by the field, the whole problem is 
simplified. If, for instance, certain molecules like HCl have 
permanent dipoles present, then their dielectric constant is com- 
posed of two types of action. There is the usual further separa- 
tion of the charges by the field, which has no temperature effect, 
and was calculated by the Clausius-Mosotti relation. This can, 
for the present, be ignored. The fixed dipoles in the molecules 
which are oriented in all directions because of thermal agitation 
suffer torques in the electrical field, that is, they tend to set 
themselves parallel to the field. This orientation is continually 
destroyed by the heat impacts. But, on the average, there is a 
resultant component of these dipoles in the field and they act to 
increase the dielectric strength of the material, that is, they con- 
tribute to the polarizabihty of the molecules. The higher 
the temperature, and hence the thermal agitation, the less 
this orientation. Thus the polarizability must decrease as 
temperature increases. To investigate this, one may neglect the 
Clausius-Mosotti type of action, and consider the charges as 
undisplaceable. Let the position of one of the e; charges com- 
posing the molecule be given by its coordinates fi, rji, f < along the 
axes X, y,zoisi coordinate system in the molecule. The molecule 
in an electrical field of potential 4> will have the potential energy 

u Inside the molecule, in general, it will be possible to 

determine the 4>i in terms of its development in a power series of 
the coordinates v, f . By taking only the linear terms of these 
expressions, the assumption of a homogeneous field inside the 
molecule is introduced. If this assumption is made for simplicity, 
then 


<t>i — 


dx 


+ V< 


^ -L ?- 

dx dx 



CONTRIBUTIONS OF THE KINETIC THEORY 


401 


i: 

where are taken relative to the origin of the coordinate 

system of axes chosen. For the energy u then 


u 






If the molecule as a whole is uncharged, the term is 0, and 

the following three terms represent the scalar product of the field 
strength F and the electrical moment m. Thus without displace- 
naent of charges there is, in general, a potential energy 

u = —(mF), 

To compute the temperature effect, all that is needed is to 
assume molecules with a fixed moment of absolute value p.. 
From the classical kinetic theory, there will be equilibrium 
between the potential energy of these dipoles in the electrical 
field and the kinetic energy of agitation. Thus the number of 
molecules which have a potential energy of the value u, that is, 
whose potential energy in the field is w = — m F == —pF cos & 
(where $ is the angle between m and F), is given by the Maxwell- 
Boltzmann law, (see Sec. 36), as 

_ u fiF cos 6 

Ae - Ae dO, 


where dO represents the space-angle element of volume charac- 
terizing this energy. Thus each molecule has a moment p cos & 
in the direction of the field and the distribution law (see Sec. 35) 
gives one the number of molecules having moments for each 
value of &. The average moment, that is, the moments for all 
the different angles of orientation averaged in terms of their 
probability of appearance, can be found very easily as 


If one set 


KT 


m 


j: 


fj,F 

gKT gQg 


j: 


"do 


X, integration gives 


m ^ 1 . V 

= cot X = L{x), 

p X 


This function, represented in Fig. 54, plotted against x is named 
the Langevin function, after P, Langeyin, who first applied it in 
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explaining the Curie law for magnetism. It may be approxi- 
mated for large values of x by the power series 

L(x) =.l - ~ . . . 

Here the polarization would not be proportional to F and it 
approaches a saturation value. This deviation from propor- 



tionality occurs only for very high fields, and in experiments 
especially designed to show this effect. In general, for small 
values of x one may write with sufficient accuracy 

20 

Thus for the weak fields usually used L{x) == g, and hence 

m _ 1 
M 3 

1 n?F 

nr m = — • 


For electrons or charges which suffer displacement in an electrical 
field and thus produce a dielectric constant, the Clausius-Mosotti 
law gave 

m = 


or 


m 

y 


47r 


and where the quantity v = ^ one had 
” 3 -f 2 p 3 


If, however, permanent dipoles exist, they alone produce a 
quantity 

m 1 
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which must be their contribution to the measured polarizability 
of the molecule. Hence for molecules that have displaceable 
charges and constant dipoles the y used before is not just the 
polarizability y' due to displacement of charges, but is given by 


ZKT 


Thus, in general, the molecular polarizability Po should be 
written 


Po = 




+ 


ZKTj 


d - 1 M 

6 + 2 p 


Thus Po is a function of temperature and so is the measured 
^ for all substances for which p is not 0 all polar 


molecules). 

It can be seen at once why Po = Q, the volume of the conduct- 
ing spherical molecules is so abnormally great for NHg, HCl, and 

47r 

similar gases. Po should be calculated from which is 


the effect of the displacement induced by the field on the mole- 
cules considered conducting. But since is large for these 
molecules, the observed 5, which depends on both types of 
dielectric action, gives values for Po that are far too great, and 
hence values of O that do not agree with the real values. If y' be 
estimated from the Van der Waals^ constants, then the relative 
importance of dipole and displacement effects can be estimated. 
Since the high value of pi is due to atomic grouping in certain 
molecules, it is a specific property of those molecules, and hence 
it is the appearance of a high p in some groupings that interferes 
with the additive law. The Lorenz-Lorentz relation 


— 1 M 

+ 2 p 



holds, shows little or no temperature variation and shows addi- 
tivity because for light the electrical fields alternate so rapidly 
that the molecules with their high inertias and low frequencies 
of rotation cannot respond. Thus the contribution to y by the 
permanent dipoles is nil and the value of P is governed only by 
the mobile displaceable electrons which can follow the field. 
Near a resonance frequency (i.e., absorption band of the sub- 
stance), the electrons are hampered in their motions, y' is not 
given by the Lorenz-Lorentz law, and this theory fails. Thus 
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one sees how simply and completely the qualitative discrepancies 
which lead to this investigation are explained. In the next section 
the quantitative agreement will be given. 

97. Experimental Verification of the Debye Theory. — The new 
expression for the molecular polarizability Po is now 

(y' + 

This takes on the form PqT — a + bT, where a has the value 

47r a® 

a - 

.and b the value 



Thus PoT = f , A — P plotted against T gives a straight line, 

O ^ p 

whose intersection with the axis of ordinates evaluates a, and 
whose slope evaluates b. The results for NH 3 are plotted in Fig. 55. 



As is seen, they lie on a straight line within the limits of accuracy 
of the measurements. From these results a is found to be 16,250, 
and 6 5 .45 . Since a has a finite value it must be assumed that NH 3 
has a considerable permanent moment. Taking Na — 6.06 X 
10®® and K = 1.37 X 10“^®, m is found to be ^ 1-66 X 10“’^®. 

If the electron is taken as 4.77 X lO""^®, the length of the dipole, 
that is, the distance between the charges is 3.27 X 10“® cm, that 
is, assuming the dipole to be a single positive and negative charge 
separated by 3 X 10~® cm one would obtain the value of fi 
observed. This distance is of the order of magnitude of the 
distances which atomic charges might be considered to assume 
between them in a molecule. The idea at once suggests itself 
that this distance might be equal to that between the nuclei of H 
and Cl in a gas like HCl. Recently, Zahn^’^ has measured a and 
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h for the three halogen acids, HCl, HBr, and HI. He obtains 
for At divided by the electron the three values 0.217, 0.165, and 
0.080 X 10~® cm. According to a recent quantum-theory deduc- 
tion due to W. Pauli, Jr., 

This equation has the same form as that of Debye, which was 
based on the classical theory above. It differs in the constant 
factor 1.5367 entering into the doublet or term compared to 
the value of Debye. The values of /z computed by this theory 
are related to /x from the classical theory in the following fashion. 

IX (classical) = 2.15 /z (quantum). Thus if the ix calculated on 

the classical theory from the data gave values of ~ greater than 

the values observed from other measurements, Pauli’s theory 
would be proved to be the more correct. Now band spectra 
measurements in HCl and HBr make it possible to determine the 
distance between nuclear centers for these molecules. The 
values found for this distance are 1.27 X 10“® and 1.3 X 10~^ 
cm for these two molecules. The results are thus not adequate 
to differentiate between the two theories. That the value of 

- should be less than the nuclear separation means merely that 
€ 

the interaction of the force fields of the charges in the molecule 
and their distribution give a dipole whose moment is equivalent 
to two elementary charges of opposite sign separated by a distance 
of 0.217 X 10"“^ and 0.165 X 10“~® cm, that is, the two charges 
are not segregated in the centers of the two atoms. How the 
charges are distributed and how this is related to the nuclear dis- 
tance is unknown.^® It is suj03.cient for the theory that the value 

of ~ is of the order of magnitude of 10 "~^ cm. 

The value of 6 for NH 3 should give a reasonable agreement with 
the value of P calculated for optical frequencies (where the perma- 
nent dipoles do not figure) from the relation 

^ - I M 

+ 2 p 

The agreement should not be perfect, owing to the presence of 
absorption bands. But extrapolation by means of the Cauchy 
formula to 0 frequency should yield values of P in rough agree- 
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ment with 6. P from such data comes out 6.13 cm'*, compared 
to the 5.46 observed for h above. This is a satisfactory agree- 
ment. From the relative magnitude of and b one can get 

the relative magnitudes of t' and the contributions of the 

displacement dipoles to the polarization. Thus for NH.,, ^ = 

50.8 and 6 = 5.45. Hence h is about one-tenth of ^ and the polar- 
izability of the NHs molecules is due largely to its great permanent 
dipole moment. 


20000 


PoT 


10000 


2000 

0 




E+h^ 

f! E-fhei 




- 










— 



- — 




— 


^ 

: 



, 








: 

zi! 

— 




— 



T 

Fig. 56. 


These calculations hold unqualifiedly for gases. For liquids 
this is subject to a restriction. If the molecules with permanent 
dipoles are completely free to move and have their dipole strength 
unaltered in the liquid state by combinations, then the law must 
hold for both. If the liquid is one in which the molecules tend 
to associate, that is, join in groups of two, three, or more mole- 
cules as the temperature changes, then the dipole strength is 
altered and the law does not apply. Both types of substances 
exist. Thus in ethyl ether some 50 values of PqT from solid to 
gaseous state have been plotted in Fig. 56 as a function of T. 
From the critical temperature to the neighborhood of the melting 
point of the sohd state Ta they lie on a straight line. Below the 
melting point they fall down rapidly. A similar change in 
dielectric constant for water is noted for the melting point. Thus 
water has a value of 5 = 88, while the value for ice is 3.8. This 
indicates an abrupt change of the dielectric constant on solidifying. 
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The curve for ether gives a = 4400 and h = 38. This gives a 
moment n = 0.84 X lO-is. The value of P from optical data is 
22.8 in rough agreement with h. The diflference is due to the 

absorption in the infra-red. For ether ~ = 14.7 cm®, which is 

less than one-half the value of b. jHence for this substance the 
displacement polarizability is more than double the permanent 
dipole contribution to the polarizability. 

Figure 57 gives the curve between PoT and T for ethyl alcohol, 
which is a typical associative substance. It is interesting to note 
that again the points lie closely on a straight line. In this case the 
slope is such that o, takes on a negative value. The five points 
above 350° lie on a different line. These were obtained from 
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observations on the vapor. Could a straight Kne be drawn 
through them they would give positive values of a of considerable 

magnitude, indicating a high value of — and a relatively low 

value of 6. Through association in the liquid state as temper- 
ature decreases the combinations of molecules annihilate the per- 
manent dipoles. As these constitute most of the dipole strength, 
the rapid annihilation as association occurs gives the PqT — T 
curve a slope in this region, which, if extrapolated to the axis of 
ordinates, would give a negative value. It is probable that the 
curve flattens out below 100° abs. and gives a positive value for a 
corresponding to the solid state. Needless to say, measurements 
made in such liquids where association is taking place can lead 
to no values for a and h of any significance. 

Below is given a table of the dipole moments (t.e., values of /i) 
for a number of substances : 
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Carbon dioxide (CO 2 ) 0 . 142 X 10'^® 

Carbon monoxide (CO) 0.118 

Ammonia (NH 3 ) 1,53 

Sulph-ur dioxide (SO 2 ) 1.87 

Methyl alcohol (CH3OH) 1.61 

Water (H 2 O) 1.87 

Hydrochloric acid (HCl) 2.15 

*Hydrochloric acid (HCl) 1 . 034 

*Hydrobromic acid (HBr) 0 . 788 

*Hydriodic acid (HI) 0.382 

^Sulphur dioxide (SO 2 ) 1.62 

^Ammonia (NH 3 ) 1.44 

*Carbon dioxide (CO 2 ) 0.06 

Ethyl ether (CsHeOCgHs) 0.84 

Methyl alcohol (CH 3 OH) 1.64 

Propyl alcohol (C 3 H 7 OH) 1.66 

Nitrobenzol (CoHoNOa) 3.75 

Acetone (CH 3 COCH 3 ) 2.61 


* Hecent measurements due to Zahn. (See K, T. Compton/^ Science, 
63 , 53, 1926.) 


The theoretical treatment of the question may be further 
extended to a study of the polarization in mixtures. Here again 
two classes of substances can be discerned — those mixtures in 


D r-^L ,A, . which no association takes place and 

thoseinwhichitoccurs. Theformer 

Jeo-X typified by ethyl ether-benzol 

^ 10 ZIZ mixtures. These follow the theoreti- 

^ 60 cal variation for the polarizability 

^ 40 ^ mixture which would be de- 

0 zo 40 60 80 100 duced from the percentage composi- 

polariziability of the 
* two molecular types. A study of 

the second type of mixture, such as benzol-ethyl alcohol mix- 


tures, leads to very complicated curves. From an analysis 
of these curves, Debye is able to segregate the part due to the 
polarizability of the alcohol, and thus obtains a curve which gives 
the molecular polarization of the alcohol as a function of the 


concentration. This curve is given in Fig. 68. It is seen that 
this starts at 0 concentration with a value of 71,7 cm^ for Po and 
then increases. After passing through a maximum of 95 cm^ 
at 35 per cent it falls off to a value of about 60 at 100 per cent 
alcohol. The value at infinite dilution is the value for the unas- 


sociated single molecule. This is borne out by a measurement 
of the lowering of the freezing point, which indicates that at 
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great dilutions the molecules are present as single units. Thus 
the measurement of the value of Po for alcohol can be made in dilute 
solutions. This has been done for other associative liquids also 
{e.g,, methyl alcohol, propyl alcohol^ and nitrobenzol in benzol, 
and methyl alcohol in toluol). For ethyl alcohol the index-of- 
refraction method applied to the vapor gave a displacement polar- 
ization P = 13.2 cm^ and the liquid alcohol 3 delded 12.7 cm^. 
Taking the mean as 13 cm^, the contribution of the permanent 
dipoles in this to the total polarizability of 72 for the substance 

“ is 59 cm^. Hence the moment ju. for ethyl alcohol is ja = 1.66 X 
10-is. 

A further study of associative liquids could be made by a 
measurement and analysis of the molecular polarization of dilute 
solutions as a function of the temperature. These should yield 
a variation of PqP with temperature of the form a + &P, and so 
lead to an evaluation of ju. This has been carried out by one of 
Debye's pupils. The explanation given by Debye of the form 
of the curve shown for ethyl alcohol in benzol is instructive. 
Owing to its high dipole strength, the alcohol molecules tend to 
join in groups of one, two, and more molecules. This tendency 
is counteracted by the temperature motion. In great dilutions 
they are, on the average, unassociated. At high concentrations 
the chance of association is increased, for, since they are, on the 
average, nearer together, groups form more often and more are 
in groups. It now remains to see how an associative substance 
can first increase its polarization and then decrease it as concen- 
tration increases. If two spherical dipolar molecules come 
together, their position of minimum potential energy is with the 
axes of the dipoles in line, the positive pole of one being near the 
negative pole of the other. The moment of such a configuration 
is twice the moment of a single dipole. For three such molecules 
the axes orient themselves in such a way that they lie along the 
sides of an equilateral triangle, each positive pole being towards 
the nearest negative pole. Such a configuration wifi have a 
resulting moment of 0. Thus the first stage of association has a 
moment double that of a single molecule, the second stage one 
which is 0, With this picture, if one add alcohol to pure benzol 
in increasing concentrations, at first one should get a formation of 
double molecules, that is, if this association were complete, one 
would have, instead of N a molecules of moment p, and contribut- 
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ing to the molecular polarization a factor NaF^, 


Na 

2 


molecules 


of moment 2^ which contribute to the molecular polarization 

a factor of that is, twice the original factor. Thus as 

long as the number of association groups of this type increases 
the molecular polarization increases. As association progresses 
with increasing concentration, groups of the type of three mole- 
cules of zero moment will form. These contribute 0. As the 
number of these groups increases relatively to the bimolecular 
groups, the molecular polarization must drop rapidly. In prac- 
tice, it is doubtful whether all groups take on the positions of 
minimum potential energy ; but even approximation to this will 
explain all the phenomena observed in this case. In nitrobenzol 
the polarization Po is 335 cm®, while the value from the index of 
refraction P = 33 cm®. This leads to a moment m of value 3.75 
X Such a molecule should show a marked association. 

This is the case for nitrobenzol, but in this case the molecular 
polarization does not increase at first as concentration increases, 
as was the case for alcohol. In fact, it decreases rapidly at first 
and more slowly later. The explanation of this would require a 
different model. Here the molecules would have to be ellipsoids 
of revolution with the minute dipoles parallel to the major axes 
at -the center. In this case the molecules would associate by 
bringing the minor axes in contact and so have in the bimolecular 
state zero moment. It is obvious that such a picture is purely 
speculative, and it can be fruitful only in that it suggests further 
experiments. 

Debye has also considered the case of electrical oscillations 
whose frequency lies between the infinitely slow oscillations 
giving Po and the rapid hght vibrations giving P. In this region 
the time is long enough so that the alternating field changes 
sufficiently slowly to react on the permanent dipoles to an appre- 
ciable extent. Under these conditions the polarization will 
depend on the relation of the period of relaxation (I'.e., the 
time required for the molecular dipole to respond to the field) 
to the period of the alternating field. This must, in part, 
depend on the coefficient of viscosity of the surrounding liquid 
and on the size of the molecule. By an analysis using the law 
of equipartition and statistical relations similar to the treatment 
of Brownian motions, he arrives at a definition of the time of 
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relaxation — — ^ characteristic of the partic- 

ular substance^ and determines its behavior. Assuming values 
for the constants for water, he computes that for values of 
coo = 32 X 10^° to 4 X 10^*^, that is, for oscillations of wavelength 
from 0.58 to 4.6 cm, water should begin to show the effect of 
its permanent dipoles in the value of P. The values of P are 
calculated on this basis, but the calculations are beyond the 
scope of this text. The values are complicated by absorption 
of energy in this region and their study properly belongs in the 
field of anomalous dispersion in light. According to Rubens 
the calculations are in agreement with experimental facts. 

II. APPLICATION OF THE KINETIC THEORY OF THE MAGNETIC 

PROBLEM 

98. Introduction. — In general, two types of magnetic action 
are recognized. These two types are exemplified by the classes 
of substances denoted as diamagnetic and paramagnetic sub- 
stances, respectively. It is asserted, and generally believed, that 
the diamagnetic behavior is common to all substances, including 
the paramagnetic bodies, but that in the latter case the para- 
magnetic behavior where it exists is so much more powerful that 
it masks the diamagnetic behavior. The diamagnetic bodies 
can be characterized by two tendencies, both ascribable to the 
same action, that is, substances like Bi and Cu when placed in a 
strongly divergent magnetic field are repelled by the pole. Also 
when a rectangular piece or a piece of one of these metals having 
a greater length along one axis than another is suspended in a 
uniform magnetic field, the piece sets itself so that the long axis 
is at right angles to the magnetic field. These tendencies are 
real but on the whole relatively weak. The paramagnetic bodies, 
on the other hand, show just the opposite behavior, that is, they 
are attracted to the poles in a strongly divergent field and set 
themselves with their long axes parallel to a uniform magnetic 
field. 

In terms of a picture of the magnetic field represented by Fara- 
day lines of force, the diamagnetic behavior could be described 
by assuming that the diamagnetic bodies have less lines of force 
running through them than normally would exist in the space 
occupied by them, that is, they have a permeability less than 
unity which is ascribed to free space. For the paramagnetic 
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behavior the tendency is to have a greater number of lines of force 
running through them than would pass through the empty space 
which they occupy, that is, they have a permeability greater than 
unity, the value for free space. For the ferromagnetic substances 
this increase in the lines of force is a very large number of times 
greater than unity, while for the diamagnetic case the reduction in 
permeability is not much below the value for free space. As will 
be seen later, the ferromagnetism is merely a type of behavior 
exhibited by paramagnetic bodies in the proper temperature range. 
Paramagnetic phenomena have been ascribed to the existence in 
substances of small permanent molecular magnets, or molecular 
magnetic dipoles which can orient themselves in a magnetic field, 
so that their axes tend to correspond with the directions of the 
field, their north poles being oriented to the south pole of the field. 
Such an action would be counteracted by the disorienting heat 
motions of the molecules. Thus it would be expected that the 
permeabihty would decrease as temperature increased, and the 
paramagnetic properties would markedly depend on temperature. 
In this state they act as if the substance which they compose had 
become a magnet whose lines of force must be added to that of the 
inducing field, and, in fact, the quantities defining the effect of a 
field on a paramagnetic substance have, in part, been formulated 
from this viewpoint. To account for diamagnetism, it would be 
necessary, on a similar viewpoint, to assume that such a sub- 
stance brought into a magnetic field had a magnetic field induced 
in the molecules present that opposed the existing field, and so 
reduced the number of lines of force passing through the body. 
That is, one would have to suppose that the molecules of Bi when 
brought into a field became magnets whose north poles were 
directed towards the north pole of the field. 

An action of this type could at once be accounted for on the 
basis of Lenz’s law of magnetic induction. If the molecules were 
of such a nature that they contained small resistanceless closed 
electric circuits, they would, when placed in a magnetic field, 
have currents induced in them, which, according to Lenz’s law, 
would set up magnetic fields opposed to the acting magnetic 
field. Owing to the lack of resistance, these currents, and hence 
the field, would persist as long as the external field acted. In 
removing the external field, currents in the reverse sense and of 
equal magnitude would be set up, and when the field was gone 
there would be no resulting magnetism in the molecules or atoms. 



CONTRIBUTIONS OF THE KINETIC THEORY 


413 


action would manifestly be independent of temperature, 
isorientations of the molecules due to heat in the mag- 
i would merely serve to annihilate the fields of some of 
3ules while creating new field in others, since the orienta- 
he current circuits in the external field would be the 
ing action. This is found to be the case. 

.e Explanation of Diamagnetism. — The existence of such 
sless circuits in the atoms and molecules seemed at first 
sonable hypothesis. The study of atomic structure in 
ars has, however, definitely indicated that this must be 
The existence of the electron, and the fact that it 
L orbit about a central charged nucleus, must lead to just 
assumption. That the orbits in which the electrons 
3ut the nucleus are relatively few in number, governed 
n energy and momentum relations, and that the radia- 
loss of energy) of the electrons in these orbits is zero are 
a^mental assumptions of Bohr^^ which have led to the 
)le understanding of the atom in relation to spectra now 
Thus an electron moving in a non-radiating (hence 
3s) orbit about the nucleus constitutes one of the hypo- 
esistanceless electrical circuits. 

qualitatively, one may regard the effect of the intro- 
f such a molecule into the magnetic field in the following 
The electron moving in the orbit has a certain angular 
and hence possesses a mechanical moment of momen- 
msider such a mechanical system oriented in any fashion 
trd to the field. It can then be regarded as a small 
3, the vector representing the moment of momentum 
mal to the plane of the orbit. If, now, a magnetic field 
;ed, it will act on the electron so as to produce a mechan- 
for the electron in motion constitutes a current which is 
by a magnetic field. Such an electron is pictured in 
he nucleus being at iV, the electron at E moving in its 
O marks the vector representing the moment of momen- 
the particular case in question the force on the electron 
cnponents of the motion perj>endicular to the field and 

> the plane of the orbit will be in a direction such as to 
rque on the orbit, causing it to tend to rotate about an 
' normal to the field and in the plane of the orbit. For 
onents of the orbit normal to the plane of the orbit and 

► the field, the resultant forces, will act so as to counter- 
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balance each other and will produce no effect. On a rotating 
gyrostatic system the torque exerted on the plane of the orbit 
results in a preeessional motion about an axis normal to the 
momentum vector iVO and to the axis ANB about which the torque 
exists, that is, the gyrostat will undergo a processional motion in 
the direction OP. Thus the electronic gyrostat will, as a whole, 
move so that the electron rotates in a plane which has a com- 
ponent normal to the direction of the inducing field. But by 
Lenz’s law the sense of this motion must always be such as to 
cause a field to be created in a direction opposed to the change 
in the flux through the circuit, so that, on putting on the field, 
the precession will be such that the magnetic field produced by 


O 



the electron of the orbit in its preeessional motion will oppose 
the applied field, that is, the north pole of this preeessional 
magnet will point towards the north pole of the inducing field. 
On removing the field, the precession will cease and the induced 
field will disappear. The torque on the electron, and the veloc- 
ity of precession, and hence the strength of the induced or 
diamagnetic field, will be proportional to the inducing field. 
This will hold for aU the i electrons in the atom or molecules. 

Through analysis which properly does not belong in this text, 
it can be shown that the magnetic polarizability y is given by an 
expression 

where e is the electron, mi its mass, c the velocity of light, and n the 
average distance of the ith electron path from the nucleus. Now 

K 

the mass susceptibility x is given by x = where K is the mag- 

P 
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netic volume susceptibility and p the density. For these con- 
siderations and those that follow the complicating correction for 
the inner magnetic field may be neglected, since the diamagnetic 
effects are so feeble as to make this unnecessary. But in analogy 
to the electrical case in Sec. 96, one may write P, the polarization 
for unit mass as given by P =.pZm, where Z is the number of 
molecules per gram mass, m is the moment induced (which must 
be yH, where y is the molecular polarizability, and H is the 
magnetic field strength). Thus, as 


Hence 


P = KH = pZni = pZyH, 
K = pZy and x = Zy. 


X = 


^Vf. 


2 


For a gram atom xa, the mass susceptibility, wiU be 
= +Ax = - = -2-85 X 


where A is the atomic weight and AZ = Na- Now is the 

sum of the squares of the average values of the displacements 
of all electrons from the nucleus, so that dividing by 

the number of the electrons in the atom (the so-called atomic 
number), one has a value for f^, the square of the average distance 

of the electron from the nucleus. A few values of 

computed from are given in the table below. As is seen, the 
values are, on the whole, close to 10“^® cm^, which is the order of 
magnitude of the square of the atomic radii, or, better, of the 
order of magnitude of the orbits of the electrons in the atoms 



“Z” 



H 

1 

2.7 X 10“® 

0.95 X 10-16 

He 

2 

2.2 X 10-“® 

0.39 X 10-16 

C 

6 

6.6 X IQ-s 

0.38 X 10-16 

Cl 

17 

22.0 X 10-« 

0.45 X 10-16 

Br 

35 

33 X 10-« 

0.33 X 10-16 

Y ; 

53 

49 X 10-« 

0.32 X 10-16 

Hg. 

80 

36 X 10-® 

0.16 X 10-16 

Bi 

83 

280 X 10-« 

1.2 X 10-16 




416 


THE KINETIC THEORY OF GASES 


deduced from the Bohr theory and spectroscopic data. The 
explanation of the effect, by leading to an agreement of as 
deduced from diamagnetic susceptibilities with the accepted 
values from other data, indicates the correctness of the explana- 
tion of diamagnetic phenomenon. 

Since the diamagnetic property is dependent on the electronic 
behavior on the inside of the atom, independence of tempera- 
ture can be expected. Thus y, and hence x, should be found 
to be independent of temperature. Curie concluded that this 
was true from his experiments. Later experiments of Honda^*^ 
and Owen^^ showed that this was not strictly true. The elements 
P, S, and Se show values of x independent of temperature, while x 
in Bi decreases as temperature increases, suffering a very abrupt 
change at the melting point. Again, it might seem as if the 
intrinsically atomic nature of the diamagnetic effect should lead 
to an additive value of y for different atoms which combine to 
form molecules. Strange to say, this is, in general (with some 
exceptions), found to be true, for further reflection reveals that a 
complex molecule composed of several massive nuclei will not 
undergo the simple rotation as a whole on application of magnetic 
field that one would expect in a single atom. For the following 
elements, then, 


H 2.93 X lO"*® 

c 6.00 X 

0 4.61 X Hr® 

Cl 20.1 X 10-® 


From this xa can be calculated for H 2 O = —10.5 X 10"*^, 
while the observed value is —12.9 X 10"®. Again ethyl alcohol 
gives Xa as —34.2 X 10“® on computation, and the observed 
value is —30.5 X 10"®. Since the orbits of outer electrons are 
changed by chemical combination, it is surprising that the addi- 
tivity is as good as it seems to be. There are cases, such as in 
oxygen, where the atom in combination has its approximate 
diamagnetic susceptibility, while in some compounds, as in 
O 2 , it is paramagnetic. On the other hand, it must be remembered 
that, besides the outermost valency electrons which are few in 
number, the orbits of most of the electrons are little affected by 
combination, so that xa could, on the whole, give a nearly con- 
stant average value in combination. The striking feature of 
this induced magnetism is that it fulfils much the same laws as 
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does the induced dielectric polarization due to displaced electrons. 
The treatment of paramagnetism will show that this, in turn, 
acts analogously to the polarization produced in substances due 
to the existence of permanent dipoles. 

100. Paramagnetic Phenomena in Their Relation to the Kinetic 
Theory. — As was stated in the introduction (Sec. 98), para- and 
ferromagnetism were early explained on the assumption of fixed 
molecular dipoles in the solids whose axes could be oriented by an 
imposed field. The diamagnetic action described in Sec. 99 must 
be present in all molecules, but must be completely masked, 
because of its small value, by the tremendous ferromagnetic 
effects. The term paramagnetism^^ applies properly to all sub- 
stances whose susceptibilities have a positive value, while the 
term ^ferromagnetic” applies to a special type of paramagnetic 
action obtaining in some substances below a critical temperature. 
It is characterized by a very high susceptibility and an enormous 
inner field. 

As far back as 1895 Curie, who had been studying the 
magnetic behavior of substances, published a paper in which he 
concluded that for oxygen gas the paramagnetic susceptibility 
X per unit mass was inversely proportional to the absolute temper- 
ature. Similar experiments on palladium and on ferromagnetic 
bodies that had lost their ferromagnetism at high temperatures 
confirmed him in his belief that these were to be explained on the 
basis of some common kinetic hypothesis. In the general phenom- 
ena of magnetism. Curie furthermore saw many analogies to 
the gas laws. In this he was supported by similar views 
expressed as early as 1865—1868 by G. Wiedemann. The latter 
had found that the paramagnetic susceptibilities of solutions of 
different salts had a temperature coefficient of about the same 
value as that of an ideal gas. (He found this to be 0.0036 and 
Plessner later found 0.00355, while the true value for gases at 
this temperature is 0.00325.) This means, of course, the same 
thing that Curie found for oxygen, to wit that 

C 

X fjj^ 

where (7 is a constant and T the absolute temperature. Curie’s 
work led Langevin^® to derive the expression for the temperature 
susceptibility of gases on the basis of the kinetic theory. The 
treatment which he used is identical with the treatment given in 
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Sec. 96 for the electrical polarization produced in a gas by the 
presence of permanent electrical dipoles, for Lange vin assumed 
that the paramagnetic susceptibility was due to the existence of 
small permanent molecular magnets in each gas molecule. These 
were constantly being disoriented in a superposed field by the 
heat motions of the molecules. The only change to be made in 
the treatment for the magnetic case is that now the moment ju is 
the value of the moment of the permanent magnetic moment in the 
molecule, the acting field is to be the magnetic field H instead 
of the electric field, and the average moment rn is the average mag- 
netic moment of the molecule. It follows at once that if, as the 
general distribution law demands the number of molecules 
having moments represented by vectors lying in a small volume 


' * ^ ■“ COS 0 

element dil is given by dQ, where 6 is the angle of 

the dipole with the field, then the average moment for a large num- 
ber of molecules may be written as 




m = - 


COB 6 ^ ^ 

fj. cos 


X 




dQ 


(See Sec. 96 of Part I, Chap. X.) 

The solution of this yields 

rn , jjlH KT 

~ - oot ^ 



where L stands for the Langevin function. Experimentally for 
paramagnetic substances, the fields H are always so weak that 
ixH 

KT 


is small compared to unity. Thus the approximation 


given before can be used, namely. 



and therefore that, to a good degree of approximation. 


m 


3KT 


For the sake of simplicity, in what follows it may be assumed 
that the inducing field H is the same as the inner field. This could 
not be done in the case of dielectrics, as, on the whole, the contri- 
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bution of the other molecules to the field was considerable. As 
will be seen later, the magnetic polarization in paramagnetic 
substances is so feeble that the fields differ by less than one part 
in a thousand. One may, accordingly, write that as KH = pzm^ 
K 

and X = ~ (see Sec. 99), therefore 

_ ZjJL^ 

where z is the number of molecules per gram. This is Curie’s 
law deduced from theoretical considerations and it is seen that, in 

fact, X is proportional to and that the constant C found 

experimentally by Curie has now a meaning in terms of the molec- 
ular magnetic moments, the Loschmidt’s number, and the Boltz- 

3 37 X 

mann constant. Curie found x — — ^ in O 2 . If this 

-value is accepted, then, as iT = 1.371 X 10~^® and Na- = 1.894 
X 10®*, ju is given by- 


in O 2 . If this 




= 0.856 X 10-2 0. 


To check this value against other quantities, if it is assumed that 
the moment is caused by the rotation of an electron in an orbit of 
0.5 X 10™^-cm radius, the angular velocity required to give /m 
above is 4.3 X 10^® radians per second. ’ This is of the order of 
magnitude to be expected on the basis of earlier optical investi- 
gations. The exact relation between paramagnetic behavior 
and the electron theory has, how- 1.5 

ever, been insufficiently worked 
out theoretically to' make a real ^ 1-0 

estimate of the paramagnetic 
moments from other data. 0.5 

The extent to which the Curie- 
Langevin law is obeyed experi- ^ 

mentally may be seen in Figs. 60 
and 61 for gadolinium sulphate 

and oxygen, where - X 10~^ is plotted against T, the absolute 
X 

temperature. These two sets of observations follow the Curie- 
Langevin law quite well, as they are straight lines passing through 
the origin. Others do not obey it so well. 



Absolute Temperature 
Fig. 60. 
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Langevin^s theoretical equation extends to fields, or conditions 

of field and temperature, such that approaches unity. 

Under these conditions, the curve should approach a saturation 
value, as was shown by the approximation formula to the Lange- 
vin function L{x) for this case, to wit 

= 1 - , (See Sec. 96). 

It was found to be impossible to test this for the dielectric case, 
as the fields were too weak. In the magnetic case the test of this 

law is possible. If ^ is ~~ will become unity when 



Fio. 61 . 


y,- = 1.37 X 10*. Such an effect will have to be tested for 

at very low temperatures, as fields of 30,000 gausses are already 
hard to achieve conveniently. Such low temperatures, where the 
law of equipartition has begun to break down, would make it seem 
unlikely that the Langevin equation based on it would be appli- 
cable. Kammerlingh-Onnes in 1914foundthat (Gda ( 804 ) 381120 ) 
at 1.9 and 4.25° abs. had a magnetization which was not propor- 
tional to the field H applied, while at 20.3° abs. the magnetization 
was strictly proportional to the field. This substance was chosen 
for three reasons: It follows the Curie law down to 20° abs. 
With its eight molecules of water of crystallization it can be 
regarded as a dilute solution. Finally, it has a very high value 
for At (m = 7.2 X 10~®“). The result of later measurements by 
Kammerlingh-Onnes and H. R. Woltjer®® are shown in Fig. 62 
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TT 

where — as ordinates are plotted against as abscissae. 

Jti. 1 

the Lange vin law holds, the points should lie on a curve 


m 


cot 


ixH 

KT 


KT 

ixH 


If 


The figure shows that the points fall closely onto the smooth curve 
calculated by the above formula. The upper points correspond- 

ing to an — ^ which is 84 per cent of the saturation value, were 

taken at 1.31° abs., in a field of 22,000 gausses. Considering the 
fact that, theoretically, these experiments were made on solids 
where free rotations were restricted, and at temperatures where 



Fig. 62 . 


the assumptions underlying the theory are very doubtful, the 
agreement is surprisingly good. 

lOl, The Inner Field and Its Application to Ferromagnetism. — 
In the last section it was assumed that the force acting to orient 
the molecular dipoles was iJ, the impressed field. In Sec. 96, on 
dielectric constants it was seen that the field is not the impressed 
field, but the so-called inner field of the substance, that is, the 
polarization is not proportional to Hj the impressed field, but to 
H\ the inner field, where H' is given by 

H' ^ H + vP. 

Here P is the intensity of magnetization, or what was termed, in 
analogy to the electrical term, the magnetic polarization, v is 
the proportionality factor (the constant of the inner field) which 
was a pure number and for either a regular molecular lattice or 
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for a perfectly random distribution of molecules took the value 

For oxygen or cases similar to those used in the preceding 

section, P was small. Thus for oxygen at 273° abs. compressed 
to the same density as water, the value of C is = 3.37 X 10~® 
from Curie’s observations. This would give P the value 1.23 X 

A'TT 

IQ-W. For a value of r = -^ this makes //' == 1.00051//, 

that is, it adds an entirely negligible correction. A similar con- 
sideration for Gd 2 (S 04)3 at the lowest temperatures leads to a 

correction of ^ P == 0.195//. This correction is considerable 

and indicates that under some conditions v cannot be neglected at 
low temperatures. While the action shown by O 2 holds for many 
substances, it does not exclude the possibility of the orientation 
of the molecules by the field being accompanied by other changes 
which could influence v very markedly. With changes in r, the 
whole treatment must be changed. To this end P. Weiss, to whom 
the following treatment was due originally, left v undetermined 
and carried out the discussion of what the effect of v would be by 
an analysis of the resulting equations. The study of these 
considerations and the applications to experiments will now 
briefly be given. They lead to a definition of ferromagnetism. 

Call H' ^ II + vP. 

According to Langevin, it was found that 

— = L(x) = cot X 

jut ^ ' X 


where x 


KT 


Call P = pzm 


pzjjL — } where p is the density of 


the substance and z the number of molecules in a gram. 
Thus 

KTx 


fn 


— // + vzpp — ^ and 
KT H 

X 


vpZfJt,^ 


vpzp 


fR H 

One accordingly has — expressed as a function of for a 

M VpZ^X 


given value of 


KT 

VZpp?- 


’ when X is found. Graphically, this may 
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be represented as in Fig. 63. The expression of — = L(x) is 
plotted as ordinates against x as abscissae. On the same diagram 
the value of — is plotted as ordinate against x in terms of the 
equation 

m KT H 

/X p vzp 

For the case where H ~ 0, there is a straight line AOB passing 
through the origin O. For positive values of H the latter curve 
lies below the = 0 curve. It is a straight line cutting the 
axis of ordinates at 0' below the origin O. This at once shows 



that two possible cases may occur; For the case where H = 0, 


the straight line for small values of 


KT 

VpZp.^ 


will cut L{x) in 


three points, O, B, and A. For large values of 


KT 

VpZpL^ 


the 


straight line for H == 0 will cut the curve L(x) only in one point 

/ KT \ 

O. In the latter case { that is, for g having large values 




vpzp,^ 

m 




for H = 0 one also has x = 0 and — = 0, that is magnetiza- 


tion can only be called forth by an external field H. 

For a field H which is not too great, the point of intersection 
for finite values of H will lie in the neighborhood of the origin, that 
is, one will be far removed from conditions of saturation and one 
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can replace i (a;) by its low value of x approximation, to wit L{x) 

= -• This leads at once to a simple solution for the equations 
3 

above, and 


ju 3 
These yield at once 


m X- . m 
— = 77 and 


m 


ZK 


KT 

vpZjjP' 

1 


X 


H 

VpZp 


T 


vpzp.'‘ 

“3/r 


This may be compared with the expression for a negligible v 

m _ p.H 

_ - 2, x t 

1 


and one sees at once it differs by the factor 


from the 


simple case for v 


V SKfJ 

0. As I' is a pure number, the quantity 
can be looked on as a temperature 0, for it has those dimen- 

3xv 

VpZii^ . . 

sions. Thus one can regard 0 = as a critical temperature 

for which m becomes theoretically infinitely great. Thus if 

m _ pH 1 

TT “ gz 

^FFh 

when T = O, (T — 0) = 0, and — is infinite. The Curie law 

c 

giving the susceptibility per unit mass as x = ’ji’ where C = 
when the action of the inner field is included, becomes 

oJti. 


X = 


C 


T - e 

This equation is called the Weiss law after its discoverer Pierre 
0 

Weiss. Since C = — this law may be written as 

vp 

1 e 

^ ~ vp T - e' 

For the case that the temperature T is lower than the critical 
temperature 0, the equations may be simplified by using 0. 
They then read 



CONTRIBUTIONS OF THE KINETIC THEORY 


425 


ni 

m 

Ai 


= L{x), 
e 3 ■ 


,jiH 

3KQ' 


If Q is less than unity, the slope of the curve is less than the 

initial slope of the L(x) curve. This means that even for H — 0 
the straight line cuts the L(x) curve in three points. It can be 
demonstrated that the intersection at .B is a stable point while 
the one at O is unstable. Thus magnetization at B occurs for 
H = 0, that is, it is a spontaneous magnetization, and the value 
of the average moment produced will be designated by m*. 
Accordingly, 

-r f \ 

~~ = Z/(x), 


and 


|_3^as/r-0. 


X 


There is, accordingly, in paramagnetic substances the following 
condition; Above a critical temperature 0 all substances are 
paramagnetic. Below this they are spontaneously magnetized 
and possess the properties which Weiss identifies with the ferro- 
magnetic state. The critical temperatures for a number of 
substances are given in the table below: 


Substance 


e 


Fe 

Ni 

Co 

FeNi 

Magnetite . 
Pyrrhotine 

MnP 

MnAs. , . . 


758 + 273 
374 + 273 
1137 + 273 
365 + 273 
585 + 273 
348 + 273 
26 + 273 
45 + 273 


These values are from actual observations of the disappearance 
of ferromagnetism in these substances. The values as observed 
by various workers are not, however, closely the same, although 
they show general agreement. Weiss explains the fact that a 
piece of iron below 758°C. does not show spontaneous magnetiza- 
tion as being due to the fact that the elementary magnets which 
exist are not oriented in the metal. In a relatively weak field, 
however, orientation takes place, so that their axes are parallel 
and one has the ferromagnetic properties displayed. Saturation 
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in this case is, however, only relative even when the elementary 
magnets are parallel, as the value of the moment obtained is 
determined by the value of the spontaneous magnetization, 
which is a function of T. The maximum saturation will then 
appear as only partially obtained, even when the elements are 
parallel, as, with fields which can be realized, the assistance 
given to the spontaneous magnetization when // = 0 is not 
enough to raise the value of the magnetization to a higher level. 
Strictly, this cannot occur, and particularly near the Curie 
point (that is, the critical point) the molecular field is sufficiently 
weakened by heat motions so that the ordinary fields used can 
materially change the spontaneous magnetization. This fact 
is supported by the magnetocaloric effects, to which reference 
only may be made. The situation results in a gradual change 
from the paramagnetic to the ferromagnetic state, instead of the 
abrupt change which would be expected from the Weiss law, 
where % becomes infinite when T = Q. In fact, it is only for 
appreciable values of T — 6 that the linear conditions demanded 
by the Weiss law are fulfilled. How the spontaneous magnetiza- 
tion and the great intensity (and hence the great increase in x) 
can be caused will be seen later. In fact, near 0 the law so 
changes that near the Curie point a moment is found which is 
proportional to Thus at T = 0, susceptibility in the usual 

sense does not exist. This law of a moment proportional to the 
cube root of H forms the transition between the paramagnetic 
and the spontaneously generated field states, and even the latter 
state can be influenced rather easily by the field near this point. 

To visualize the conditions near T — & the second term must 
be used in the approximation to L{x), that is. 


TO ^ . X X 

- IM - 3 - 


TO 


45 


and 


T X 
0 3 


ZKQ 


From this x may be solved for by an equation of the third degree, 

V0 / 3 45 WKQ 

“ffz 

Here — can be found by placing the values of x so obtained in 

m _ T X _ fjiH 

/i ~ 0 3 ZKe' 
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This leads to the evaluation of two limiting cases and one transi- 
tional case. 

If T > 0, the term relative to the x term maybe neglected as 
long as T ~ 0 is large. Then 


X 


fxH 

K(T - e)’ 


which leads to the original Weiss law. 

If T < 0, while T — 0 is so large that the field H is negligible 
in its action, then 



The root of importance in this case is 



ms 


so that one gets ^ given by 



that is, the curve for spontaneous magnetization should approach 
the Curie point with a vertical tangent which is observationaUy 
found to hold. The equation above is, however, not applicable 
to that region. 

In the transitional case, T = 0. The equations become 

x^ _ nH 
45 3Z0' 


so that 




whence as a sufiScient approximation one has 

m /5 

fjL \3Ke) ’ 

that is, near the Curie point (i.e., the critical temperature 0), 
— is proportional to 

The experimental agreement with the Weiss theory may briefly 
be tested for the substances Co, Ni, and Fe. The values of - 



428 


THE KINETIC THEORY OF GABES 


are plotted as ordinates against the absolute temperature in Fig. 
64. The theory says that 

X y T. e’ 



Thus the points ^ must lie on a straight line which, prolonged 
to lower temperatures than 0, must cut the axis of ordinates at 

Q 0 J 

— ^ — ’ and whose slope is As is seen, iron shows three lines 

of different slopes. They are labeled, respectively, Fe/s, Fe^, 
and Fej. For the critical temperature Weiss finds 0 = 774 + 
273 = 1047, Up to 774 + 273 the curve is given by 

0.0395 

^ T - i()47’ 


From 828 + 273 on to 920 + 273 the curve has the equation 

0.0273 

^ T - 1063' 

From 920 + 273 to 1395 + 273 the equation becomes 

0.072 

^ T ~ 1340' 

and, finally, from 1395 + 273 on the equation is 


_ 0.0045 

^ T ~ 1503' 


These four equations represent four magnetic temperature states 
of iron called, respectively, a, 0, y, and S iron. The change from 
a to 0 iron characterized by the critical temperature (i.e., 
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the Curie point of 774 + 273) has for some time been known to 
be the true Weiss transition. Nevertheless^ it is still held by 
some to be due to two different types of iron. X-ray studies have 
shown, without question, that this is not so and that oc and ^ iron 
have the same crystal structure. The second change which 
occurs at 920 + 273 is marked by a change in x from 210 X 10“"® 
to X = 28 X 10~®. It takes a considerable time to change from 
one value to the other. It corresponds with Osmond^s transition 
from ^ to y iron. This is confirmed by X-ray analysis where the 
iron is a space-centered cubical lattice, while the -y is a face- 
centered cubical lattice. The interesting thing to note is that the 
0 is not 1395 + 273, but is —1340, that is, the y iron has a 0 
which is negative. This means a molecular field which opposes 
the applied field. Such fields are observed in other substances, 
notably in oxygen. The 5 iron transition which occurs at 1395 
+ 273 has again a normal 0 = +1503 instead of 1668. Curie 
believed that it could be considered a continuation of the j8-type 
curve. It is interesting to note that the iron in the 5 state has 
actually reverted to a space-centered cubical lattice as shown by 
X-rays. 

For Ni, the curve has no breaks and the equation representing 
0 G0555 

the results is x — iw — from the Curie point at 357 + 273 to 

900 + 273. The equation holds only roughly in the region up to 
412 + 273, but after this the agreement is almost striking. 

For Co, whose critical temperature is very high, 1131 + 273, 
the results can be summarized by two intersecting straight lines 

0,0217 

^ T - 1404 
_ 0.0182 
^ T - 1422' 

holding from 1170 + 273 to 1241 + 273, and from 1241 + 273 to 
1303 + 273, It seems possible that in this transition, as in a to 
^ iron, one is not dealing with two straight lines but with a single 
curved line passing through the critical point. 

Interesting measurements made in mixtures of liquid oxygen 

and nitrogen show that the ~ — T curves are straight parallel 

lines whose intercepts with the axis of ordinates vary with the 
composition. This means that the Curie constant G is inde- 
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pendent of density, while 0 is a function of the density. The 0 
for oxygen in this region is negative and is approximately pro- 
portional to the density. 

The question as to the nature of the inner field which causes the 
transition is not yet successfully answered. A suggestion of 
Debye seems to offer a temporary solution, which is, however, 
quite incomplete. 

The value of the inner field v can be computed from the critical 
temperature values. 

0 = 

vp 

This leads Weiss to evaluate v ~ 14,000 for Ni, and 8650 for 
Co. For the dielectric case as well as for the theoretical magnetic 
case of disoriented molecules or molecules in a regular crystal 

lattice, V was -r- (Sec. 96). These values 10,000 and 4 are 
o 

not to be compared, and one must look further than the spatial 
arrangement of molecules alone for a value of v of the order of 
8000 or more. An interesting explanation is offered by the 
assumption that these substances have electrical dipolee in their 
molecules whose orientation is such that their moments lie parallel 
with the magnetic axes of the magnets. Thus if a magnetic polari- 
zation Pm were to occur, there would be an accompanying electri- 
cal polarization P^. These would be so related in strength that 

P« _ ^ 

P Mm 

where m« and Mm are the actual electrical and magnetic moments. 
Hence on each elementary particle one has the outer magnetic 
field and the newly oriented electrical field acting simultaneously. 
The former has the value H if the insignificant contribution 
47r 

-^Pm is neglected. The electrical inner field has a strength 
4x 

if the Lorentz constant of the inner field is used. The 
o 

potential energy of an elementary particle then becomes pro- 
portional to 

UmH + Me = MmH + ^ ^Pm, 

o o 
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If 

as Weiss put it, then 


F = B + vP^, 

_ ^ Me!. 

3 


This gives values of v of the correct order of magnitude. The 
quantity has the order of magnitude of 10""^^, while ixm has 
the value of 10“2o. This is of the order of 100^, or 10,000, 
which is the value observed. The theory seems in agreement 
with certain deductions concerning the law of force between the 
dipoles. It is also interesting to note that if is to be proportional 
to jLCe^ positive values of v must always be expected and hence 
of 0. But, as is known, oxygen and y iron have a negative v. 
In this connection, it must be remembered that O 2 has no per- 
manent electrical dipoles as its P and its Po are nearly the same 
(see Sec. 96). Treating oxygen as an electrical quadrupole 
does not explain the negative v and it makes the susceptibility 
too sensitive to temperature changes. The theory, in spite of 
its unsatisfactory character, leads to further interesting experi- 
mental verification, that is, it would be expected that a constant 
magnetic force would produce a dielectric polarization and a 
constant electrical force a magnetic polarization if this theory 
were correct. A, Perrier^ ^ carried out extensive experiments 
in this direction. A current was passed down a magnetic 
conductor and a magnetization resulting from the electrical field 
was looked for in the direction of the electrical field, that is, the 
current. The results convinced the workers that the electrical 
field causes a magnetization acting in the opposite sense. This 
means that iron atoms must have an electrical moment of = 
9.7 X This is considerably higher than the values esti- 

mated for He for iron which comes from the dielectric properties 
of insulators. 

102. The Question of Magnetic Orientation. — ^The theory of 
Langevin that underlies the Curie law depends on the assumption 
that the molecules of the substances, for instance, oxygen, 
orient themselves in the applied field according to statistical laws. 
This assumption is perfectly correct for gases and liquids where 
the molecules are free to turn, and have energy of rotation. 
It is strange, however, that the application of the Langevin 
equation to the case of solids, which leads to the Weiss law, 
should hold for solid paramagnetic bodies, for with these there 
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is no free mobility of the molecules. In fact, the situation in some 
crystals leads to serious difficulties. In a large number of para- 
magnetic crystals the X-ray analysis leads to the undoubted 
conclusion that the crystal lattice is made up of atoms. For the 
a, 0 and 5 iron this is a space-centered cubical lattice made up of 
single atoms. There are, of course, other crystals in which 
actual molecular groups take positions as single units of the 
lattice. How molecules of iron in an atomic crystal lattice can 
rotate it is difficult to see, for the rigidity of the structure pro- 
hibits an interchange of positions or a relative displacement of 
the atoms which could compose any group. This necessitates 
the assumption that it is the atoms themselves in such a crystal 
that rotate in a magnetic field. This is possible, but a very 
serious difficulty is at once encountered. The Langevin equation 
presupposes rotations in statistical temperature equilibrium. 
Now, as the chapter on Specific Heats will show, such an assump- 
tion is contrary to facts, for atoms do not rotate due to heat 
motions, as the inert gases and mercury vapor have atomic heats 
showing only three degrees of freedom and molecular heats of 
solids roughly follow the Du Long and Petit law where no rotations 
are included. 

In spite of this difficulty, the explanation has been adhered to, 
with the modification of the theory, to include the quantum 
theoretical deviations of the energies of rotations of the mole- 
cules. Oosterhuis^® carried this out by replacing the KT of 


the Langevin theory in x == 


3itT 


(which comes from the 


law of equipartition through giving to each degree of freedom the 
energy }4.KT) by the law that follows from the quantum theory. 
He based his considerations on the work of Einstein and Stern, 
who developed a quantum law of partition of energy which gave 
to the atoms an energy at the absolute 0. The choice of this 
was made because the low-temperature measurements of suscepti- 
bility seemed to show a lower rate of increase than the pure Curie 
law demanded, thus indicating that at absolute zero there was 
still an energy of rotation. The energy a of a resonator with a 

zero point energy ~ is given by quantum theory as 


hv 


hv 1 

eKT 



u 
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(compare with Sec. 94). The energy v is to be identified with 
the energy of rotation of angular velocity co, so that v = —. 

27r 

With this, the energy of a molecule with moment of inertia J 
is given by 

u = 2-k‘^Jv^. 

From this v may be eliminated and then the susceptibility as 
developed by Lange vin for the case of the Curie law would be 
found by replacing the KT in that expression by u, thus 

y = 

^ ■ Zu 

If this is done, development in series for relatively high values of 
T gives 

M = iTT 1 + ^2 + . . . j- 

A.S a first approximation, this yields 


X 


1 

247rVir 


If one calls 


2Aw^KJ 


= 0, one has at once the Weiss law with 


a negative 0 which is often found. The measured value of 0 when 

applied to 0 = leads to proper values of J 

for molecules. Thus for anhydrous MnS04, J comes out 0.87 X 
10”“^°, for MnS 04 * 4 H 2 O it was 11 X 10~^° and for Pt about 0.048 
X 10“^°. The increase in the values of J for manganese by the 
introduction of water of crystallization which increases the 
moment of inertia also seems a further support. The theory has 
been further extended by Keesom for ferromagnetic bodies. 
Nevertheless, as Debye points out, the atomic nature of crystal 
lattices seems definitely to negative this whole notion of orienta- 
tion of molecules. 

It is thus essential that a theory be devised which does not 
demand the free rotation. In this direction both Weiss^^ and later 
Lenz-^ made use of an idea which reduces the rotations in the field 
to very small ones. In this theory the moments of the elementary 
magnets are oriented in either one direction or 180 deg. from this, 
and the probabilities of other orientations are distinctly less, for 
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they depend on the presence of a potential energy. From this it 

follows that the Langevin function L{x) ~ cot x must be 

replaced by another function Leix) = tan x. This does not 
solve the problem, as the free rotation is not eliminated but 
merely reduced. Ehrenfest again altered the Lenz equation with 
perhaps a slightly more permissible assumption. The results 
are, however, not satisfying, and serve with Lenz’s as merely 
indicating a way in which to attack the problem. The conclusion 
to be drawn from this discussion is that, while the Langevin 
explanation does apply to solutions and gases, it is not theoretically 
applicable to crystals, even though by its aid the apparently 
correct Weiss equation for crystals and solid substances is derived. 

103. The Weiss Magneton and. the Bohr Magneton. — The 
Curie constant C in magnetic phenomena has, through the Lange- 


vin equation, the value C — 


M.' 


From this it is possible to 


evaluate g, the magnetic moment of the molecule. Now C, and 
thus g, may be evaluated from measurements on the suscepti- 

C 

bilities of solutions or gases, and from the Weiss law x = m K 

i — 0 

for solids. According to Weiss, m may also be found by measur- 
ing the polarization Po of the saturation magnetization at absolute 
zero, where Po = pqij.z. From these values for a large number 
of substances, one obtains M, the moment of a gram-atom. Such 
values are given for some substances in the table below. 


Af inC.G.S. 


Substance Units 

Ni 3,381 

Co 9,650 

Fe 12,410 

Magnetite 7,417 


Using these values, Weiss computes the least common divisor 
and obtains a value of M of about 1126. This he assumes is the 
value of the elementary magnetic moment of an atom or magneton. 
Thus, Ni has three, Co about nine, Pe eleven, and magnetite 
about seven magnetons. In general, he believes this holds for 
all substances. 


The Bohr theory of spectral lines, however, leads to another 
value. According to this theory, the moment of momentum of 

h 

an electron in the atom is a whole multiple of the quantity 
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where h is the Planck constant of quantum action. Now the laws 
of dynamics give a relation between the moment of momentum 
i of the electron and the magnetic moment of the molecule of 
the form 

_ e . 

^ 2mc 

where e is the electron^ m its mass, c the velocity of light, and 
the magnetic moment. Thus for a gram-atom of substance the 
magnetic moment M' of the magneton is 

ikf' = ^ — = 5593 


that is, about five times the value found by Weiss. 

The relation of the two magnetons was calculated by W. 
Pauli, Jr.®®, who made use of the action of the magnetic field on 
the Zeeman effect in altering the moment of momentum of the 
electron. He further assumed that, besides the quantum changes 
that occur, for instance, for an atom like hydrogen in a magnetic 
field, the probability of the appearance of each quantum change is 

governed by the Boltzmann probability factor e where u 
= —ijM cos e, p. being the moment, H the field strength, and B 
the angle. The considerations lead to the relation between mw, 
the Weiss magneton, and the Bohr magneton, embodied in 
the equation below: 

= n "Vs cos® = ^(n + i) 

Here p is the number of Weiss magnetons and is obtained from C 

= 2 ! c being the Curie constant and the Weiss magne- 

3 K 

ton. Cos di is the average value of the cosine of the angle, ttib 
is the Bohr magneton, and n is the quantum number of the orbit 
mu, 1126 


P 


considered. If — = 


m^ 5593 


one has 


p = 4.967 ,yj(n + l)^n + ly 


If ?z = 1, 2, etc. the values of p are: 



iH 

2 ! 

3 

4 

5 


8.6 1 

13.6 

18.6 

23.6 

28.5 
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For NO and O 2 , Pauli compares the observed values 9.18 and 
14.13 with the computed value of p for the first two values of n. 
These differences are, according to Weiss, greater than those to 
be ascribed to experimental error, so that the Pauli theory is not 
successfully established. The theory of Pauli was later extended 
by Sommerfeld.^^ The values he obtains are not materially 
different from those of Pauli, so that the discrepancies are still 
outstanding. 

The reality of the Bohr magneton has been definitely proved 
by the recent experiments of Stern and Gerlach,^*^ who have 
shown the quantization of the orientation of the magnetic 
moments of silver atoms. The arrangement is simple. An 



Fia. 66. 

atomic stream of silver atoms from a slit S in an oven O (Fig. 65) 
passed through the strongly divergent field of a magnet pole N in 
a high vacuum. They then fell on a plate of glass P. Now 
monatomic silver atoms have one electron (the valence electron) 
in a single quantum orbit. From the quantum theory this should 
lead to the possibility of only two orientations of the Ag atom in 
the field. Its axis must be in the direction of the field with either 
the north pole towards the south pole of the field or 180 deg. from 
this, with the south pole towards the south pole of the magnet. 
It is well known that in a divergent field a magnet of magnetic 
moment m* will experience a force urging it to or from the magnet 
pole depending on whether its north pole is towards or away from 
the south pole of the magnet. Thus the beam of silver atoms 
which gives a single line image in the absence of the field should 
be spht into two distinct lines separated by an amount depending 
on the field, when the field is applied. This is just what was 
observed. Thus the quantization of the magnetic moments of 
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atomic magnets in a magnetic field has, consequently, been defi- 
nitely proved by a direct and unmistakable experiment. The 
value of the moment nix was calculated from the field strength, 
the velocity of the atoms, and the length of the path and the 
width of separation of the lines observed. The value found agreed 
within the experimental error with the value of the Bohr magne- 
ton. The assumption of the nearly instantaneous orientation of 
the magnet in the field which follows from this is, however, as yet 
unexplained. The measurements have been extended to other 
elements since then by Stern. They constitute unquestioned 
proof of the atomic nature of the magnetic moments, of the reality 
of the Bohr magneton, and of the quantization of the magnetic 
moments in a field. 
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CHAPTER XI 

APPLICATION OF THE KINETIC THEORY TO THE CON- 
DUCTION OF ELECTRICITY IN OASES 

104. Introduction.^ — Probably one of the most spectacular 
applications of the kinetic theory has been in the field dealing 
with the conduction of electricity in gases. In fact, rather than 
this field being merely an application of the theory, it has done a 
great deal to assist in establishing it. With the discovery of 
X-rays, the problem attacked by Coulomb and many others 
unsuccessfully — of how the air conducted electricity — became 
open to quantitative investigation. This resulted from the con- 
siderable conductivity given the air and other gases by the X-rays 
and the later discovered radiations from radioactive substances. 
The intense interest excited by these rays led to rapid experi- 
mental advances, so that in a few years the following facts were 
established. The conductivity produced in gases by the agencies 
above consists in tearing loose from the neutral gas molecules 
negative electrons, leaving the residual molecule positively 
charged, or by liberating from a solid or liquid surface near the 
gas positively or negatively charged bodies. The positively 
charged bodies of molecular dimensions liberated by heat or radio- 
active disintegration are probably atoms that have lost an elec- 
tron. The negative particles usually liberated by the action of 
heat, light, or a bombardment of the surface with electrical par- 
ticles are the electrons. In most gases, the electrons when liber- 
ated, after some time (the time being a constant of the gas present 
and depending on the energy of the electron), will attach itself 
to a neutral molecule. It seems at present likely that both the 
positive molecule, after losing its electron, and the electron, after 
attaching to a neutral molecule, attract around themselves fur- 
ther molecules in view of the intense electrical fields present. 
These charged molecular groups in dry gases were early discov- 
ered to be the carriers of electricity in gases under ordinary con- 
ditions. They are called in analogy to the carriers of electricity 
in solutions the gaseous ions. The ions may be described and 
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Studied largely by the velocities with which they move in an elec- 
tric field. The motion of an ion in a gas under ordinary 
conditions in an electric field is a uniform velocity of drift. The 
velocity is proportional to the field strength X over a large range 
of field strengths (from a few tenths of a volt to 20,000 volts per 
cm) for a constant pressure. The velocity in cm/sec. in a field of 
1 volt /cm is, therefore, a constant and is called the mobility. 
Besides the so-called normal ions, electricity is carried by two 
other sorts of carriers, electrons and large ions. The electron has 
a velocity which is not directly proportional to the field and which 
is thousands of times greater than that of the usual ions.^’* It 
can only be measured under particular conditions. The large 
ions are charged material particles — dust particles carrying 
charges. They are characterized by low velocities about one 
one-hundredth that of the normal gaseous ions. In spite of the 
claims of certain workers to have observed other classes of ions, 
the experiments do not warrant the acceptance of such conclu- 
sions. In fact, it seems safe to assert that the ions in dry 

gases under ordinary conditions consist of a single class of carriers 
of a unique velocity.'^ These velocities vary from gas to gas and 
differ slightly for positive and negative ions in the same gas. The 
values have been determined by many different means and these 
agree fairly well in placing them in a range between about 7 
cm/sec. per volt/cm (in H 2 gas where the velocity is greatest) to 
about 0.2 cm/sec. per volt/ cm (in vapors like ethyl ether where the 
velocities are lowest). The mobility of the ion for a given gas is 
inversely proportional to the density of the gas from nearly 100 
atmospheres down to a few millimeters of gas pressure. This did 
not seem to hold for negative ions in certain gases below 100 mm, 
but Wellisch® and Loeb® have shown that this is due to the com- 
plicating presence of free electrons and that the mobility of ions 
is evqn here inversely proportional to the pressure. The mobility 
reduced to constant gas density is known as the mobility constant. 
This constant appears to be almost independent of temperature 
except at the lowest temperatures studied, a decrease in the con- 
stant of 10 per cent being observed at liquid-air temperatures.* 
In general, the positive ion is slower than the negative 
ion, although in gases like HCl the reverse is true.^^ Newly gen- 

* The experimental results are somewhat contradictory on this point. 
But the more recent careful experiments of Erikson'® seem to indicate the 
correctness of the present statement. 
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erated positive ions, however, have a mobility equal to the 
negative ion in gases where the final positive ion is slower. The 
ions in most cases studied carry a single electrical charge and the 
Faraday constant for gas ions is closely that observed for univa- 
lent ions in electrolysis. ions of ThD recoil atoms possibly 
carry a double positive charge for some time after formation, 
Usually, ions generated with a multiple charge lose all but one 
charge in the millions of molecular impacts they make in going a 
cm in the gas.^* ** 

The mobility of the ion may be derived from the kinetic theory. 
In fact, an elementary deduction of this was given in Sec. 22 of 
Chap. III. The more rigorous derivations of this quantity on 
the kinetic theory, including certain complications introduced by 
the forces exerted by the charges on the ions, will form one of the 
portions of this chapter. 

Closely allied to mobihty and related to it by a simple relation, 
is the coeflS.cient of diffusion of the ions, that is, ions of one sign in 
a gas exert a partial pressure. If the forces due to the charges be 
ignored (as they may be when ions are present in low concentra- 
tions), they will then diffuse through the gas as a result of the 
partial pressure. As in molecular diffusion, the number diffusing 
per second Nx across imit area normal to the concentration 


gradient ^ is given by iV'i = where D is the constant 


of diffusion governed by the kinetic theory. In ions, the equation 
for gas molecules is complicated by the attractive forces on the 
ions. The relation between diffusion and mobility and the value 
of the coefficient of diffusion Z> merits being deduced from the 
kinetic theory. 

Again, if ions are generated in a gas the positive and negative 
ions are present initially in equal numbers. If the charge in the 
gas is measured at once after the ionizing agent is cut off, a cer- 
tain number present is obtained. If the number at varying time 
intervals after the ionization has ceased is measured the number 
found decreases as the time increases. Experiment shows that, 
roughly at least, the equation representing this is 


* Recently, Erikson has experimental evidence that the ion of one atom will 

shift its charge to the other, that is, a positive oxygen ion wiR form a positive 
acetylene ion in acetylene, the oxygen taking an electron from acetylene and 
losing its charge, making a neutral oxygen atom and a positive acetylene 
ion. 
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Here — ^ is the rate of disappearance of ions, n is the number 
at 

per unit volume present at any instant, and a is a constant 
characteristic of each gas, called the coefficient of recombination. 
The name of the constant indicates the nature of the cause of 
disappearance of the ions. Due to their mutually opposite 
charges or to diffusion, the positive and negative ions come within 
a close distance of each other. Thus in time they reunite in 
pairs and the ionization disappears. This process is called the 
recombination of the ions. The evaluation of the constant a 
in terms of the kinetic theory will be one of the tasks of this 
chapter. 

The velocity of an electron in unit electrical field, as was said 
before, is not a constant, that is, the electron has, properly 
speaking, no mobility. It is convenient, however, to evaluate 
the velocity of the electron in the field as if it had a mobility 
and to study the deviations from this in terms of a kinetic- 
theory interpretation. The theory was first suggested by 
Townsend^® and was later amplified by Ijoeb.^ The final suc- 
cessful solution of the problem from a theoretical point of view 
was due to Compton.® It will be given in a separate section. 

As was stated in the discussion of ionization, the electron 
liberated by the ionizing process eventually attaches to gas 
molecules in some gases to make ions.’-®’^^'^® A study of ion 
formation indicates that this so-called electron affinity of gas 
molecules can be characterized by a quantity n, the average 
number of impacts to cause attachments. The nature of n 
described above indicates that it was derived by a kinetic- 
theory analysis. This will constitute another section of the 
chapter. 

Finally, another phenomenon merits a brief treatment. If 
electrons be liberated from a plate in a rarefied gas, the current 
which they carry from this plate to one parallel to it but a finite 
distance away is a function of the voltage. As the voltage 
increases from zero, the current increases at first in a nearly 
linear fashion. It gradually, however, departs from linearity, 
the increase as the voltage increases becoming less. Eventually, 
it reaches a constant value or saturation for a potential of from 
10 to a few hundred volts depending on the pressure. On still 
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further increasing the voltage, the current remains essentially 
constant. This constancy is ascribed to the fact that all elec- 
trons which leave the plate eventually reach the other plate. 
At still higher fields the current again begins to increase and 
eventually increases exponentially, rapidly going to infinity. 
The explanation given is that in this region the electrons move 
so fast that they are able to remove the electrons from the gas 
molecules which they strike. Thus each electron may make 
a new pairs of ions per cm path and the current increases with 
distance in the gas according to a law i = where a. is the 

number of new ions formed per cm of path, x the path, and u the 
initial current. Now <a: is a function of the pressure and field 
strength. It depends on the ability of the electron to pick up 
energy from the field and the probability of its ionizing once it 
has this energy. An expression for a was deduced by Townsend, 
In view of the recently acquired knowledge of electron kinetics 
in a gas, this theory naust be revised, and the kinetic-theory 
analysis of it furnishes an excellent means of attack. 

Thus the application of the kinetic theory to the field of gase- 
ous ions presents many new and interesting investigations, and 
it is the purpose of this chapter to set forth the salient features 
of some of them as briefly and clearly as possible. 

106. The Kinetic-theory Analysis of Gaseous-ion Mobilities, 
Ass inning Ions that Are Charged Clusters of Molecules Exerting 
No Forces on the Gas Molecules Due to Their Charge. — The 
elementary treatment of gas ion mobilities was given in Sec. 22. 
The treatment to be given here is on the strict classical kinetic 
theory. It was due initially to Langevin,^® but the treatment 
here given is a modification of it given by H. F; Mayer®^ in 
a critique of the Langevin theory. 

The assumptions underlying this derivation are that the ion 
is a group of molecules of total mass m which moves in an electri- 
cal field due to its charge e. In moving through the field, it is 
hampered by collisions with gas molecules of mass M, to which 
by elastic impacts it is continually losing the momentum it 
has gained in the direction of the field. It exerts no attractive 
forces on the molecules and both ions and molecules are, for 
simplicity, assumed spherical. The velocity gained from the 
field between impacts is further supposed small compared to the 
thermal velocities of agitation. 
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Such assumptions lead one to the study of the interchanges of 
momentum in impact. Assume a molecule M at rest and let 
an ion of mass m move relatively to M with a velocity u. Assume 
that the point of impact be A (Fig. 66). The velocity may be 
resolved into two directions perpendicular and parallel to the 
surface of M at the point of impact. The tangential component 
is u sin 4>, where (f> is the angle between the normal to the surface 
at A and the direction of motion. The normal component is 
u cos <t>. The latter component is altered by the impact, while 


Fiq. 66. 

the former is not. To this impact the laws of conservation of 
momentum and energy may be applied. These are 

mu cos 4> — mut + MV 

cos (j>Y = + ^MV^, 

where Ui is the velocity of m after impact and V is the velocity 
of M after impact, the initial velocity of M having been 0. 

7Yl — JM[ 

Solving for Ui, one obtains Ux = ~ 'q; cos <j>. After impact, 

therefore, the velocity of m is composed of the two components 

T)% JldT 

at right angles, u sin <{> and — - q_ j^ u cos 0. These give a result- 
ant velocity u' of m along the initial direction of motion, that is, 
the body m persists in its motion in the direction of its motion 
before impact with a velocity u'. This velocity is given by 
adding 
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{u sin 4>) sin 4> + cos cos <f>, 

with the result that 

= z.(sin^ 0 cos^ 

The average persistence is found by taking the average of u' 
for all values of 4>. This is done by multiplying by the chance of 
an angle <j), between ^ and <t> + d(p, which is 2 sin (j> cos 4>d(i>, and 

integrating ^ from 0 to Hence, 


2u 




. ^ ^ , m M o \ • 
sin-^ <j) + ;33;— ^ ^ cos^ <f > ) sin <f> cos <pd<f>. 


m + M 


sir 


m 


m + M ^ 


where 


IX = 


m 


m + ikf 

If the molecule M was not at rest but had components of motion 
Uj V, and W, while the ion m had components u, v, w, the u and 
u' used before would be replaced by the relative velocities u — 


U and — U. These lead at once to a value of u' = 


mu + MU 


fu “f- -ZkT 

Similar relations hold for v' and the velocities along the v- 
and w-sbxes after impact. The average loss of velocity in impact is, 
therefore, 

u — u' = — (u — U). 
m + M 


For simplicity, assume that all of the IST gas molecules in unit 
volume have the velocity components ?7, F, TF, while the gas ion 
moves through the gas with the uniform velocity components 
u, Vj w. The number of impacts per second suffered by the ion is 
then given by the mean collision frequency, which is given by 
tts^Nc. Here s = r + i2, the sum of the radii of ion and mole- 
cules, and c is the relative velocity of the ion and the molecules. 
This is given by 

c = Viu - uy + iv - vy + {w -■ TF)2. 

The loss of velocity of the ion m per second with the number of 
collisions per second given above is 

(u — il')Ns^Trc. 
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Now the velocity components of the molecules arc not all equal 
and the components of the ion change at each impact. If df be 
the chance that the ionic velocities lie between ic and u + du, v 
and V + dv, and w and w + dw, and if dF be the chance that the 
molecular velocities U, V, and W lie between U and V + dU, 
V and V dV, and W and W + dW, then the mean loss of 
the velocity of the ion per second in its path through the gas is 
given by 



u') TTsWalfdF. 


The ion, on the other hand, is gaining a velocity each second 
along the w-axis from the force exerted by the field on its charge. 

Call this increase in velocity per second b — —i that is, 6 is the 

m 

acceleration of the ion, K is the force, and m the mass of the ion. 
At equilibrium the ion is moving with a uniform velocity of drift, 
and hence the average discontinuous decelerations due to impacts 
must equal the continuous acceleration due to the field. Thus 


mb = K = m 



u')Nirs^cd.fdF, 


or 


mM 
m M 



(u - U)N-irsHdSdF. 


If the gas, as a whole, is at rest, that is, if mass motion is absent, 
df and dF can be replaced by their equivalents in the Maxwell 
distribution law. This law expressed, xxsing the Boltzmann 
constant h (see Sec. 43), gives for df and dF the values, 


df = 



— • hm{ (u — w) 3 + 

& dudvdw 


where co is the average velocity of drift of the ion in the u direction. 


dF 






e dUdVdW. 


Since a is very small compared to u (some tens of cm per second 
compared to 4 X 10^ cm per second or more), the higher poweis 

of - can be neglected, and so 


df 



e (l~-{-2hmuo))dudvdWf 
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Putting these quantities into the expression for IT, on integration, 


K = ^ jVrs 


‘4 


77iM 


JiTT m + M 


The integrations above are more easily accomplished if the new 
variables below are used. 


'll = X “b 


V = Y + 


M 
m + 
M 
m + 


w = Z + 


M 
m + 


U = X - 
v =Y - 
W = Z - 


771 

m + M 
m 

m M 


X 

y 


m 

7n + M ^ 


dudvdwdUdVdW = dxdydzdXdY dZ . 

From the equation after integration one has at once that the 
velocity of the ion w is 

_ 3 K jhir m + M 
" “ 4Trs^N\ 4 mM 


This is a general equation and makes it possible to obtain either 
the mobility or the diffusion coefficient. If the K above desig- 
nates the force on an ion Xe, where X is the field strength and e 
is the charge, co is the velocity of the ion in the field. If X is the 
force on the ion due to the partial pressure of the ions, co is the 
velocity of diffusion of the ions. 

To reduce the expression for the mobility of the ion to a handier 
form, K may be replaced by eX, and it should be remembered 

4 

that the square of the average speed is equal to for the 
molecules. Thus 

_ 3 eX 1 jm + M 
“ “ 4 TTSW cM 'V TO ■ 


If one had used (c'Y = — for the ions, one would have 

^ irhm 


Z eX 1 jm+M 
" “ 4 TTSW c'm v M 


c and c' may be replaced by dand C for the molecules and ions, 
that is, by the square roots of the mean square speeds, by remem- 


bering that c = 



C 

1.085 


(see Sec. 35). 


Again, 


1 

irNs^ 


may 



448 THE KINETIC THEORY OF GASES 


be called the mean free path of the ion in the gas. This is not 

strictly true, as may be seen from Secs. 17 and 37. however, 

may be replaced by the symbol X and, for short, designated as 
the mean free path. The equations above become, on making 
these changes. 


w = 0.815 


Xek m + M 

WC V 


and 




m + M 
M 


Since ^ = k, the mobility of the ion. 


k = 0.815 


k = 0.815 


m C' 


e \ m M 
'MC\' w” 
e X Ini + M 


M 


Mayer, in the article where this derivation is given, deduces the 
expression of Lenard from the reasoning applied here. The 
only essential difference, according to Mayer, is the fact that 
Lenard takes into account the possibility of the velocity in the 
direction of the field between impacts, due to the field becoming 
appreciable relative to the velocity of agitation. In general, this 
correction is not necessary. Its introduction complicates the 
derivation and makes discussion of a more inVolved equation 
tedious. As neither of these theories is entirely correct, the small 
difference is of no importance. In any case, the only essential 
change is one in the mass factor. Both forms of the equation 
deduced above are useful. They give the mobility of the ion terms 
of the charge and free path of the ion divided by the mass and root 
mean square of the velocity of the gas molecules in one case, and 
divided by the mass and root mean square velocity of the ion in 
the other case. The first equation is best in discussing the value 
of the mobihty of the ion, as C and M are known, and the factor 
for the mass of the ion changes k but little. The second equation 
makes it possible to carry the equation over to a carrier like the 
electron for further discussion, for all that is needed is to introduce 
the values for X, C", and m for an electron into the equation. 

To deduce the expression for the coefficient of diffusion of ions; 
the force K must be determined in terms of the diffusion coeffi- 
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cient. The expression for the number of ions n diffusing across 
1 cm^ of area per second is given by 


j^dn' 

n = 

du 


dn' 


where n' is the number of ions per cm®, is the gradient in 

the u direction, i.e., the direction of diffusion, and D is the coeffi- 
cient of diffusion. Call oj the velocity of diffusion along %t. Then 

n = con', or co == — If the ions exert a partial pres- 

sure, as gas molecules do, one may write that p ~ an', where a 

dn dn' 

is a constant, and dp = adn'. Thus -- = — 7 -- The only 

p n 

doubt about this approximation is that the charges of the ions 
exert a force of repulsion on each other. For gaseous ionization 
experiments, charge densities of more than 10 ® ions per cm® are 
rare. This separates the ions, on the average, by distances of the 
order 5 X 10”® cm from each other. The forces of repulsion at this 
distance, even on an inve^^e-square law, are small and may be 


Replacing 


by its equivalent. 


neglected in some cases 
one has the velocity of diffusion given by 

T> dp 

CO — — -y— 

p du 

Now the force acting on the ions is the pressure times the area. 
Since the number of ions n diffusing was taken per unit area the 

dn 

force on a cm® of ions due to the pressure gradient ^ is 

X 1 cm X 1 cm^, 
du 


dn 

that is, the force on 1 cm® of ions is 
will be 

1 dp __ 


The force on one ion 


K 


pea 


n' du n'D 

Placing this into the expression for co, 

pco 


__ 3 n'D f 


hw m + 
mM 



4fce^U 


JL XX ^ J ^ V 


calline: — W, = \ inserting M and C for molecules for h., 

TT.S-W 


D = 0.815 


j:;X 

MC 


\ jm 

aV ' 


+ 

m 


Since ^ =\mC^ if ions exert a gas pressure, 

O O 


n 


D = 0.815 


\C In 
3 V 


\C m + M 


m 


For m = M, 


1 41 

D = 0.815 \C = 0.384XC. 

tj 


The equation for the diffusion of molecules where the masses 
were the same as the masses of the molecules diffused into was 

found on simple kinetic theory to be F> = ^cL. Since L = 

— ; X = L\/2 and the above equation becomes D = 
V2v<tW 

0.217XC', which is roughly the same as the one for ions. If the 
expression for the mobility of the ion from this equation be 
divided by the expression for Z), 


A 

D 


0.815 


e X /m + 'M 
MC\I m 


0.815 I X 


4 


rn + Af 
m 


then 


D bottom of the right-hand side 

of the equation by the number of molecules per cm/^ then 


h __ Ne __ Ne 
D “ yiNMC\ - F ' 

that is, the mobility k divided by the diffusion coefficient D is 
the Faraday constant divided by 22,400 and the pressure P 
corresponding to N. If the value of e for gaseous ions is the same 

Pk 

as for electrolytic ions the quantity ^ should give the Faraday 

constant for monavalent ions divided by 22,400* This is, in 
fact, the case. Experiment gives & = 1.8 cm/sec per volt/cm 
for negative ions in air, that is, 540 cm/sec. per E.S.U/cm, while 
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it gives D for negative ions in air as D = 0.043/cm2 X sec., when 
p = 1 X 10® dynes/cm^. 


Thus 



540 X 10® 
0.043 


1.25 X 10i®E.S.U. 


Now N is 2.71 X IQi®, and e is 4.77 X lO'i® E.S.U.; whence Ne 
is 1.29 X 10^° E.S.U. This agreement is well within the accu- 
racy of the measurements of Z>. It is therefore possible to assume 
that ions exert a partial pressure like a gas, to assert that they 
carry the same charge as univalent ions, and to calculate D from 
k, which can be readily measured by = 0.0236fe, when k is in 
cm/sec. per volt/cm. 

106. Test of the Simple Ion. Theory and Further Formulation 
of the Mobility Problem. — One more point in connection with dif- 
fusion of ions leads to a test of this theory. If the diffusion coeflBi- 
cient of ions in CO 2 is compared with the coefl&cient of molecules of 
N 2 O into CO 2 , a nearly equivalent case, it is found that D for 
these ions is 0.023, while for CO 2 molecules it is 0.15 to 0.1. Thus 
the ions diffuse about one-sixth as fast as the uncharged molecules 
diffuse. 

This must mean that X for the ions is not the same as for 
uncharged gas molecules. A discrepancy in a similar direction 
is brought out if k is computed for ions in air from the equation 

k - 0.816 4, I ;» + «. 

M C \ m 


For this purpose assume M = m, that is, that the ion has 
molecular dimensions. The X here used is a/ 2 times the L from 

kinetic theory for air molecules and, as the yl ^ is 'v2 for 

e L 

the case where M = m, k = 1.63 ^ Putting in the accepted 


kinetic- theory values for M, C, and e sl computed mobility for 
ions of 11.7 cm/sec. per volt/cm is obtained for air ions. The 
observed value for air is 1.8 cm/sec. per volt /cm for negative 
ions and 1.4 cm/sec. per volt /cm. for positive ions. It is 
probable that these observed values will have to be increased 
by a factor of 1.21, owing to a consistent error in mobility 
measurements. In any case the mobility is nearly one-fifth 
that computed. 

This can mean that the value of X assumed, together with the 
other constants, is not that for charged molecules which do not 
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exert any forces on neutral molecules in virtue of their charge as 
they move through the gas. The action of the charge of the ion 
on neutral molecules may be explained in two ways. The charge 
on the ion may attract neutral molecules in virtue of its field (that 
is, it may induce a charge on an uncharged molecule) or it may 
act on electrical dipoles already present in the molecules (see 
Chap. X, Sec. 96). In doing so it will imdei-go exchanges of 
energy and momentum with these molecules, without impact. 
It may also suffer a decreased mean free path, as, owing to the 
attractive forces, an impact that was not predestined to occur had 
there been no forces will take place. This type of action can be 
explained as causing an apparent increase in .s, the sum of the 
radii of ion and molecule due to the atti-activo forces. Thus, as 
s increases, X, the free path, will decrease. Such a theory is 
known as the small-ion theory and was independently developed 
by Wellisch^^ and Sutherland^® in 1909. The earliest explanation 
of the small mobility offered was the alternative to the 
view above, namely, that the charge on the ion was so intense that 
the neutral molecules were bound to the molecule with the charge 
and that this binding went on until the force field around the ion 
was practically ineffective beyond the ion. Such an ion is called 
the cluster ion. The number of molecules in the cluster has been 
estimated at from 6 to 30 molecules by various workers on differ- 
ent theories. The cluster formation would then change the fac- 
tor .. used above, and the increase in s~ due to the cluster 
\ m 

woxxld make a corresponding decrease in X. 

The two points of view have been the cause of controversy for 
many years. In fact, experimental evidence of a definite nature 
was lacking until the recent experiments of Erikson arid of 
Loeb.^® ’-’- These definitely indicate the formations of clusters 
of a more or less labile type in certain gases. The cluster type of 
action is not alone able to account for all the phenomena 
observed. It is probable from the nature of the forces acting 
that the small ion type of activity also occurs and the correct 
theory of mobilities must include both types of action. The 
question really hinges on the law of force between ions and neutral 
molecules. Were the forces weak but active over a long range, 
the result would be the small ion. Were they large and did they 
faU off rapidly with the distance, the result would be a cluster 
ion. The beautiful work of Debye (Chap. X)*'^ on the dielectric 
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constants and on the forces on ions in solutions has in recent years 
led to some justification of the view that the action of the field 
of the ion on a neutral naolecule could, to a large extent, be con- 
sidered as the attraction of a point charge on the induced or ori- 
ented dipole of a dielectric body in its neighborhood, that is, it 
is possible to compute the forces between an ion and a molecule, 
assuming that the molecule is a dielectric at a distance r from the 
ion, whose dielectric constant in bulk is a measure of its polar- 
ization. Since the attraction of a point charge on a dipole varies 

as ^ and the field producing the dielectric displacement varies 
as the force between ion and the molecular dipole produced 

by the field would vary as — This would hold whether the 

polarization of the molecule were due to a dielectric displacement 
or the orientation of a permanently dipolar molecule in the field of 
the ion. Both effects would be proportional to the ionic field at 

a distance r both would vary as 

In fact, later evidence from the values of the mobility com- 
puted, making use of this law, wiU show that, except for errors of 
the order of magnitude of the differences in mobilities between the* 
positive and negative ions, this law of attraction suffices. It 
does not suffice when the molecules and ions are within a molec- 
ular radius or two of each other, as the difference between posi- 
tive and negative mobilities which cannot be explained in this 
manner shows. The reason for this is adequately discussed in a 
paper by Loeb.^s 

As constant use will be made of this law of force, it will be 
deduced at this point. The field F at any point between two 
plates with a density of electrification of opposite signs <r is given 
by F = 47 r(r. If a dielectric whose constant is D is placed between 

F 

them, the field F' is now ^ = F'. This apparent loss of inten- 
sity is due to the absorption of the fines of force by charges in the 
dielectric, that is, it is due to a charge induced in the medium by 
the field and is proportional to it. Symbolically, this is 
designated by the relation 

F - F' = 47nr', 
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where cr' is the surface density equivalent to the charge produced 
on the material. From this it follows that 

F - F' ^ . 47r<j' 

Pf D 1 ~ p; ’ 


, _ F'(D - 1) 


For a gas between the two plates cr', the charge density multi- 
plied by the area of the plates and imitliplied by the distance 
between them, or cr' times the volume between the jdates, gives 
the equivalent electrical moment of all the chargers in the gas. 
This divided by the volume of the gas between the plates then 
gives Mj the electrical moments of the gas molecules between the 
plates per unit volume, that is, cr' = ikf, the moment of the polar- 
ized gas per unit volume. Hence one has M = . 


Now the electrical moment of one molecule is ju — where 


N is the Loschmidt^s number, 
be set as 


Thus the moment of a molecule can 

1)F' 

47rA^ 


Since in this case F', the acting field, is produced by a charged 
molecule (an ion), the field can be regarded (except at very small 
distances) as due to a charge located at a single point. F' is then 

given by where e is the charge and r the distance from the 

ion. Thus ju = It is well known that for a dipole 

of moment ju the force with which it is acted on by a point charge 
r cm distant is given by / = . Thus the force between ion 

and molecule is given by the expression 

f = - 1)^^ 

2xiVrS 


The potential energy of the ion at a distance r from the molecule 
due to the field is given by 


r“ (2) - 1) ^ 

Jr 2xiV 8xV r* 
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The potential is negative, which means that the work which the 
molecule can do in being moved to infinity is negative. 

From this law of force it is possible to estimate the size of the 
ion cluster, for, in order to be stable, the cluster must have a 
sufficient radius so that r, the distance between the center of the 
ion and center of the molecule (assuming the law to hold at such 
distances), is small enough so that the potential energy of the 
ion and molecule is equal to the average energy of thermal agita- 
tion. If the kinetic energy of agitation is greater than the 
potential energy, on the average, the molecule will not describe 
a closed orbit about the ion, and thus it will not be captured 
and bound. Hence, for a cluster ion, the radius must be such 
W 

that the potential over the kinetic energy, is greater 

than unity. Now W ^ and KE = thus 

W _ {D - l)e^ ^ - 1)^^ 

KE ^irNMC^r^^ 127rpr,4 ' 
since p = D for air is 1.0006, p = 1 X 10® dynes/cm^, 

and e = 4.8 X 10”^°. If Tc be taken as Tc == 3.3 X 10“®, which 
is the value of the molecular diameter in air and corresponds to 
an ion composed of a layer of molecules one molecule deep about 

W 

the central charged molecule, one obtains = 3.1. Thus a 

monomolecular layer cluster could be stable. Were the nucleus 
and molecules spheres of the same size, the maximum number 
of molecules in a stable cluster would be 12. A cluster of more 
than 12 molecules would require another layer, for 12 molecules 
is all that can be placed around a sphere of the same size. A 
larger cluster would perhaps be a little less than double r, for the 
next layer of molecules, and would be 16 times as great. This 

would give = 0.19, and the outer layer would not be 

stable. It is very unlikely that the ion cluster numbers more 
than 12 molecules and evidence seems to point to possibly as 
few as one or two more or less permanent companions to the 
charged molecule. In a recent paper Hass6^“ explains the differ- 
ence between the mobilities of positive and negative ions on 
such a view. The negative ion has a layer of molecules about 
an electron, the positive ion a single layer of molecules about a 
charged molecule. 
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107. Deduction of an Expression for the Shortening of the 
Mean Free Path Due to Attractive Forces — a Typical Small-ion 
Theory. — With the adoption of the law of force as probably 
obtaining in order of magnitude, it becomes possible to compute 
the force of attraction and consequently the apparent decrease 
of the mean free path of the ions due to such a law. In general, 
a method devised by Wellisch^^ will be used. CJertain errors 
were inherent in the original deduction and they will, accord- 
ingly, be corrected for in this text. (Certain objections to 
Wellisch’s theory as a small-ion theory may also be xirgcd. 
However, the equation as deduced is able to give the mobilities 
of the correct order of magnitude without any arbitrary assump- 
tions as to size of cluster, and is thus an improvement on previous 
theories. It is also being included as it makes it possible to see 
how ionic or intermolecular forces can influence the mean free 
path.* The more complete and correct mobility equation 
derivations are entirely too involved to reveal the method of 
attack clearly, and thus will not be derived, although their 
conclusions will be discussed. 

Wellisch starts out with the mobility equation in its elementary 

form proceeds, after assigning X the value for the 

mean free path of an ion of mass to in a gas of molecules of mass 
M, to find how the forces of attraction influence the mean free 
path. In the present deduction the equation of Langevin, 


k = 0.815 


e X M 

MCy^m ■' 


will be used as a basis, and the effect on X of the forces of attrac- 
tion between ion and molecule will be calculated as Wellisch 
calculated them. The law of force between ion and molecule 
(D — l)e® 

is F = - - ' 2 -irN r^> deduced above, where r is the distance 

between the ion and the molecule. This gives the potential energy 
(D — l)e^ 

atr, IF,. = Consider, for simplicity, that the molecule 

is at rest and that the ion approaches it with the total relative 
velocity. CaU V the velocity of the ion at infinity and u the 
velocity at the point of closest approach. The ion will come 


* This deduction parallels that of Sutherland Sec. ( 62 ) and without the 
compUeated mathematics arrives at a similar result. 
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from infinity, increasing its velocity as it approaches, describe 
an orbit about the fixed molecule and depart, as it is not captured. 
Where the ion and the molecule separate after the distance of 
closest approach, the orbit is an hyperbola, the initial velocity 
U being directed along the asymptote (see Fig. 67). The law 
of conservation of energy says that in such an encounter 

- U^) = W, 

where W' is the relative potential energy of the ion and the mole- 
cule. W' is related to the potential TF, the actual potential energy 



Fig. 67. 


of the ion given above, by a simple relation. Call M the mass of 
the molecule and C its velocity, while Ci is the velocity of the ion 
of mass m. Then 



while 

However, 

or 

Thus, 



vi±lMw 


Accordingly, 



M 
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The law of conservation of moment ‘of momentum furthermore 
requires that ru = bU, for b is the radius of rotation about M 
when the velocity is U, and r is that when the velocity is u. 
Thus 

/rA2 
= 6^( 


and, as 


<?)' 




^ mikf ^ ’ 


7-2 = 52/ 




2M + ^,.4- f/2 

mM 


= 52/ 1 + 


_21T, 
mM 
m + M 


JP 


Now the condition for a collision is. that .s, the sum of radii of 
ion and molecule, should be equal to or greater than r. Thus 
for a collision, must be such that 


s2 S hH I + 


niM 


m + M 


XP, 


1 

; 


that is, for impact, the square of perpendicular from the molecule 
on the initial direction of motion of the ion must be equal to or 
less than the original sum of radii of ion and molecule multiplied 
by the factor 


1 + 


2ws 

mM 

M + m 


U'’ 


or 




1 + 


2W„ 

mM 
M + m 



Thus, with no forces acting, collision occurred when 6 ^ s. 
With forces, b^ can be equal to or less than multiplied by a factor 


greater than unity by the ratio 


W. ^ 

1 _jmM 

2M + 


to be defined later. 


Thus the s /, when forces of the form above act, is related to 
the s when no forces act by the equation 


s/ == s* + 


__2s2JF. 

mM , 
M + m 
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Now 




C72 

TO + m) 2 


■i^+s) 

- + m) 


= ^mC 


mCi^ 


Mj 

MC^ 


MC^ 

where is the kinetic energy of agitation of the gas molecules. 

/ 214^3 \ 

Thus s/ = s®( 1 + )■ The in Langevin's X is, accordingly, 

to be replaced when forces act by s /, so that Langevin's equation 
becomes, for this case, 

X 


k = 0.815 


M 




2W.\ 


-4 

c 


m + M 


m 


Mc^r 

the value of k thus being merely divided by the quantity (1 + 

This is unity plus the ratio of the potential energy of 

ion and molecule at impact to the kinetic energy of thermal 
agitation. Substituting for this becomes 


k = 0.815 


e X 
'MC 


jM + m 

\ m 




(D - l)eq 


AirNMC^s^j 

Now it was found that the ratio of potential to kinetic energies 
for a molecular ion in contact with a molecule (^.e., for a small 
ion at impact) was 3.1. Thus, the Wellisch factor reduces k 

11.7 


from the value 11.7 calculated for a forceless ion to 


4,3 


2.7 cm/sec- per yolt/cm. This value is in fairly good agreement 
in order of magnitude with the observed value. The criticisms 

2Ws 

of this theory lie in the application of the factor ^ 

calculated above to a small-ion theory, for the value of this 
factor, as shown before, suggests a cluster formation. Another 
minor weakness of this theory is that it neglects the loss of 
momentum of the ion gained in the field in cases where its path 
is curved, and it thus exchanges momentum with the molecule, 
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but does not actually collide. The amount of error introduced 
by this neglect is of the order of 10 per cent, as a rigorous calcula- 
tion by J. J. Thomson shows (see Sec. 108). The change in k 
by such a correction would be less than 10 per cent and the k 
above would become 2.4 cm/sec. per volt/cm. The theory is 
interesting, however, in that it shows that the forces will, with 
an elastic-impact theory, yield a value of the mobility which is 
in fair agreement with experiment. It is to be noted in passing 
that the mobility is a function of the charge e of the ion in both 
thi.9 and the Langevin equation. It is, however, less so than 
appears on the surface, for if the ion cluster depends on the value 
of e, or if the attractive forces do, they will bring in e to increase 
s^, and thus introduce a factor dependent on e in the denominator. 

108. The Mobility Deduced from the Rate of Energy Loss of 
the Ion to the Molecules of the Gas — ^Theory of J. J. Thomson.^* — 
In 1924, the writer*® utilized a somewhat more accurate 
deduction of J. J. Thomson*® for the change in \ produced by 
the charge. This placed in the Langevin equation showed some 
properties of such interest that it merits a short discussion. 
J. J. Thomson starts with the assumption of an inverse fifth- 
power law of force and applies the equations of dynamics in a 
more rigorous fashion than does Wellisch.*‘‘ 

If two bodies of masses Jfi and Mz collide or exchange momen- 
tum in an encounter, the kinetic energy transferred from one 
to the other is given by 


4iir lilTa 


T sin* e. 


Here 2d is the angle through which their relative velocity is 
turned, and 2T is the momentum of the system multiplied by 
the relative velocity and the cosine of the angle between the 
velocities. If either is at rest, 2T = MV^ for the moving parti- 
cle. It is merely necessary for the later development to deter- 
mine the rate of loss of energy of the ion to the molecules it 
encounters in virtue of its attractive forces. To do this, it is 
essential to derive the value of the energy transfer gained from 
the field to neutral molecules in going through a cm of gas. To 
evaluate this, 6 must first be calculated for an encounter on 
the inverse fifth-power law assumed. Let 

F = - 1)^' = A. 

2vNr^ r® 
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Then assuming the ion fixed and the molecule describing an orbit 
around it, the differential equation of motion for a central force 
varying inversely as the fifth power of the distance as given by 
classical dynamics^® is 

d^u _ _ Au^ 

dd^ ^ nih^ 


In this equation 2d is the angle through which the relative 

velocity is turned, m = -> m is the mass of the particle, and 

— y 2 p 2 y ig initial velocity of the molecule relative to the 
ion, and p is the perpendicular distance from the ion onto the 
initial velocity of the molecule. In the case in question two 
bodies of masses Mi and are being dealt with and m, the mass 

of a single particle, must be replaced by the factor from 

the laws of dynamics. Bearing these facts in mind, the equation 

above yields, on multiplying by and integration, 

whence 






dd) 


At the apse 


du 


2mh^ ' mh^ 

— = 0. Thus' the apsidal distances are the roots 
dd 

dw 

of the equation above when = 0, that is, they are the 
roots of 

/4 






2mV^p^ , 

= -^T- ± 


j4m^V^p^ 

8mV^ 

V 

A 


Thus to have real roots. 




2A 


For values of p less than this there will be no apsidal distances 
and the bodies will collide. It is here that J. J- Thomson makes 
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an assumption that is perhaps to bo questioned. He assumes 
that on such impacts the collisions are like direct collisions for 
elastic particles, and that in such impacts the velocities will be 
reversed and the bodies will retrace their paths. Thus with the 
relative velocities unaltered in magnitude and reversed in direc- 
tion, 2Q will be tt, and sin e will be unity that is, for a perpendicu- 
lar distance from the ion onto the initial path of the molecule less 

than an apse cannot exist, or rather is imaginary. 

mV^ 

What the existence of no apsidal distances means is that, instead 
of the molecule circling about the ion in an orbit for values of p 
less than this critical value, the molecule will fall into the ion. 
Thomson assumes that on such an impact the motion will be 
largely along the line of centers. Were this true, his assumption 
would be fulfilled and the bodies would reverse their velocities. 
This condition of central impact would hold if the ion and the 
molecule were merely points compared to the critical value of p. 
If, however, the sum of radii of ion and molecules s were an appre- 
ciable fraction of p, then the impacts would take place between 
spherical surfaces before the molecular center had a chance to 
complete enough of its path to make the direction of motion 
correspond to line of centers. Under these conditions the impacts 
would be far from central and the exchange of momentiim would 
differ radically. Now calculation will show, using values of A, 
m, and for ions in air, that p is of the order of two to four 
times s for two molecules. Thus, in general, Thomson’s assump- 
tion is not correct. This is especially serious in view of the fact 
that the greater values of p inside of this limit are more frequent 
than the smaller ones. In a very much more rigorous and 
complete derivation from a different point of view, Langevin 
studies the case of collisions between spherical molecules when it 
is less. The result of this study leads him to an average value 
for the energy exchange in such impacts. 

Accepting Thomson’s assumption as correct for the present, 
one proceeds as follows. If ft be the value of u at an apse, 


Ah* _ , 2 , mV^ 
2mh^ mhA 


= 0 


or 


Ah* _ 12 4 _ JL 

2mF2p2 p2 
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whence, 

/^\2 


\dd) 2mp2F2 
A 


(u* - b*) - (m 2 - fo2) 


2^. - U') - (6> + 


2mp2F^ 




This equation is now to be solved for m as a function of d. To 
integrate it, put u = b sin 4^. This gives 




Ab^ /I — sin^^X /27nV^ 


and 


yds J 2mb^'p^V^ ^ cos^ ^ y Kh 


— fe“ sin^ ^ 


■) 


dd = 


\ ^ / / 2m F2 




\J-^ 

n 


("iS? - ’’’ 

Putting = ___, the equation may be reduced to the form 


® + D^Tr-rTTPlEf^- 



From Fig. 68, it is seen that the angle 2d through which the 
relative velocity is turned is 

^ C’' d9 ■, n dd 

TT 

for u = b sin "F is equal to b when 
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Thus 29 is given by 

20 =7r - 2 (1 + 

= ,r - 2(1 + h^)^F{k). 

Thus sin 0 = sin |^| - (1 + k^)>iF{k)']^ 

= cos (1 + /c2)HF(/c). 

The expression for the transfer of kinetic energy given at the 
beginning of the discussion is then 


KE 


(Ml + 


T sin^ 9 


4M1M2 
(iifi + M2) 


T cos‘^ (1 


+ k-^Y'H^'ik:). 


Thus the enei-gy transfer at any impact is found as a function of 
m, p, and V for the system. With this loss per impact, the aver- 
age energy loss per cm of path of an ion in the gas may at once 
be calculated. For N molecules per cm® in the gas an ion will 
encounter 2-KNpdp ions per cm path at a distance between p and 
p + dp. The energy loss Ex per cm path in the gas for apaidal 
impacts is therefore 


E = 


(JTiT M2) ® {(! + *") } ‘i-^Npdp. 


To this integral must be added the energy loss for all the non- 
apsidal impacts included in the interval from 0 to p = 6 =» 


</; 


M. 

mF®- 


The second term, which is the one for Ex, must be 


integrated from 



to infinity. To evaluate these integrals, a few transformations 
must be made to get p in terms of k. From what has gone before. 




( 


^ 2^\ 


2mF® 


, and A;® = 


p. = (1 + k^) 


k 


. LJ,. 

'V2mF*' 


Ab* 

2wF®' 


Thus 
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and 2-K'pd'p 


Thus for the apsidal energy 


changes {i.e., non-impact transfers), the energy loss Ei is 

1(1 + 


“ '{MT+ ~ + 

k^)^^-F(k)}dk, 

4 j 2A. 

for, while p goes from to infinity, k goes from 0 to 1. 


This follows since 


k^ + 1 
k 

Thus 


2 and k 


El = 0.2 


/ 2j 4 jfc^-1-1 / A. „ j -f 

\'toF2 - ~~k -\2n^ ^ 

= 1, and if p = oo ^ = 

-J 4M1M2 rpT^r/ A \ 

\2mvy 


Ik^ -f 1 


== CO and k 


For the impacts from p = 0 to p 


reversal of direction 


takes place, 20 === tt, and sin 0 = 1. This gives E 2 j the impact 
loss, as 

on integration. The total loss of energy per cm path is Ei. = E\ 
-+- Es, and this is 

T.1 __ 1 4MiMz m-KT J 2^ 


1 1 SNATTA 4_rriT^ 


/^Y 

\mV^) 


It may be pointed out here that the 0.1 factor in the energy loss 
due to apsidal exchanges is the fraction neglected by Wellisch and 
makes a correction of 10 per cent in his theory necessary. The 
above expression for Ei. is the energy loss for a charged ion. Had 
the ion been uncharged and the impacts been between spheres, 
the energy loss would have been different. It can be computed 
as follows : Let s be the sum of the radii of ion and molecule, and 
p the perpendicular distance of the ion on the direction of motion 
of the molecule. In Fig. 69, since 

20 = TT — 2a 
0 = |-a 


a. 
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Hence, 

Therefore, 

and 


/3 = £> 
sin d 




sin^ 6 





>»> 



Fio. 09. 


The energy loss would, then, have been Eb. 


Eg 


AMiMz 

4MiMi 


T I sin* 0N2irpdp 

Jo 



The ratio of energy loss per cm with the ions which attract mole- 
cules and the forceless ions which collide elastically would l)e 


Eg 

Eg 


1 


2.2 


riiA 




In the derivation of the Langevin equation for elastic impacts, 
the equation set up for the case of equilibrium of the ion in 
the field (i.c., a steady velocity of drift) equated the force due 
to the electric field to the rate of loss of momentum in impacts 
of the elastic solid type in the form, 


which on integration yielded 


K - f 


4 mM 
hirm ^ M 
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Now this loss of energy was that computed under above. 
Assuming losses such as J. J. Thomson does, the rate of loss of 
energy is inorc'astnl in the ratio 





that is, the mobility equation of Langevin assuming forces, and 
assuming that these can be taken into account after the integra- 
tions abovcj have been performed, leads to the transformed expres- 
sion for K : 


K 


4w 


Ntts®, 


4 . 


4 mM 


hirm + M 


2 2f 2A 

• \rnVHy ’ 


for the quantity En must be replaced by El and El ~ Ee 2.2 

(2yl . . 

m S’* / ' lor ^ s-nd transforming K for the force 

produced by the field, the equation after reduction to terms of k, 
the mobility (see Sec. 105), becomes 


k = 0.815 


e X 
'M'€ 


2.2 


/ 2A 




■4 


'm + M 


m 


Now A 


(D - l)e^ 


’ m 




2-jrn ' "" Mi + 
ity of ion and molecule. 


■> and F is the relative veloc- 


Thus 


1 M1M2. ^ Imc^, 

A 


2 MT-E Mi 

the energy of thermal agitation of the molecules. Hence k, the 
mobility, is 


k 


O.SlSe X 


4 


M + m 


m 


M C\, J (D - l)e^\ 
^•^\7rnsWC^7 


If 


then 


X = 


Trs^n 

0.815 


k 


4 


M + m 


m 


^ J ^MjP - l) jM 
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Now n = — iV, where N is the number of molecules per cm* 

f>o 

at N.T.P., p„ is the density at N.T.P., and p is the density cor- 
responding to n. Also D — 1 varies with p; so that ~~ (D — !)» 

P(> 

— (D — 1), where (Z> — i)o is D — 1 at a density po. Further, 
one can write M = MoP, where Mo is the molecular weight, and 
p the mass of an atom of hydrogen. Thus k is given by 

_ 0.8 15 V? IW+^m 

* i.^XNpYY^ y 

Po 

The constant term takes the value 0.104 and k is thus 

0.104./^^ 

— \ m 

■^VW- 

Po 

This is the equation deduced by Loeb,*® from Thomson’s equation 
of the energy loss. Its interest lies in that it gives k without any 
arbitrary assumptions as to cluster size, except for the inllxicnco 

of the mass factor The latter changes only from 

1.4 to 1 for the change from a small ion to an infinitely heavy 
cluster. The values given by it are of the correct order of 
magnitude and vary from substance to substance in fair accord 
with observation. A similar equation follows as a special case 
of the most complete mobility equation deduced, that of I^ange- 
vin®^ for the ease of only force field impacts with no impacts 
of the solid elastic type. The constant of the special case of 
Langevin’s general equation, however, is different and the 
equation reads 

0.235../^^-— 



^ViD - l)oM'o 

Po 

The mobility outside of the mass factor is independent of e, 
it is independent of the assumed value of s, of X, and of 5, or the 

temperature. It varies, however, as and as the 

P - l)o 
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and ' J'-'^^poi’iinen.tally, the nearly complete independence 

of temperature and of field strength had always surprised 
observers. I’ho independence of the charge cannot be verified 
at present, although, if the explanation of some abnormally high 
mobilities of newly formed ThD ions by Erikson^^ as being due to 
double charges is correct, the theory fails. The variation of h 


as is one of the well-established facts about ionic mobilities, 


The variation of k as 


that is^ inversely as the 


V'(D - l)Ml 

square root of tlio dielectric constant less unity multiplied 
by the molecular weight, is, in rough agreement with an old rule 
abo\it ionic mobilities. Kaufmann’-^ stated that k varied as 

y; -- for the “permanent” gases, that is, for gases of about 

j/Vx ^ 


the same and rather low values of D — 1. Loeb,®^ in 1917, 
showed that it held more generally in the form that k was pro- 
1 1 

portional to multiplied by The fair agree- 

ment of k computed from the new relation k proportional to 

, with experimental values is a sufficient test of 

■>/(/> ~ l),Mo 


the new theory. It, however, runs against a serious difficulty 
brought to bear against all mobility equations, k should vary 


I 

— Now experiments made on ThD*® ions in air 

and in Ha show that these ions have the same k as ions of H 2 
in II 2 gas. Ijater experiments of Tyndall and Grindley®® show 
that this holds for analogous cases within 1 per cent. This 
means that, while the ion theories demand a variation of at least 
a few per cent (about 12 per cent), with the mass of the nucleus 
of the ion, experiment shows less than 1 per cent variation. 
The difficulty is particularly severe for the above theory for the 
following reason: Erikson®^ finds that newly formed positive 
ions change from the value of the negative mobility which they 
initially possess to the lower value characteristic of positive 
ions in several hundredths of a second. The only explanation 
this theory could give of Erikson’s results would be by the aid of 
the mass factor above. Other theories permit a change in s 
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due to clustering to account for the change. theory a-ssunieH 

that the ionic mobility is insensitive to any cluingc^ in ,s‘. ''rims 
one is forced to mistrust somewhat the striking suec^ess of the 
equation. The failure is doubtless due to tlici ina-ccairacy of 
Thomson’s assumptions as to path reversal a-t non-apsidal 
impacts. The equation has served one nxoi'c^ useful purposes 
It showed that with the absence of clastic solid iinpa.(;ts, exa^ept 
for the small mass factor, the mobility was not af1e(5t(Ml by tlu^ 
existence of the cluster. It therefore show<ai iluit, if assump- 
tions were correct, measurements of mobilitic^s in pur(^ gascis should 
be 'dgnorant” of whether the ion was a chist<u* or not, thus 
showing a possible way out of th(5 docadcvlong discussion of 
cluster-ion versus small-ion theories. 

A further comment might be made on the independence indi- 
cated by theory and the still greater independem^e of the ionic 
mobilities of the mass factor. This, on the kin(4ri(*- theory, 
receives a partial explanation, for, while a. great/cu* incudia slows 
up an ion, its increased persistence of tlu^ vc^locity gained in 
the field makes the mobility ixearly indcptuukuit of the mass. 
This can be seen from the Langevin deduction tlu^ persist- 

I j\f 

ence was introduced giving the factor ^ • Th(^ roniplrta 

independence observed is not, ho woven*, explained by tliis. 

The theory outlined above, while {xpparcmtly satisfac.tory, as 
has been stated, runs against certain difficulties, ddxese arc^ the 
following: (1) If h]rikson’s conclusion about the nature of the 
very fast newly formed ThD ion is comnd, th(j inolxility is not 
independent of the charge. (2) If Tyndall and (Jrindley’s'^’'* 
measurements are correct, which seems to bo the (niscs, the mass 

V fn AT 

— may not be called on to explain the hlrikson^^ 

ageing effect. Thus this must be explained as I^rikson does 
on the change in the value of « due to the formation of a cluster 
ion. Erikson interprets his results by assuming that the negative 
ion is a single molecule while the positive ion changes from an 
initial single molecule to a bimolecular ion on ageing. Thus the 
radius of the ion must enter in. These two conditions are met if 
the elastic solid type of impacts be assumed to take place even 
to a limited extent. The result obtained theoretically was duo 
to the neglect of elastic solid type of impacts in the assumption of 
Thomson that all non-apsidal impacts result in the reversal of 
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valocttics (z.c., txrc contral). That this is incorrect may be shown 
by calculation of the value of p from the law of force. The value 
of p for non-apsidal distances for molecules of the gases is not 
more than two to four times the value of the molecular radius. 
Thus, for lie, llo, Na, and HCl, p is, respectively, 3.65 X lO-®, 
5.02 X 10“**, ().12 X 10~®, and 9.2 X 10~® cm. For these same 
gases s is 2.18 X 10-«, 2.47 X lO-s, 3.5 X 10“®, and 2.0 X 10“® 
cm for a luonomolccular ion and a molecule in contact. Accord- 
ingly, it is not surprising that the theory fails, for the impact 
occurs befor(5 tlu^ direction of motion of the molecule can come 
along the line of centers were it to do so ultimately. 

109. The More Complete Equations and the Nature of the Ion. 
Another std of data*'*' have come to light recently which show 
without question that clustering of a labile sort must occur in 
certain gases. The mobilities of ions in mixtures of gases should 
be given as a function of the percentage composition of the 
mixture by the simple relation 

(100 - cjKB + cK^' 

Here Ka is the mobility in the mixture of c per cent of gas B, 
and Ka and K„ are the mobilities in the pure gases. This was 
found in 1908 l)y Mane®® to be true for mixtures of the gases 
CC)2, air, and lla. It had been observed by Wellisch and others 
that in certiiin other gases the mobility was lowered abnormally 
by the i)r(iHen<;e of certain vapors {e.g., water vapor), while in 
others this was not so.®® No quantitative data were, however, 
taken to back up this claim and the matter rested there. In an 
endeavor to settle the question of the nature of gaseous ions, 
Ijoob®® and Ashley in 1924 measured mobilities of ions in mixtures 
of Nila and air. It was expected that in a gas of such a high 
dielectric constant as NHs, if clustering took place, the introduc- 
tion of small traces of Nila would reduce the mobility abnormally 
due to the preferential attachment of the active NH3 molecules 
to the ion. The result of these measurements was not as definite 
as expected. The mobility in the mixture was found to be given 


by a law of the form 
Ka - - 




-f- cK\' 


where c is the percentage of gas B in the mixture, and 
and Kb are the mobilities in the pure gases A and B. The 
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significance of this was pointed out by Debye in a conver- 
sation. It indicates that the density of the NHu molecules in 
the neighborhood of the ion is greater than in the rest of the gas. 
Such an increased density can be considered as a sort of a statisti- 
cal cluster. An extension of the measurements to HCl gas and 
air mixtures, however, yielded a still more striking confirmation 
of this assumption. While the mobilities obeyed the former law 
fairly well at high concentrations of HCl the mobility in HCl 
dropped by more than 20 per cent on the addition of a milli- 
meter or two partial pressure of HCL In fact, the observed 
mobilities were lower than those computed on the formula 
above until the percentage of HCl present was 20 per cent. 
This indicates very definitely a preferential clustering of HCl 
molecules about the ion. On the law of force between ions and 
molecules assumed above, the change in composition of the 
gas at various distances from the ion can be easily computed 
on the kinetic theory. This was done for HCl by Condon. 
Assume the gas made up of two kinds of xnolccules A and B, The 
density of the two kinds N a and Nn is given in a field of force by 
the Boltzmann form of the distribution law. This says that 

Ea Eb * 

Na = NaoB , and Nti = Nbo^ Here k is the Boltzmann 

constant and T the absolute temperature, and £Ja and Eb arc 
the potential energies of the molecules at the i>lace where their 
concentrations N a and Nb are sought. Nao and Nbo are the 
densities at a point so far from the force center that the composi- 
tion is that of the average mixture- If the forces are given by 

K K K 

” 5- and the potential energies at a distance r are Ea ^ 

K 

and Bjj — — Thus one may write 


Ns 


N. 


Nso 


A ’ 


A-h\ 

T ). 


Also and Kb are given by Ka. 


{Da - 1)6** 


2TrNo 


and Kb 


{Db - l)e^ 
2-rrNo ’ 


where the significance of the symbols is that given 


in the earlier part of the chapter. Taking Db ~ 1 for air as 
0.00059, and the value for Da — 1 for HCl at room temperature 
given by Zahn^’' as 0.0041, the ratios of the numbers'of molecules 


•This equation is discussed in the latter part of Sec. 36. 
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of IlOl ^Hcl ciil ill U/Hy rnixfur© of liCl Hiiid 3 jir 3 , 1 ; 3 (iisti3iic6 t 

from the ion can be found from the relation 


Na. 

Nn 

nVo 


{Da.—Db) 2.83X10-29 
e 4r'A-r ■ _ ^ ri 


if iV,, == 2.7 X 10'”, 'r ia the absolute temperature, and k is the 
Boltzmann constant. This yields the values given below for 


Na 

Nb 

~Nbo 


r IN OM 

1 . 14 X 

4.0 X 10~“« 
5.74 X 

6.9 X 10“-« 

8.0 X 10“ » 
9.2 X 10“« 
1 . 14 X 10“^ 
1.38 X Hr 7 
1.14 X t0“« 
1.14 X Kr 


ZlAS 

10700 

545 
13.5 
3.4 
2.34 
1.48 
1.17 
1 .08 

1.000016 
1 .00000000 


It is thus seen that the molecules that find themselves at the 
surface of a cluster ion of 4.6 X 10"“^-cm radius are H Cl molecules 
in the ratio of 546 to 1 if the mixture contains 50 per cent HCl 
gas and air. In a mixture of 0.2 per cent HCl and 99,8 per cent 
air such a cluster would, on the average, consist of one HCl 
molecule to one air molecule. At greater distances from the ion 
the changes in concentration would be less striking and at the 
distance of one mean free path or at or lO--^ cm, in a 50 per cent 
HCl air mixture, there would be virtually no change in the con- 
centration of the molecules due to the ion. In a homogeneous 
gas the mobilities of the ions on Thomson's theory are chiefly 
influenced by those molecules which come close enough to the 
ion to have their motion appreciably altered by its field of force. 
In a mixture, the molecules of higher dielectric constant (that is, 
those of greater activity on the ion), are, as seen above, present 
in far greater numbers in the immediate neighborhood of the ion 
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than in the rest of the gas. Thus they are clisproiiortionately 
active in altering the mobility of the ion in the gas. The effect 
of the increased concentration of the active molecules in the 
neighborhood of the ion is not included in the mobility equation 
deduced above, for here the constitution of the gas was supposed 
to be uniform. The conclusion from the foregoing disctission 
is that a statistical clustering effect cfjrtainly taJccis place, d'o 
what extent the clustering is permaneirt, that is, to what e.xtent 
the molecules stay permanently attached to the ion, the (Kpiation 
does not say. These indications make it seenn wise to include in a 
proper ion theory the effect of the size of the ion, and to assume 
elastic solid impacts of a non-central tyj^e as a source of some) of 
the energy loss experienced by the ion in tlie field. 

Perhaps two attempts in this direction are worthy of note. The 
one was due to Sutherland,^® who used a type analysis which was 
characteristic of his treatment of the variation of the coeflicieTit 
of viscosity with temperature (see Sec. 02). ddu} analysis for 
which there is no place hero led him to an cx})rossion for f,ho 
change of the ionic mobility with temperature. This reads 
A'a 

7 c = — ; where A and c are constants, and T is the absolute 

1 -f 
■i -I- 2’ 

temperature. The equation was in agreement with Phillips’-’® 
results made at constant prcssTxrc. These resxdts arex, howevtsr, 
in disagreement with those of Kovarick”” at constant prxsssure 
and with those of Erikson^® at constant density, so that the agree- 
ment may be meaningless. From the constants A and c put in 
his full mobility equation and assuming a fi-maU molecular ion, 
Sutherland computed mobilities about 9,0 times as grexat as 
those observed. This ma.kes his equation rather arbitrary, as 
it requires an assumed added electrical friction of 8.0 times the 
kinetic friction to make the results agree. 

The second theory mentioned, which is doubtless the moat 
satisfactory theory possible to deduce with the present knowknlge 
of the law of force between ion and molecule, is duo to Langevin.-’”- 
In this theory Langevin deduces the mobility of a spherical ion 
of variable radius, suffering elastic solid imixacts witli molecules 
considered spherical, at the same time exerting forces on them 
which vary as the inverse fifth power of the distance. 'The 
analysis is as rigorous from the kinetic-theory point of view as is 
possible with the methods available. It is too long to reproduce 



APPLICATION OF THE KINETIC THEORY 475 

in this text and the reader must obtain it from the original article. 
It leatls to an expression for the mobility of the ion of the form 

. IM + m 

h = 

'^ V(£> - l)oMo 

Po 

Here the second meml)cr of the equation is the familiar one given 
by Loeb (Sec. lOS), in which the mobility depends on the dielec- 
tric constant I),, and tlie molecular weight Mo only. The quantity 
I" is, liowcivcr, a complex function of jjl given by 



3 ^ 

Fig. 70. 


lliis may bc^ evaluated in terms of the graph of Fig. 70, where 
^ is plottcul as abscissie against F as ordinates. When /x has 

/X 

1 3 

very largo valuOfS and ^ approaches 0, it is seen that takes 

on a value 0.505, that is, when s becomes small, (Z> — l)o large, or 
the temperature M.C^ is low, the equation takes on a form in 
which the Thomson eciuation assumed by Loeb gives the correct 
results. In general, this is not true and p has moderate values. 
Thus the si)ecial case is modified to take account of the elastic 
solid impacts. It is perhaps the best equation which there is for 
ionic mobilities (see HaBS<5'*®). It does contain an arbitrary 
factor s depending on the ionic radius. The influence of this is, 
however, not supreme. It is seen that p here, and hence k, also 
depend on the charge e. 

In order to compare the values of h derived from these various 
equations, a table computed by A. M. Cravath is given below. 
The mobilities in certain gases are recorded as observed experi- 
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mentally. Then follow the values of k computed on two assump- 
tions, making the two parts of the table. The first set of values 
are computed assuming that the ion is a single molecule, the 
second, that the ion is a cluster of 12 molecules about a central 
charged molecule. The number 12 was chosen, as it is the 
greatest number of spheres that can be packed about a single 
sphere of equal radius. As can be seen from the foregoing, the 
latter is perhaps an overestimate of the Bize of the ion, while the 
former is an underestimate, at least for the positive ions. To 
show the effect of the mass factor, the mobility of a charged 
molecule in a heavier gas is computed on these theories. As is 
seen, all of them demand a higher mobility of the 112 ion than for 
the ions of the given gas in the gas. Experimentally, this is not 
observed to be the case, and it argues strongly for a clustering. 


Pabt 1. — Smalij MoLEctTLAii loisr 


Observed 

Langevin 

elastic 

impacts 

Corrected 

Wollisch 

j 

Loob 
forces ; 
alone 
acting 

Oomplcste 
Langevin 
forces and 
(elastic; 
impacts 

Gas 

+ Ioa8 

— Ions 

Air 

1.4 

1.8 

9.85 

2.08 

1 . 12 

3.17 



6.02 

7.68 

67.5 

9.90 

6.21 

17.3 

I-ICl 

0.65 

0.56 

4.47 

0.5H 

0.3H2 

1 .08 

Ether 

0.19 

; 0.22 

2.56 

0.294 

0 . 208 

0.565 

Ha ions in air . . . 

1.4 

1.8 

35.9 

4.82 

3.09 

8.70 


PAItT 2. CLUSTJBli OF 12 MOLKaUX.EB 


Observed 

Langevin 

elastic 

impacts 

Corrected 

Wollisch 

1 

Ix>eb 

forces 

alone 

acting 

Complete 
Langevin 
forties and 
elastic 
impacts 

Gas 

4“ Ions 

— Ions 

Air I 

1.4 

1,8 1 

1.80 

1.46 

0.822 

1.63 



6.02 

7.68 

12.3 

9.08 

4.60 

10.23 

HCl 

0.65 

0.56 

0.817 

0 . 582 

0.280 

0,657 

Ether 

0.19 

0.22 

0.468 

0.318 

0 . 153 

0.363 


Although the mobility equation of Langevin seems to fit the 
conditions observed fairly well, there are two things that no ion 
theory can do. In the first place, the theories are all incapable 
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quantitatively of accounting for the independence of mobility 
and mass of the nucleus to within 1 per cent as observed by 
Tyndall and Grindley.^s They are, furthermore, incapable of 
distinguishing quantitatively between the mobilities of positive 
and negative ions.* This lies in the assumption of the force 

factor in the attractive law of force assumed ( i.e., the 

2-irNo ) 

being independent of the sign of the charge. In bulk, where the 
dielectric displacements are measured in uniform fields of force, 
the molecules behave equally to positive and negative poles. On 
the other hand, in the field of force of an ion the field acting on a 
molecule within a distance s from the center of a charged mole- 
cule is not uniform. Thus, the side of the molecule nearer the ion 
is in a far stronger field of force than that away. Also, other con- 
siderations must enter in. The molecule is predominantly 
electrically negative at its surface, for the electrons describe orbits 
over the surfaces of the molecules, while the positive charges are 
near the center. When ion and molecule are close together, the 
force of the charge of the ion is more intense on the surface of the 
molecule (which is nearer) than on its center. If the ion is nega- 
tive, the greater force on the molecule is the negative repulsion of 
the surface electrons of the molecule, while if the ion is positive, 
the greater force is the attraction of the ion on the negative sur- 
face of the molecule. While these differences may not be large, 
they would easily give a sufficient difference in attraction to 
account for the difference in h. At a relatively small distance 
between ion and molecule as one recedes from the ion, these differ- 
ences would practically vanish. Thus, while h for the ions is 
decreased, in the main, by the same large amount due to dielectric 
attractions depending on (Z) — l)o, on close approach there is a 
difference in the force which causes the molecules to be attracted 
slightly more to the positive ion than to the negative ion. 
Hence, in general, it would be expected that the positive ion has a 
lower k than the negative ion. This is the case. 

For gases with higher D and for gases with large molecules, 
the positive and negative mobilities are more nearly the same. 

* This is not quite correct, for Hass4 has recently (Phil. Mag., 1, 139, 1926) 
computed the positive and negative mobilities, assuming that the former 
was a monomolecular layer about a positive molecule and the latter was a 
mo no molecular layer about an electron using the Langevin theory. While 
the values obtained are of the proper order of magnitude, the electron 
attachment results speak against it as does Loeb’s work in HGl gas. 
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Finally, in HCl and in H 2 O and H 2 S the negative ions arc less 
mobile than the positive ions. Condon explains this on 
the fact that in HCl the electrons are chiefly about the C'l atom. 
The H atom with its positive charge is free, or at least near the 
surface of the molecule. In such an arrangement tluj ori<intation 
of an HCl moelcule in the radial field of a negative ion will bo 
with the H atom toward the ion. The forces will l)c relatively 
intense in such a case. In the field of a positivti ion the orienta- 
tion would be reversed, and while the outer electrons of the mole- 
cule would be displaced towards the positive ion the force would 
be less than on a molecule which had no free H atom with a posi- 
tive charge pulling the Cl electrons the other way. Thus in IK 1 
the negative ion attracts the molecules more strongly than tlu^ 
positive ion does. Accordingly, the mobility of the negative ion 
is less than that of the positive ion. The case should be the same 
in water and HaS, whore it is observed that water vapor dopnissevs 
the negative-ion mobility more than it does tlu*. positive-ion 
mobility. Also, the recent theoretical work of IIuikK'^ shows that 
the hydrogen nuclei in these molecules are so placxMl as to be on 
one side and near the surface. For vapoi’s like alcohol, wlufre the 
OH group can also show this effect, the result will 1x5 more or 1<5sh 
of a compromise between the two typos of actiojti. Th(5 rcisult will 
be that, in general, the negative and positive mobilities will bo 
nearly equal. It is thus seen that, by a more minute consider- 
ation of the action between ions and molecuhjs, the dilTerentic in 
the mobility of the ions of opposite sign can bo qualitatively 
accounted for. Quantitatively, this is out of the question until 
the laws of force become established. Until then, therefore, 
very little further progress can be made towards a better ionic 
mobility equation. 

110. The Coefficient of Recombination of Ions. — If a gas bo 
ionized and then left to itself, the forces between the positive and 
negative ions will cause them gradually to drift together. As 
they do this, they neutralize their charges and the ions disappear 
from the gas. If the ions are present in equal numbers and are 

cJiiTh 

distributed at random, it seems reasonable to write that 

= — cm^, where n is the number of positive or negative ions pres- 
ent per cm® and dn is the change in number of the ions in a cm® 
in unit time. This equation, when integrated, has been tested 
experimentally and seems to hold for some cases of ionization. 
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For the ease of ionization by a particles, where the ionization is 
restricted to regions close to the paths of the a particles, Bragg and 
Klccman''“ have shown that the law does not hold. It is even 
questionable whether it holds for X-ray ionization, for, in general, 
the electrons liberated do not mpve far away from the parent 
molecules. That it effectively holds is, however, attested by the 
fact that deductions based on the assumption agree fairly well 
with experiment. As will be seen later, there may be reason to 
doubt its entire validity in later stages of recombination. This will 
be seen from a study of the mechanism of recombinations. Per- 
haps the time range over which the equation has been tested has 
been so rcslativtily short that the results are not significant. 

"^rhe constant a. is a characteristic of the gas and requires eval- 
uation on tlio basis of the kinetic theory. One treatment of 
the problem is given by Lange vin.** This, with an added con- 
sidci-ation by 11 ichardson,'*'* leads to one of the interesting theories. 
More recently, J. J. Thomson'^® has derived an expression for a. 
which indei)ondently incorporates the idea of Richardson. While 
perhaps it is less rigorous than that of Lange vin, the equation is 
in better agrecunent with facts. In this equation the loss of rigor 
is due to his failure to include the action of the attractive forces 
betwcicn the ions. As the change in a produced by these is small, 
the cirror is not great. 

Ijangcjvin proceeds as follows: Assuming that 10« or ions 
are generated in a cm® of gas, the average distance between them 
is about 10~® cm. The field of one ion at the other is then 
about 1.4 X 10"^ volts/crn (that is, it is very weak). When the 
ions are at K)-^ cm apart, or separated by about 10 free paths, 
the field is about 14 volts/cm and the ions begin to approach 
each other with a greater speed. At the distance of a free path, 
the field is of the order of 1400 volts per cm and the ions rush 
towards each other. Now with these speeds superposed on 
their velocities of thermal agitations, it turns out that the relative 
kinetic energies are greater than their potential energies at 
closest approach. They will then describe hyperbolic orbits 
separating again. If the one ion should collide with a molecule 
in the immediate vicinity of the other ion, it might lose the excess 
kmetic energy to the molecule. Thus it would not be able to 
leave the vicinity of the ion attracting it, and the pair would 
describe closed orbits about their common center of gravity 
until the excess electron of the negative ion hopped across to the 
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positive ion, radiated its energy, and the two separated as neutral 
molecules. Accordingly, the process of recombination consists 
essentially of three periods: first, the period of coming to within 
a free path of each other; second, the period of describing orbits 
of the hyperbolic types until the excess kinetic energy derived 
from the potential energy of their attraction and separation is 
dissipated; and, third, the period of electron transfer, at which, 
while the ions would act outwardly neutral, they could bo 
separated by the heat impact of a neutral molecule. For this 
discussion it will be assumed that the recombination is complete 
while the third step is taking place, although this may not be 
true. If the period of coming together is relatively great, this 
largely determines a. Under this condition, the alterations in 
distribution of ions with time would exert relatively little influ- 
ence on the recombination and one would expect a to follow 
laws which demand a random distribution of ions throtighout. 
As will later be seen, the second period is not always insignificant, 
and with electrons it might be the controlling factor. Thus 
both periods are of importance and it is essential that the funda- 
mental equation defining a be tested to make sure that the distri- 
bution in later phases of the recombination does not materially 
alter the equation and hence influence a. 

To derive the meaning of a, Langevin uses an exceedingly 
ingenious concept to simplify the considerations. Imagine 
an ion fixed and the other ion moving towards it. The field 
acting on the moving ion is always towards the fixed ion as long 
as no other ion is in the neighborhood. Its intensity is, further- 
more, given by where r is the distance between them. 

Since the relative velocity is the sum of the mobilities multiplied 
by the field strength, then the velocity of approach is 47r™j- 

(K+ -b KJ). If each charge that is fixed be surrounded by a 
spherical surface of varying radius r, then it is clear that the 
number of ions moving through each such surface towards the other 
ion under their forces of attraction is independent of the radius of 

the surface, that is, since the velocity is proportional to 

and the surface varies as r^, the number moving through the 
surface which depends only on a product of these two and the 
density of the ions is independent of r and hence of the size of 
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the surface. Thus if a surface be chosen small enough, the 
number of ions of one sign diffusing through such surfaces about 
ions of the other sign per unit time will give the rate of recombina- 
tion of the ions. 

To carry on the rigorous analysis, Langevin chooses an element 
of volume about each ion so small, compared to the average 
distance between ions, that the chance of more than one ion of 
opposite sign moving through the surface at any one time is 

small. This insures that the field is proportional to From 

the considerations above, this could be a volume of radius one-tenth 
the average distance between ions. It is also necessary to show 
that the motions of the ions towards each other due to the charges 
is the predominating action. Otherwise the velocity again would 

not be To do this Langevin believes that he shows that 

recombination due to heat motion is a small fraction of the 
observed value. In this he may be incorrect, as Thomson’s 
equation shows. Each negative ion may then be considered 
surrounded by a surface B as above. It is required to find how 
many positive ions pass in a time dt into the interior of all these 
surfaces due to the attraction of the negative ions. As was shown 
before, this numljer will define the number of collisions between 
ions of opposite sign, in the time dt, which is the important phase 
of the first period. in recombination. The ions move with veloci- 

g2 

ties towards each other determined by the field ^ of the ions 

and their mobilities and K— Let and n_ be the numbers 
of ions of opposite signs per cm®. In the volume dv of surface S 
there will be n-dv and n+dv ions. The question then arises as 
to how many of these positive ions penetrate into the negative 
volumes through a surface dS during dt. This depends only on 
the relative velocity of the central ion and the positive ion 

near dS. The velocity of the negative ion is F_ = —K-^ and 
that of the positive ion is F+. == The relative velocity 

F is {K+ -h KJ)~- The ions that pass through dS in dt are in 

a cylinder having dS for base and of length F dt parallel to F . 
If F„ is the projection of F on the normal to dS, the volume is 
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V-nd&dt. For all the n-.dv surfaces in the volume dv the total 
volume of these cylinders swept out will be reprc^sentcd by 

'2^V,4^dt. 

For the Uj^ ions/cm’** the number of positive ions lying in this 
volume is, therefore, 

n+^VndHdt. 

Integrating with respect to dS, 


n^dt 


sX 


F„d.S'. 


Now the latter integral can be rcpi-esented by 


/ 


iK+ + K-) 




where is the normal flux through dH. Further, dB is part of 

the surface of the volume dv drawn about the negative ions. In 
polar coordinates dS — rddr cos dd4>. 

Thus, 


n+dt 




n+dtXiK+ + K -) J “J cos 0d0dcl>, 
n+dt'^e(K+ + if_)47r. 


2 

TT 

. *, 

2 


After integrating, it is possible to rcsplace the + KJ)4Tr 

by its equivalent n-dve{K+ 4- K-)4Tr, for the n..dv negative 
ions in the volume considered, that is, the mimbcir of positive 
ions that enter the cells of the negative ions in the volume dv 
in dt is expressed by 

n+dt2^V„dS = n^n-,dt4Tr (K ^ -j- K^yedv. 

If dr be set equal to 1 cm4, this gives the number of positive ioiw 
that enter the cells (that is, recombine with the negative ions 
in a cm» of volume in dt. This number is dn = ~n+n~dt4'. 

+ K-)e, where the — sign denotes that n decreases as 
increases. Since, by definition, 

dn 

Tt = 

a — 4ir(i!C+ + KJ)e. 


then 
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':rhus a is merely 47r(Jf_ + K+)e. Evaluation of « and compari- 
son to experiment, however, showed that the value of a taken from 
K+ and was too large as given by this equation. The a. 
observed for most ions lies around 3400e, where e is the electron, 
and the 34.00 applies to & K in. electrostatic units (that is, K in 
volt/cm multiplied by 300). As e is 4.77 X IQ-io, the observed 
« = l.G X 10”®. The ot computed for air from the above is 
0.9 X 10-''. Ivangcivin, therefore, multiplied his value 4x(ii:_ -f 
by a quantity «, which is a quantity less than unity, giving 
the fraction of collisions which end in recombination, for, instead 
of consi<lcring the second period mentioned in the Introduction, 
he assumed that, of the ions coming together, only a fraction 
recombine; the others separate and perhaps recombine with 
entirely differcuit ions later. He devised methods of measuring e 
which enable a. to be computed. This leads to values of e from 
0.9 to 0.01, depending on the pressure of the gas and other 
factors. J. J. Thomson and O. W. Richardson independently 
calculate the value of e on the hypothesis that, in order to recom- 
bine, one of the ions must strike a molecule and lose the energy 
gained in coming together in order to stay together. This 
calculation involves the second period in recombination. Accord- 
ing to Richardson and Thomson, this would be characterized by 
a probability of recombination or escape. Here, again, the frac- 
tion that do<iS not recombine is supposed to lead to complete 
separation of the two ions. As pointed out by A. M. Cravath, in a 
discussion of this subject the assumptions made by Richardson 
and Thomson may not lead to such a complete separation. In 
fact, the ions must remain relatively near each other and ulti- 
mately recombine. Before proceeding to the calculation of the 
factor «, it is of interest to calculate the rate of recombination 
as Thomson does. This can be compared with Langevin’s 
computation and the value of € derived by Thomson may at once 
be applied to Langevin’s equation. 

Two ions separated by a distance r will separate to infinity 

when left to themselves in empty space if 

— 2ViVi cos d) is greater than where M 1 and M 2 are the masses 
of the ions 1 and 2, Vi and V 2 are their velocities, & is the angle 
between their velocities, and ^ is the force of attraction at r. 
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If the ions have a mean energy equal to their kinetic energy of 
agitation = YiM^V = ‘j-iliT = YF, where ^ = 2.02 

X 10“’-®. If cos Q has an average value of 0, the ions will separate 

]iBT >-’ that is, two ions can recombine only when they have the 
r- r 


energy of thermal agitation if they are within a distance r :£ of 

each other. The physical meaning of this is that, if the ions 
were initially infinitely far apart when left to themselv(!s they 
would just escape from each other to infinity, that is, if one were 
fixed the other would describe a parabola about it rcsturning to 
infinity. If, now, they had the velocity of tluirmal agitation super- 
imposed, this would convert the orbits to hyperbolai. Accord- 
ingly if while falling freely from some point nearer than infinity, 
an ion starting from rest would describe a closed orbit about its 
partner and hence recombine this could no longer happen with 
an ion starting from the same place with the energy of thermal 
agitation. In fact, with the heat motions of the ions, the energy 
of thermal agitation at a given r would have to be less than the 
energy gained by a free fall from infinity in order that recombina- 
tion could occur. The distance r for this is, then, definitcily the 

distance At 273° abs. this distance is 4.18 X 10“" cm, 

that is, about one-half a mean free path for air. Thus, 
for distances further than this from the ion, the thermal 
agitation is greater than the energy of free fall from infinity. 
ISTow in practice, the ions have the velocity of thermal agitation 
up to the point of their last collision with the molecules before 
coming together. Unless this last collision which causes them 
to lose the energy which they gained from the field over the last 


free path occurs within the sphere of radius about the other 

ion, recombination at this approach will not occur. Thus recom- 
bination can only take place when the ions come together under 
conditions where one or the other has collided with a molecule 

within ^ of its companion. To get the recombination pro- 
ceed as follows : Designate the ions of opposite sign as A and B 
particles. Describe about each A particle spheres of radii 
The number of recombinations due to B particles will then be . 
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counted as the number of collisions made by the B particles with 
neutral molecules inside these A spheres. The number of such 
collisions in unit time will be the rate of recombination due to B 
particles. Again, the A particles will have impacts with neutral 

molecules inside of the spheres ^ about the B particles, and 

the number of these per unit time give the rate of recombination 
duo to A particles. The sum of these gives the rate of recombina- 
tion of ions in the gas. Call d the radius of the spheres ^ 

about A and B. If the directions of motions of A and B particles 
are c<iually probable, the number of B particles passing through 
the spheres jjer second is merely the relative velocity of A and 
B molecules times the area of the great circles 

of the spheres ttcP, multiplied by the density p ' of the B particles, 
for TTfF { Ua^ + Uir } ' “ is the volume swept out per second, 
iuid p' times this gives the number of B particles that would lie 
in this vohime. For the A particles passing though the B particle 
spheres, oim has analogously 

whore p is the number of A particles per cm®. 

Now it becomes necessary to determine the number of colli- 
sions made l)y an ion in passing through such a sphere with the 
molecules in it. From the distribution of free paths (see Sec. 
21), one has that the chance of an ion going x without an impact 

is e where is an ionic free path in the gas. Now assume that, 
as the ioxi goes through a sphere of radius d about another ion, its 
path is not curved. How correct this assumption is may be 
seen from the value of d at 273^, which is 4.18 X 10"“® cm. It 
was shown that when the ion was one mean free path away from 
the other ion the field was 1400 volts per cm. Such a field would 
materially curve the path of the entering ion. This error must, 
therefore, be allowed for, but for simplicity the assumption 
may be made. If this straight path of the ion make an angle ^ 
with the normal to the surface of the sphere at the point where it 
enters, the length of the path is 2d cos as may be seen from Fig. 

71. Since the chance of an angle is = sin ^d^A 

as seen in Fig. 71, the chance of crossing the sphere without 
an impact is 
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Fio. 71. 


that is, out of a given number of encounters between ions the 
number recombining is e times this. Thus, as Ijangevin computeil 
the number in a time dt in dv as 

dui — n^n-4ir{K- + K^)cdtdv, 
only edni of these recombine. Thus dn, = tdni an<l 
dn — €n+.n_47r(/<'_ + K+)('.dtdv, 
which leads to the Ijangevin-Richardson value of at, as 

In Thomson’s deduction, one must multiply the recombinations 
due to B ions with gas molecules by the factor «, which gives 

dn^ = p 7rdV(U^^ + Un^Y'ilyl - dt, 


where p is the number of A molecules per cm-'* and X' is thtj free 
path of a B ion. Similarly for the A ions which collide with the 
p' B ions in a cm®, if the free path of the A ion is X, then 

dn^ = TTdVpf - > (l - 

As 

dn — —app'dt, 
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Thomson’s vahui of a, a-r, becomes 

- ^(l - + 1-^(1 

Now 

^ ^ pr ^ '^T ^ X 10-8^ 

1 

This d is constant with pressure but varies as ^ For compari- 
son, the LanfJ!evin (iquation for a with e as computed above is 

1 - e-“)}. 

whore d has the value above, and X is the free path of the ion. 
1110 factor € therefore varies both with pressure and with tem- 
perature. 'The cfiuations can be discussed in terms of two 
appro.ximations of the function e. This depends on the value of 

the ratio d is comparable with X for molecules at atmos- 
pheric pressui-o. For air molecules, X at atmospheric pressure 
is 1.02 X lO"''’ ohi. Thus X = 2.5d. For ions X is about the 
value for air molecules, so that X = 0.5d. For low pressures, 

^ is small, and when this is so 

A 



Hence at low pressures the and «/, become 
ar = 27r(U^^ + U^^)^d^Q + 
and az. = 4^(K+ -j- 

When “ is large, 

1 - wk - 

^ It Hliould be pointed out here that this deduction assumes that p 
and p', the molecular density about the ions, are the same as in the rest of 
the gas. For a cluster ion, and particularly for an ion of the type as given 
in Sec. 109 , this is not so and the factor p is increased by this fact. This 
should be included in these considerations. 


an = 47r(A% + KJ)e 


- a( 
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whence cx.t and ai, take on the values 

oct — ^nriU (P 
oLi, ~ AiriJK— + K^c. 


At low pressures, as X' and X arc inversely proportional to the 
pressure while d and Ua and U i, are inck^pendenti of it, t^hendd 

vary as the pressure p. The Langevin has the? ratio ^ in it. 

Now K varies inversely with pressure and so docs X, Ikuic.c at low 
pressures Langevin's equation would lead one to ex/pect a,, iude- 
pendeni of pressure. ICxperimontally, a(» low i)ress»ir(w « variess 
with the pressure very i-apidly accoi-ding to Langewin. Tlui 
quantity e as measured by I^angovin changes from ().<S at 7(>() nun. 
to 0.01 at 152 mm. that is, much more rapi<lly than proportion- 
ally to p. As regards the value of « from laingevin’s measurci- 


ments, e was computed from 


which is assunuMl to 


XXJLCPJLJl C VVClrO Wl UV./ VI. XJL ^ ^ j t W). V*, Jll. Jl V f 

vary as p. Hence a decreased by a factor of Kk I in aclian^i!;c of 
pressure from 760 to 152. This is greatc'.r thaii that observed 
more recently by Thirkill/^^ who found a to d(Hireasc by a factor 
of 3.8 for a change in p from 7(50 to 19(5 mm. and also gnuitc^r than 
the value observed by Hcndren/^’^ who found <x to change \)y only 
3.3 in a pressure change from 7(50 to 10 mm. of air. Aensording to 
the theory of J. J. Thomson, e, and accordingly cx, shotild (?hange 
0 55 

in the ratio of q = 3.04 for change in prcHsure from 7(K) 

to 152 mm. if X is assumed for an ion to bo one-fifth that for an air 
molecule. The discrepancy of experimental results n:iak(vs more 
accurate comparison of theory and experiment impoHHil>le. The 
Thomson equation is, therefore, unquestionably better off in this 
respect than the Langevin equation as modified by llicliardson, 
for the latter makes az, independent of preBsure. At high, pres- 
sures the value of should be nearly independent of prcBsuro 
and € should be near 1. Langevin and McClung also found that 
a was nearly constant at 6 atmospheres, and the values of e 
computed lay above 0.9. The modified Ijangcvin theory 
demands that ax, vary inversely as the pressure wlicn e is near unity. 
This is again in disagreement with facts. Thus, again, the Thom- 
son theory which places the value of a on a velocity of thermal 


agitation instead of a recombination due to attraction appears to 
be more satisfactoiy. Again as regards the change in a with 
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temper atiirOy € is dependent on temperature to a small extent 

, . 1 ’ 
foi d IS pi opoi tional to y* If density is constant^ X is independ- 
ent of Tj^ or nearly so. Also Ua and Ub are proportional to 
? and Jl is nearly independent of T, Thus for low pressures olt 
shoiild vary as and at high pressures it should vary as 

1. he oLij shotdd vwnj as F ^ at low pressures j while at high pressures 
oLj, shotdd be independent of T. As the temperature increases at 
constant density, Erikson^« finds that a: rapidly decreases. These 
measiirements were made about 7G0 mm. In the range from 94 
to 42<S® abs. JOrikson found a to increase more than sixfold, while 
the law demands a change in a by about a factor of 9. In 
tins r('sp(‘ct the Thomson theory again seems to have the advan- 
tages for it is only at low press^ires that should vary as 

The magnitude of may be computed very easily. This 
depends on the velocities Ua and Ubj which depend on the mass of 
the ions, and it also depends on their mean free paths X and X'. 
If U A = Ub and X = X', and if these are the same as for mole- 
cules of air, Ua = 4.25 X 10^ cm/sec., and X = 1.02 X cm, 
then one obtains for the value 1.96 X 10*"^ at 1 atmosphere, 
and at 5 atmospheres ar = 6.5 X 10 ~^ These values are in 
good agreement with those observed for air, which is 1.7 X 10"-® 
at 7 () 0 -mm prcsvsure. The Langevin expression aL gave 2. 1 X 10 ”®. 
If this be multiplied by e for air, assuming X — the X for mole- 
cules in air € = 0.75 and a/:, ~ 1.6 X 10 ”®. The calculation for ar 
as giveii by Thomson on the basis of air molecules is hardly correct, 
for the mass of the ion is certainly greater than that of the mole- 
cule. If the mass wore four times as great, Ua would be one- 
half as great, and if X were taken as the X for molecules of air 
the 6 factor in Thomson's equation would be 0.75 instead of 0 . 33 , 
so that — 2,2 X 10”®, on this assumption. The change is, 
therefore, not very great, so that in this regard the theory of 
Thomson gives better values than does that of Langevin 
as modified by Richardson. 

To overcome the latter discrepancy of the Langevin theory, 
Richardson suspected (probably correctly) that the velocity of 
the ion was not reduced to that of thermal agitation at one 
impact and decided that several impacts were needed to reduce 
the velocity. The probability of two, three, and more impacts 
inside the sphere of radius d were computed by Richardson and 
he then tested which value of €i, € 2 , C 3 , etc., computed for different 
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numbers of impacts, gave the best results. 'Flui vahui of e whuih 
agreed well was given for the case of about three impa(d,s, where 

_2d 

e = ^ ^^(1 — e“x)“. This, howevcu-, did not fit (U).j 

d 

except at low values for — While the idea is {jerliaps correct, it 

does not materially improve Langcvin’s equation. ''I’he neglect of 
the curvature of paths and of the cluster naturti of the ion mak(5H 
further speculations about e of this nature rather futile^. Whih^ 
the Thomson value for a. seems to fulfil theoretical exjjectations 
fairly well, it is a fact that even this o<iuatioii fails in anotluu- 
respect, as does the I^angevin etpiation. Thc! values of a. in 
the gases, air, CO 2 , and 112 from the tlata of Townscuul'”’ are 
approximately 1.63 X lO"*’, 1.67 X 10“'’, anti 1.49 X 10 ". Tlie 
values by other workers for these gases, whiles sliglitly difTerent, 
are all in agreement in not assigning to ions in theses gases radi- 
cally different values of a. Now according to Thoxeison, ar from 
these gases depends on U a = Ujs, and on e. 'Thee values of U a 
for H 2 relative to air, and for air relative to (IO 2 , are 3.8 and 

2 

1.24. The values of X in these gases are in thc! ratio of ^ and 
1 5 

-Y' The quantity e in these two cases is then <‘,hanged in the 
0 56 0 9 

ratio of and ^ Thus the value of for II 2 should 

be 6 X 10“'’ and for CO 2 should be 2 X lO' ®. ''llie observed 
values do not vary nearly as much with th(^ change in gas, as 
the theory demands. The Langevin theory would rofiuiro the 
same general variation, for the value of K in H 2 bears the ratio 
6 4 4 

of about ~ or ^ to that in air, as was computed from the value 

of Ua- The insensitivity of the equations to the changes in U 
or K is caused by the fact that e varies in the opposite sense with 
U and e, for a larger U or K and a larger X go together. Still the 
discrepancy of H 2 and air is striking enough. * It is possible that 
Townsend’s values for o: in H 2 are in error, so that the equation 
is correct. The theory needs a redetermination of a in H 2 , in 

* Recent worku shows that ions in impure Ila may be made of heavier 
molecules. This would make Ua and Us loss and explain the result on 
Thomson’s theory but not on Langevin’s. 
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very pure gases, and with modern methods to test this point, for 
no other values of o: in H 2 are extant. 

If the discrepancy is a real one it requires explanation. One 
which has forced itself onto the stage in recent years is a suspicion 
first mentioned by Humelin'® that free electrons having a large 

or XJ and a small X may play a r61e. This becomes more prob- 
able in the light of the work of Loebi^ and Wahlin®i (to which 
reference will later be made), that electrons remain free in a gas 
for considerable periods of time. Thus with a iiT or a 17 athousand 
times greater than for ions, the recombination may be largely an 
electron recombination with ions and not one of ions with ions. 
The value of U or K for the positive ion would not then enter in, 
and only the value of V for the electron would count. In pure 
N 2 or II 2 this chance is relatively great, as the electrons 
remain free for as long as J-fo sec. or more. To study this ques- 
tion theoretically, inquiry may be made as to the length of time 
taken for an electron to recombine, or, rather, electron recom- 
bination should be discussed. 

licfore taking up this subject perhaps another point must be 
brought up. This concerns the applicability of the Thomson con- 
sideration as well. It was tacitly assumed in the Richardson 
and Thomson calculations that those ions which did not lose 
energy in the sphere d separated to infinity and had to begin their 
reunion over again, or with some other ion. Now, actually, if 
recombination does not occur, the ions may separate a mean free 
path or two, where, after collisions with molecules, they must 
lose the kinetic energies due to their attractions. They will then 
again drift together, but this time a relatively small distance. 
Thus the recombination for these ions which do not suffer a molec- 
ular impact on first coming together is no longer conditioned by 
the random distribution of the ions, and should take place more 
rapidly, that is, the factor € may not be correct in its application 
and may have to be increased by an amount which determines 
the greater probability of recombination of those ions which 
missed a first encounter. Just how this could be done for the 
factor 6 is difficult to see. It is perhaps true that the effect of the 
fields of the ions are limited to such small distances that the action 
outlined above is negligible. This would be more apt to be the 
case if the effect of the charges can be neglected as is the case with 
the Thomson theory. However, as even 10 free paths away the 
field is 14 volts/cm, the possibility cannot be entirely ruled out. 
The question becomes more acute for an electron recombination. 
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In this case the elasticity of electron impact rc’.qTures that the 
electron make thousands of impacts in the ncif>:hborlK)od of the 
ion to lose its kinetic energy. This it may do in the neighborhood 
of the ion, owing to the intense field of the ion and its simill mass 
curving its path continually, so that it cannot escape very far. 

From this point of view the problem had bcist be considenid 
from the standpoint of two time periods, tins first being tlu'. one. 
required for the ion or electron to come to within a free path or 
two of the ion of opposite sign, the otluii- tluj tinuj for the', ion or 
electron to lose its energy and thus to be (taptured. Ju.st how 
this can be done is difficult to say at pr<is(int. A bj’i(!f analysis 
of the question may, however, not b(i out of place. bVom the 

definition of a, one has Integration of from 


no to and for dt from 0 to 7\, leads to tluj expression 

“ "" n'oTo’ 

that is, a is dimensionally volume divided by time, for n., ~ y) 

where o is a number, F is a volume, and T is a time. Thus 

Qj = ~ dimensionally. Regarding both the Langevin and 

the Thomson equations for a, in both cases e is a pure number. 
In Thomson’s equation then there is left 
ar = 7rd^(U/^ + 


and from Langevin ’s equation 

= 47r(K+ + A'...)c. 


In the first case d is a length and -s/Ua^ + Ut,^ is a velocity. 
Hence Thomson’s ar is dimensionally correct. Ijangcvin’s 
is a velocity in unit field divided by a field strength, and multi- 
plied by a charge. This dimensionally yields and hence 

this equation is also dimensionally correct. In both eases a: 
gives the cm® per second swept out by the recombination area of 
the ion. The time element sought would then bo the time taken 
to sweep out a volume which would contain another ion so as to 
capture it. In Thomson’s equation it would be the average 
length of a cylinder swept out which would contain one ion of the 
opposite sign. Since the capture is effected in a cylinder of 


base Trd®, the time characterizing it would be 
F 


I 

(uj +u^:^ 


H 


when 


TrdH F beipg the volume ip. which a ions of opposite sign 
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occui’. Accordingly, the time characterizing recombination 
will vary with the ion density. In Langevin’s theory, it would 


1)0 the time defined by — 

V 




and 80 it also would depend on the ion density. Experiment has 
shown that <x was too large, and hence the times characteristic of 
this phase of recombination, are too small, that is, a was multiplied 


by a factor e, or ta must be multiplied by ^ to give the correct 

value for these quantities. The « was computed on the assump- 
tion that two ions that did not recombine returned to their 
Mntuts quo. This, it was stated, might be incorrect. In the sense 


of this discussion - must be replaced by an expression in terms 


of the time factors. It might be represented by = -• 

td € 

Hero tr is the time of recombination when they get within d of 
each other and ta is time to reach a distance d. Now while td 
must bo estimated as a function of ion density, it can be discussed 
a* 

for a given y- .It may or may not be a function of pressure. In 


the Thomson theory it is not, while in the Langevin theory it is. 
On the other hand, i,. is a function of the gas pressure. It is 
difficult to estimate L alone for gas molecules. ‘ It would depend 
on the number of times that it left the proximity d of the ion 
and the distances which it covered before it lost its energy. The 
values of « observed give the relative values of L and td at different 
pressures, if constant ion density is assumed. At high pressures 
in air, « = 0.9, thus td = 9<r. At about 100 mm, e may become 0.2 
and 8ii</ = 2tr. This may indicate that at low pressures the ion goes 
so far from the companion ion that the time taken to lose its energy 
is four times the initial time of approach. * It is quite probable 


’•'As td varies with the concentration increasing as time increases it is seen 
that unless U increases in the same ratio with concentration, values of ot 
for low concentrations will depend entirely on td. How tr varies with con- 
centration one cannot say. If it varies little then «and hence the a deduced 
from experiment will be a function of concentration and of time. 
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that here the assumptions of the Richardsoix-ThoiUHOn calcula- 
tion of a are fulfilled. Thus the analysis in this case has proved 
of little avail. There is, howcvei-, a cas(5 wlunx^ 4 has such a 
value that it must be considered in connection with t,i. In or<Un- 
to decide whether the electron plays a rolcj in ion rciconibiiui- 
tion or not, a must be calculated for the electron. In this (>,as(!, 

ti can be easily computed for a given but it is much less than 

ta. for ions, while U may not be so. Before tailculating tr for el<K)- 
trons, td could be calculated for ions and electrons, taking 10” 
ions per cm,” a possible number in exp(n-imental work. Taking 
this and calling € = 1, t a from Thomson’s eciuation for Nz gas 
is obtained as 0.26 sec. for ions and O.OOlfi H(K!. for electrons. 
From the Langevin theory, ta for ions is 0. 18 stui. and ta ft)r <deC“ 
trons is about 2.0 X 10~®, using the value for cltHitron mobilititis 
found in N 2 by Loeb. In gases like Ng and 11 2 thc! electrons can 
remain permanently free. In O 2 they attach to form ions, on 
the average, after some hundred thousand impacts with titiole- 
eules. The question then arises whether it is possible that 
electrons combining with molcscules can mat<nially infUumcc* a. 
To see this, tr for electrons must be cominited. .1 . .1 . Thomson has 
computed a. for electrons in thc artichj cit<Hl aboves. 1 1 is isaknda- 
tion is in error, as he replaces thc electron mean frtio path in the 
ion equation for low pressures by what he ttirms an (snergy free 
path for the electron. This is not legitimate, as the mtian-frec- 

path factor i of the equation is deduced on the probability of 

one impact inside of d and assumes a straight path. The energy 
free path is in no sense straight, and it is doubtful if tins concepts 
can be interchanged. Also he uses a very high value for energy 
loss on impact that is not warranted by experiment. The analy- 
sis may then be resorted to, considering thc times ta and tr, to 
test a for electrons. The values for ta have already been com- 
puted for electrons and set at 1.6 X 10~''or2 X 10“” sec., depend- 
ing on the equation used for the computation. According to 
quantum theory, it is probable that the electron in impacts with 
gas molecules such as Na loses only a small fraction of its energy 
at each impact. This fraction may be as low as 0.000038 of its 
energy for N 2 . The time U may be computed from the time 
rate of energy loss or impact. If P is the number of impacts of 
electrons with molecules per unit time, / the fractional loss of 
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the rate of loss of energy, is 


(IF 

energy at an impact, then > 

(It 

given by = Pf E, where E is the energy. Now for an elec- 
tron P is a fxmetion of E, for the greater the energy the faster 
the electro n moves . If P„ be the number of impacts per second at 
N.T .P. and E„ bo theenergy of the electron under those conditions. 


P 


WheiKHi, 


(W 

dt 




Integrating E from E to P„, and t from 0 to t, 

-f Vp - -VWo 1 


Vp 


\Poft. 


Now X for an electron is 4-\/2X for Nz molecules, or 5.34 X 10-® 
cm, and Ua. for the electron is about 1.15 X 10^ cm/sec. Whence 
Po is 2.15 X lO^S / = 3.8 X 10-», and Eo = 5.6 X IQ-i* ergs. 
The raditis of the orbit of the electron about the ion might be set 
as 4 X 10~'* cm when captured. Then E, the energy to be 


1 6 ’^ 

dissipated, would be g — if the orbit is circular, that is, E = 
2.85 X 10“^® ergs. From this U may be calculated as t, — 
~ 2.1 X 10“’' sec. In any case k is less than ta 

Pof-vE 


from these calculations. It is, however, doubtful whether the 
electron recombination may be calculated in this fashion at all. 
It may be governed by quantum conditions and the probabilities 
of capture of the electron and of radiation may be the deter- 
mining factor. Thus 4 may be a much longer process than 
here computed. It seems, however, on the whole, reasonable 
to assume that the electrons recombine with positive ions faster 
than negative ions do. It is even probable that a for elec- 
trons is some 60 times as great as a for ions. In this case it 
is extremely probable that the initial recombination rate of car- 
riers in gases should give a different value of a than the later 
periods in gases where the electrons have attached to form ions. 
But all accurate experimental data are lacking. What is required 
at present is more careful measurement of a by a direct method, 
over large ranges of time and pressure, in carefully purified gases 
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of two classes, those in which electrons do not attach and those 
in which they attach. Until this is done, fnrtlun- theorcti(!al 
discussion is useless. 

111. The Mobilities of Electrons. — According to the (dastic 
collision theory of Langevin for the mobility of a cliarged carritir, 
derived in Sec. 105, the mobility of such a carritu- is given by 


Kc 


0.815 '' 

m Ci-Sj M 


where m is the mass of the carrier, tlu^ square*, root of its mciin 
squared velocity, M the mass of the gas moUuudeq \| the frees 
path of the carrier, and e its charge. 'I’his (^cpiation should be 
theoretically apidicable to the case of the td<!ctron wh(u-o m, is 
the mass of the electron, Ci the square rocjt of its mean scpiartMl 
velocity of agitation, and Xi its free path. I^’or ordinary cases, 
Xi is times the mean free path for tlie uiudiargcid gas 

molecules (see Sec. 24). Under certain conditions, (dec.trons in 
gases have abnormally long mean free patlis (H(!e S<h 5. 25), and 
where such occur the equation must be modified to includ(5 this 
fact. The mean free path of the electron, du<i to its much higher 
velocity, docs, however, not appear to be rc'.duc.od by thtj pres(uieo 
of its charge, in the same way in which this holds for the ions. 
At any rate, it may, for the general case, Ixi asHumiKl that the 
value of Xi for an electron is 4^/2 that of the moIeculeH. It 
might then be expected that the mobility of the <dcK:tron could 
be computed by assuming Ci a constant givtm by the vtdocity 
of thermal agitation of the gas. Now this is not the case. 
Franck and Hertz®* were among the first to show tha1» the electron 
in monatomic gases makes almost complctcdy clastic impacts 
with the atoms. The many investigations on resonance and 
ionization potentials have shown that this is largely true, for 
all gases, unless the electron has an energy which is great 

enough to excite one of the electrons of. the atom or molecule to 
emit light, or to remove that electron, that is, there seems to bo 
no or little loss of energy on impact between (doetrons or mole- 
exiles unless the electron has an energy = Av, where i> is 

the frequency of the light emitted and h is the Planck constant. 
For most gases hv leads to an energy equivalent to a fall of 
potential of several volts, that is, to an energy of 10~^* ergs. 
The reason for this is quite clear. Unless on an impact the 
energy of the electron goes to deform the atom or molecule, 
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that is, to displace one of its electrons, its energy loss must obey 
the laws of clastic impact. The quantum theory says that the 
deformation cannot take place unless the electron has the 
quantum of energy to move one of the molecular electrons to 
one of the outer orbits. This it cannot do except under the 
conditions above. Now in an elastic impact the electron trans- 
fers an energy to the molecules which depends on the relative 
masses. It is given by the relation 

^ - ^)' 

, , inC 1 ^ ■ 

where ^ 2 average kinetic energies of molecules 

and electrons, m is the mass of the electron, M that of the mole- 
cule, and / the fraction of the energy lost at an impact. For the 

case where Ci >> co, / = 2^- For a molecule and an 

electron, / = 0.0000384, and for the helium atom, it is 0.00027. 
Thus the loss of the energy is very small. An analogous mechani- 
cal exampki would be the loss of energy of a perfectly elastic 
tennis ball thrown against the side of a small boat, where, owing 
to the groat mass of the boat, the loss of energy of the tennis ball 
to setting the boat in motion would be very small indeed. The 
very small energy transfer to a molecule by an electron explains 
why the electron only loses larger amounts of energy to electrons. 

The value of va, the frequencies of rotations of the molecules, 
and vi, the fro(iuencies of atomic vibration, are much lower than 
the values of ra for electrons. Thus the rotation quanta and 
the vibration quanta hvi are much smaller than the value of Ar 
for the emission of visible light. Since, however, the electron is 
not able to impart energy to the massive atoms of the molecules, 
because of its small mass, the losses of the electron energy to 
these sources are also negligible,* so that, apparently, electrons 
below 2 volts' energy in such gases should rebound elastically 

with energy losses of the order of / = 2^ only. This is held 

by some to bo the case. It is observedly true for the case of 
electrons and He atoms, according to Compton^s®® measurements. 

* It appears, however, that in some molecules the initial levels of the 
electrons in the normal molecules have several equilibrium positions sepa- 
rated by small amounts of energy. • If transitions can be caused between 
these in the unexcited state, then smaller energy losses are possible. 
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It is possible that the impacting electron might, strike one of the 
valence electrons holding the molecules togetluu-. 'rhis could 
cause a disturbance in the binding forces of the atoms in the 
molecule, and if the energy loss were gnsahu- than /ti/,, vibration 
would result. The probability of this is, how(^v<n-, very small. 
In other gases, greater losses appear to liavt^ Ixnm observ(sl of as 
much as several per cent. If thesis arts coiTiHit,, the loss seems in 
contradiction to the general experieiuui of t,he application of the 
dynamical equations to this tyi)(> of (jleift.ron iinpa,ct. 'riiere 
seems to be a legitimate doubt about the corrisctness of f,he <!on- 
clusions from the experiments, owing to their iiomph-xity and the 
presence of disturbing factors, so that at i)reaent the qiuistion is an 
open one. For the sake of simplicity, one can assume that up 
to real resonance potentials in all gases / is given by tlie above 
expression. 

With the low rate of energy loss, oiu) can turn to the btdiavior 
of an electron in a gas where an electrical fitdd of low valu<^ e.\iatH. 
Here between impacts the electron gains an tmergy from the 
field X, where e is the electron an<l d tlui iioniponent of the eleiitron 
free path in the direction of the field. '’I’lns energy 
energy of thermal agitation it retains at its itiipacit, <‘xcept for 
the fraction /, which it loses. As / is small, the <mergy will be 
practically that gained in the field. As this goes t>n ov(!r H(W(!ral 
free paths, the energy of the electron mounts higher and higluir. 
The energy gained, however, results in an increastid velocity, 
which, owing to the electron's small mass, is not dire(st<^d along 
the field, but takes on all directions which the rtintloin motions 
of the electron, as a result of the collisions, demand. 'Thus what 
really happens is that the electron gains in energy and vtfiocity, 
but the velocity is not in the direction of the fiehl but a randomly 
directed velocity, or a heat motion. The temperature of the 
electron in virtue of the external field increases above that of 
the surrounding gas molecules. This process will go on until the 
fractional energy loss multiplied by the average cruirgy of the 
electron equals the average rate of gain of energy by the electron 
from the field. The electron then reaches a steady state when it 
loses energy at impacts as fast as it gains it from the field. It has 
then gained its terminal velocity in the field, and it has a terminal 
energy well above that of the gas molecules al)Out it. If the field 
is cut off it loses this gradually, eventually attaining equipartition. 
If the field is high, the electron may gain resonance energy before 
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it reaches the tenninal state. It will then collide inelastically 
and again start from rest. In the mobility measurements the 
fields are sxioh that this never occurs, so that it will be overlooked. 

Accordingly, in the mobility measurements where the electron 
gains its terminal speed very soon, the factor mCi^ is not the 
energy of agitation of the molecules of the gas, but a much larger 
quantity. To 'I^ownsend’® belongs the credit of having seen this 
first. lie represents the value of Ci as -s/kC = C 2 , where h is 
the ratio of tlu^ emu-gy of the electron in the field to the energy of 
the agitation of the molecules. This k he succeeded in evaluating 
froin measurciments which he made of the diffusion of electrons 
at low pressure's. Thus he found for electrons in air the values^ 
given in the table below : ,, 


p in inrn 

A" in volts /cm 

A 

V 

k 

18. f) 

40 

2.16 

24.0-’ 

12.0 

30. 

2.5 

26.0 

1, .cS 

4 

2.2 

24.0 

3.7 

40 

10.8 

46.0 

1 . 8 

20 

11.1 

46.5 

0.05 

10 

10.5 

45.5 


'’I’lujsc show that k is considerable and that it depends on the ratid '- 
of field strength X to pressure p. In the latter case the value by 
which C would have to be multiplied to give the true value would 
be about 6.8. It is obvious that the terminal energy and hence 
the factor k irxust vary with the field strength, the free path, and 
the value of the quantity /. The first attempt at a theory of this 
was made by Loeb** in 1921. Later Compton^ took up the com- 
putation from the standpoint of his measurements on/ and arrived 
at an interesting theory, which, in the absence of more definite 
information about some of the quantities entering into the equa- 
tion (notably Xi), leads to satisfactory agreement with Town- 
send’s®'* results for electron mobility. In what follows, Compton’s 
treatment of the problem will be given. Compton starts, as was 
done above, from the Langevin equation for electron mobility 


K = 0.815 


rth /' 


'm M 

IT 


= 0.75 


'yn Cl 


as m is small compared to M. In a field X the average distance 
which an electron advances in a second in the direction of the field 
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is KX. But is the average "number of impacts made in 1. 

Al 

sec. Thus S, the average advance of the tik^ctron in the field 
between successive collisions, is 


KX 

XI 

Xi 


0.75 


mci^ 


Converting 

Cl = V'0.84<)Ci 

and calling eU = ^ mC\^, then 8 = 0.441. • 

U is thus the energy of the clecti-on in c<iuivalent potential drop. 
As was stated before, the fraction of the energy lost at ((ach impae.t 
of an electron with a molecule follows from simple dynamics.® 
It is given by 

•' “ G^V -a4"V f//’ 

where is w in equivalent volts. The terminal speed may at once 
be computed, for in going a distance dx in a field the electron gains 

an energy eXdx, and it loses an average of feU at each of the ^ 

intervening collisions. The net gain in energy is 

edU = eXdx - faU-^- 


Putting in the values of / and S from above, 

™ = X - 4.536 
dx XiWX 

To get the terminal speed, it need only be rernemlxired that when 

d C/ 

this is arrived at = 0. Thus, 


U, 




XiWX® 

4.636w^ 


in equivalent potential drop. If this bo transformed to terms of 
— Ue, and the mean energy of the molecules is given as 
eO, = oiT = and, if Cz — 1 . 086 ^ 2 , then 


(C2)£ 


oiT + ( ol^T^ + 

1 . 086 'v/mL \ 


XiWXV\Mm 

1.134ria J 



APPLICATION OF THE KINETIC THEORY 601 


For many cases oil or a r is so small that it can be neglected, so 
that 

fe). . 

\ m \ m/ 

Accepting Xi = 4\/2\ Ut may be computed as a function of 

the field strength in volts per cm divided by the pressure in mm 
of Hg. The results of such a computation for several gases 
are given below ; 


Ga,s 

JM 

\ m 

Xi(in cm) 

Ho 

85.9 

0.1313 

A 

271.5 

0.0461 

ira 

60.8 

0.0842 

Na 

227.4 

0 . 0435 

aOi 

285.0 

0.0290 

lltr 

608.0 

0.0135 



Ut (volts) 

6.30 ^ 

V 

5.86 — 

V 

2.40 — 

V 

4.65^ 

V 

3 . 88 ^ 

V 

3.86 - 
P 


This table holds for of such a value that Ui is considerably 

P 

greater than a value of £2 = 0.0372 volt, the mean velocity of 

X 

thermal agitation. It also holds only below values of — 

whore Ut is less than a critical potential for resonance. When an 
(ilectron has the terminal speed under the conditions specified 
above, the average number of impacts per cm advance in the 
gas is given as 

1 ^ 1 . 0^5 M 

'S \i \m 


It is of advantage to know how rapidly the electrons acquire 
their terminal speeds, that is to say, how far frorn the cathode 
they get before they acquire them. This is obtained from the 
value of 


dU 

dx 


X - 4.636m?7 


{U - ft) 
XiWX 


Designating the constant 4.536 


4.536p®m 

-^^^as«, 


and inte- 
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grating from C/ = 0 at a; = 0 to C/ = V at .r = x, 'U at .t cm 

from the cathode, is 


U = 


1 

2 


0 “f- -X 



V f- 
e 


ii "T. 
4 A' -5 

ir-j; 

4A''^ 


1 

+ 1 


If X = 0, JJ — U, and if the field is so larg(^ that il may Ix^ 
neglected 

1 


IJ = fl 

OL C 


>>2(x:r j 

A' 


a 


When X is large U approaches Ih 

The distance d that an electron has to go so that its <mergy is 
reduced to a fraction ^6 of its terminal energy can ho obtaimul by 
U 

setting >, = 4> and solving for the particular valu<( of x ~ d 

Ui 

required. It comes out that 


d 


1 , 1 -j- <p 

2« 1 - .!>■ 


The average number of collisions w itiade in going a: while getting 
their terminal speed is 


for 


^ X X 0.441 

1 ^ U 
S ().441Xi=*X' 


From the equation for U, this is 

M = (:^)[log (2 + - log 4J. 

Thus the average number of collisions g made in acquiring <t> is 
obtained by putting d for x in the above 


= 


K 

4ni 


log 



These results are summed up in the table on page 503. They 
are of use where the question of the terminal velocities of electrons 
enters in. 
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in mm | 

<(> 

i Ic, d in cm 

N 2 , d in cm 

Hg, d in cm 

7(K) 

0 . 1 

0.00064 

0.00057 

0.00047 


0.2 

0.00131 1 

0.00115 

0.00096 


O.f) 

0.00356 1 

0.00313 

0.00262 


0.9 

0.000S3 

0.00840 

0.00708 


0.99 

0,01710 

0.01507 

0.01260 

to 

0 . 1 

0.049 

0.043 

0.036 


0.9 ! 

0 . 724 

0.638 

0.533 

1 

0.1 

0.40 

0.043 

0.360 


0.9 

7.24 

6.38 

5.33 


Froin the vuliu! for Ut and thus c^t, the electron mobility can be 
at once obtained, for it is merely necessary to replace .the 
of the -Lange vin eciuation for electron mobility by this factor to 
get Ke the oloctrt)n mobility. Thus Ko becomes 


K„ 


0.815eXi 


s/'l 


m 


aT + + 








1.134m 

When tlie t<u-ininal velocity is large compared with the molecular 
vclociticis, th() oejuation reduces to the form 

eXi 


A' 


0.842 


' X-s/Mm 


= 0.707 


/eXiVy 

Xm ■ 


The complete mobility equation in terms of a is then 

0.815 eXi 


A',, 


■s/ ni 


(“ 


aT + + 1.76Xi2 


xy 

f 


iyi ' 3-s 


It is soon here that the mobility is not a constant but Is 

a function of for X^\^ is (M Z^X^o, where Xio is the mean 
P \P / 


free path at one mm. As — increases, it is obvious that Ke will 

decrease. Thus the velocity of the electron in a gas in an 
electric field increases more slowly than proportionally to the 
field strength. It is obvious that the greater the inelasticity of 
impact (i.6., the greater the fractional loss of energy at ^ an 
impact /) the less the value of Ke will depart from a true mobility, 

and the more slowly K, will vary with — . 
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The equation can be compared with experiiiumt by remember- 
ing that Xi = Doing this the mobility constant (the niobility 

reduced to 760-mm pressure and 0°C.) iv,.„ is given by 

2.54 X 


Ke. 


[-( 


1 -j- 1.355 X 10«MX 


-or 


It remains, therefore, only to put in the values of ilf, Xio, and 
to get Keo~ 

The results for Ha arc given in Fig. 72. The crosscss rcipixssent 
Townsend and Bailey’s''^' data, the points Loeb’s data, taken by a 



more direct but more fallible method. The mobility is 

X 

plotted as ordinates in cm/sec. against in volts/crn per mm 

Jr 

pressur^. The smooth curves 1 and 2 represent the theory for Xio 
= 4's/2Xo for Ha molecules, and Xio = 0.58 (4\/ 2)Xo for Ha mole- 
cules. The former curve fits Townsend and Bailey’s data better 
than does the latter. 

The results in Na are given in Fig. 73. The results of the dif- 
ferent workers are represented as before. In this case the one 
result of Townsend and Bailey in the region studied by Loeb 
agrees with his values fairly well. The smooth curve 1 is calcu- 
lated from theory, assuming that the mean free path for Na has 
the value 4’\/2Xo for molecules = 0.0405 cm at 1-mm pressure. 
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This does not fit the data. By choosing / = 0.05, instead of 
0.000038, the true value, curve 2, is obtained. This fits the data 
less well than curve 1. Finally, if / is taken as 0.000038 but Xio 
is taken as 4(4\/2Xo), or 0.1620 cm at 1-mm pressure, curve 3 is 
obtained. This conclusion that the mean free path in nitrogen 
is longer than the kinetic-theory value was drawn by Loeb from 
his original measurements. The existence of abnormally long 
mean fine paths of electrons in some gases has been shown by 
Rarasauer, Mayer, and Erode (see Sec. 25). They were not 
found in N 2 at the higher velocities worked at. It is possible that 

X 

at the low terminal velocities at — = 0.1, where Ut is less than 
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0.4 volt, the N 2 which is similar to argon also shows abnormal 

X 

mean free paths. The points at higher values of — and of Ut 

fall nearer the curve with the normal value of Xio. Another strik- 
ing confirmation of the theory was made by Wahlin®® in N 2 at low 
X 

values of — ^ that is, near 0.01, at the same time as Compton^s 

p 

paper was in press. The peculiar intercept of the theoretical 
curve with the axis of ordinates was experimentally observed in 
N 2 by Wahlin. The latter, however, treated his curve in a differ- 
ent manner theoretically. He finds that a Xio which varies with 
velocity is needed. He also employs a higher / to attempt to get 
agreement. This, in view of the theoretical considerations, is 
improbable. Curve 4 in Fig. 73 is the case for 1^2 when 
impacts are completely inelastic- It is seen that K is much 
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higher than the observed values, 
send and Bailey at high values of 


In Fig. 74 the values of Town- 
7 ■■ are given. Up to ^ ■ 

p ^ ^ p 

equal to about 5, the curves fit fairly wtdl. Bciyond this 
the observed values are distinctly higher than the th(H)ry 
demands. Compton concludes that this r(!pr<\s(‘nts an increase 
in/ due to inelastic impacts, for hero Ut is 26 volts in magnitude, 
which lies well above the ionization potential for Na. 

In Fig. 75 are given the results of Loch in lies. They ai-c mor (5 
in accord with the theoretical curve 2, for whi(;h Xto is 0.5, the 
kinetic-theory value, than with 1, for whieli Xki comes from the 
kinetic theory. The curve for ()•> (Fig. 76), repnjsentcd by 




crosses, comes from the data of Townsend and Bailey. This is 
the worst failure of the theory, for using / and Xio from the kinetic 
theory the computed curve is given by the full curve 1 . Measure- 
ments in this gas, however, are highly questionable, as the elec- 
trons, on the average, in 40,000 impacts attach to form ions. It 
is, however, quite possible that in this gas the electrons suffer 
less elastic impacts than in the other gases studied. A higher 
value of / would explain the result better than a higher Xm. It 
may be noted that the measurements in O 2 correspond to 
about 8 volts’ terminal velocity where inelastic impacts could bo 
expected to begin. 

The conclusion which can be drawn from the applications of 
the kinetic theory to the problem of electron mobilities is that 
the theory , in spite of the complexity of the problem, is more than 
qualitatively successful. It is probable that when the alters 
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method of measuring i?<, can be perfected by the 
use of a liigh-frcquoncy alternating potential of square wave form 

the critical results at a low value of — will make it possible to 

gcit good estimates of/ and Xio in the gases considered. 

112. Attachment of Electrons to Neutral Molecules in Gases 
to Form lons.—It was stated in Sec. 104 that the mobility of 
negative ions in gases was inversely proportional to the pressure 
down to very low pressures when ions that had been already 
forine<l were measured. Before the work of Wellischs-®® in 1915 
this was irot believed to be the case. It was observed by many 
worlv(5rs that the mobilities of photoelectrically generated ions, 
mciasured soon after liberation from a metal plate in the measur- 
ing field, bfigan to become abnormally great at 100-mm pressure 
in air. This was ascribed by numerous observers to a breaking 
up of the negative ion cluster by impacts with gas molecules. To 
Wtillisch Is due the credit for having investigated the mobilities 
of negative ions when formed behind a gauze, at low air pressures, 
after they had come through the meshes of the gauze . He found 
two classes of carriers, one which he showed were normal ions of a 
mobility constant close to the value accepted for normal negative 
ions, the other which he asserted were free electrons. The 
effect of the gauze and the weak auxiliary field back of it was to 
rlelay the photoelectrically liberated electrons, or electrons which 
wore caused by radium radiations, until they formed ions . This 
Wellisch did not know. In fact, as he did not compare his results 
with the results of workers who had used no gauze, he devised 
another explanation . Ho assumed that an electron, when liber- 
ated, must have the energy eo necessary to attach to a molecule to 
form an ion. If it has not this energy it will never attach and 
will remain permanently free. Thus one has either ions or per- 
manently free electrons. In 1920, Loeb* undertook the problem 
and repeated Wellisch’s experiments. He completely corroborated 
the observations of Wellisch. But he further observed that the 
relative number of ions and free electrons depended on 'the pressure 
and auxiliary field strength which allowed of only one interpre- 
tation. It showed that the free electrons were not permanently 
free . In fact, it showed that ion formation was contingent on con- 
dition that the electrons spend a sufficient time in the auxiliary 
field before being studied. If the pressure and field strength were 
such that the time was short, only electrons were obtained; if 
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the time was long, only ions wore obtained. By increasing the 
auxiliary field strength so that the (dcctrons had a very 
high energy, no increase in the number of ions formed was 
observed by Wahlin, ® who was then working with Loeb . Thus the 
Wellisch theory was found to be wrong. 

The experimental work and viewpoint on this i)roblem were 
very much aided by a theory of J. J. Thomson.'" Thomson 
attempted to explain the abnormal increase of mobility of photo- 
electrically liberated ions at low pressures in air as follows. The 
ultra-violet light used liberates electrons. fi''hese do not attach 
to molecules to form negative ions at their first impact. If it 
be assumed that the electron requires, on the average, ti impacts 
before it can attach to form an ion, where n may be a large 
number, then it is possible to explain the ijhenometion . This 
amounts to assuming that the attachment of an electron is a 
chance phenomenon, depending on where it strikes the molecule 
or under what energy conditions the impact takes place. For 
each chemically different gas this would be different, depending 
on its chemical nature. For simplicity, Thomson assumed n 
to be a constant, independent of velocity, characteristic of each 
gas. That this is probably incorrect in some measure will bo 
seen later. As a first approximation, it is, however, sufficient. 

This constant n has other interests. Many discharge-tube 
phenomena had indicated that in certain gases the electrons 
apparently did not remain free, or were not present. In others 
they appeared to be so. It was Franck®’' in 1910 who first 
found that in carefully purified He the negative carriers had 
a mobility of several hundred cm/sec., while the positive carriers 
had the mobility of the normal ions to be expected in He. He 
interpreted these results as meaning that the negative caVriers 
in He were free electrons. He found the same to be true in Ar 
and N 2 gases. In the latter gas he gave the value of 200 cm/sec. 
observed for the negative carriers, as the electron mobility in Na 
at atmospheric pressure. It was the observation by Loeb of 
mobilities of over 1000 cm/sec. in Na on repeating Franck’s work 
which led to the electron-mobility investigations discussed in 
Sec. 111. Franck concluded from his investigations that the 
gases had electron affinities which varied with the chemical 
nature of the gas. This term was also associated with the electri- 
cal charge taken in polar compounds by the atoms. Thus, 
atoms like H, Na, Mg, or A1 were called electropositive, while O 
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and Cl wcr(5 electronegative. That He and Ax, which are inert 
gabCi>, should leave the electrons free was not surprising. in 
many cases, however, is chemically electronegative, while the 
N 2 molecule seemed to shun electrons as much as He. The more 
electronegative gases like O 2 and CI 2 were, owing to their associa- 
tion with the electronegative atoms, considered to be admirable 
electron traps. This was borne out by their behavior in discharge 
tubes. It is, however, known today that the electropositive or 
electronegative character of an elementary atom is a property 
of the atom, duo to the fact that the stable outer configuration 
of elecitrons in the atom seems to build around the number 8 in 
certain portions of the periodic table.'® This striving towards 
completion of an octet, however, is definitely applicable to the 
atoniie state. It depends on the nature of the electronic con- 
figuration of the molecule* whether the addition of an electron 
to its configuration will increase its symmetry and therefore its 
stability or not. At the present time this is not predictable for 
molecules, and the association of electronegativity in the atomic 
sense with molecules is doubtful. 

That ehuitrons do make negative ions in some gases and not in 
others is, however, an observed fact which need have no relation 
to the atomic behavior above. The term "electron affinity” 
may them bo api)lied to describe the behavior of a molecule 
towards the electron. It is then necessary to find more than a 
qualitative measure of this property. Two roads to this are 
open. The one would be to find out what the ionizing potential 
of the extra electron of the negative ion is. This, of course, 
could bo determined by the frequency of the shortest wave length 
of the light emitted when an electron is attached to a molecule 
to form an ion. This multiplied by the Planck constant would 
give the energy necessary to remove the electron. Up to the 
present, investigations of this nature have yielded no result and 
one cannot measure electron affinity in this manner. The 
second procedure would be to get a quantitative measurement of 
the average number of the impacts required by an electron with 
a given type of molecule before it could attach. This quantity 

*llecent work in band spectra by Birge and Mullikan indicates close 
parallelism betwerai molecular spectra and certain atomic spectra. If 
this is correct the electron affinity of certain molecules can be predicted 
by a comparison with the atomic species showing similar spectroscopic 
behaviour. 
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is precisely the quantity defined by J. J. Thomson as n, his 
constant of attachment. It is thus necessary to devise a means 
of determining this. If the number of impacts which an electron 
makes in going a given distance in a gas under an eleetriciil field 
could be measured, and if the number of electrons, rix out of IVo, 
that transverse a distance x in the gas in the field without attach- 
ing could be measured, there would be a means of getting n, 
the constant of attachment. The number of electi-ons whi<!h go a 
distance a; in a field without attaching must be derived from th(5 
assumptions as to n as related to the kinetic-theory constants 
before the value of n can be computed from jwiy data. ''I'o 
deduce this expression, one may proceed as follows. Assume 
that it takes n impacts, on the average, for an electron to attacdi 
to a molecule, where w is a constant of the molecular type alone. 
If the average velocity of agitation of the electron is ca and its 

mean free path Xi, it makes impacts per second. If it is 

A-i 

in a field of X volts per cm it moves K^X cm per second in the 
field, where Ka is the electron mobility. It therefore takes 

K X ^ direction of the field, if it has 


its terminal speed (see Sec. 111). In this time it makes 

AiAffA 

impacts. Thus in going x cm in the (lircction of the field it 
has impacts. If attachment is purely a chanc(^ phenome- 

AlXX.eA. 

non, taking, on the avei'age, n impacts for an attaeimfient, tlio 
number dy out y electrons attaching between x and x + dx can 
be written as 


dy = 


c^dx 


where the quantity ^ is the quantity by which the dis- 
tance dx in the field must be multiplied in order to give the number 
of impacts in going dx cm. In this equation a is a constant to be 
evaluated from the equation obtained. Thus 

y \,K.X 

or 

«C2 

y = Ae 

If x= 0, y = No, the number of electrons starting and thus 
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y = Noe , 

tha,t is, y, the number of electrons going x cm in the gas without 
attaching, is found by multiplying the number No starting at 

^ ot&i ^ 

jy = 0 by <3 . To get x the average distance the electrons 


go without attaching, one can write 


I xdy 


il 

and 


dy = 

OLC 2 

Call 

Cz 


'0 ocyj 


dx. 


dx 


arj 


0 <xv 

But in going x cm the electron has x v impacts. Thus the aver- 
age number of impacts which the electron makes before attaching 
y 1 ml I* 1 


IS xri — - Therefore - is the average number of impacts 

OCT) a ct 

which the electron makes before it attaches. This is n, the 
average number of impacts required to attach. Thus the number 
of electrons out of No which go x cm without attaching in a gas is 
given by 

rt 

y = Noe ”* = Noe . 

It is often more convenient to use this in another form as Xi and 
di are not known. The equation for electron mobility says that 


Ko 


6 Xi 


0.815 - ^ 

m Co 


= 0.75 


C 2 ’ 

where Xi is the electronic path and C 2 is the average velocity of 
agitation of the electron in the field. Thus 

Xi mKe 


and one has 


C 2 0.76e 


0.756a; 


y = Noe 
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As is 4.06 X 10^*^ in electrostatic units, and if JC is to 

m 

be given in cm/sec. per volt/cm to correspond with X, this must 
be multiplied by 300 ; the equation reads 

_n3r) X 101% 
y == Noe . 

The equation holds wherever is known and n is constant. It 
must be pointed out that the value of JC is usually measured or 
computed for electrons where has reached a terminal value. 
In experimental attachment work where n is small this is not the 
case, and Kc must either be measured directly or else computed 
for velocities C 2 that are not terminal velocities. 

The first attempts made to measure n.were due to I^oeb,^^ and 
later to Loeb'^'*^ and Wahlin.^^ The effect of the attachment 
and its consequent change of mobility of the carrier on the shape 
of the current- voltage curves obtained with a square wave form 
alternating current has been rigomusly worked out by Mooney 
and Loeb. It is given, together with the attempt at experimental 
verification, in an article by Loeb.^'^ The paper shows that it is 
possible to get a fairly accurate quantitative agreement using 
the uncorrected electron mobilities taken in air. With the intro- 
duction of the corrections to the electron mobilities, agreement 
is no longer possible. It is probable that, while the electron 
mobilities as corrected are theoretically more correct, they are 
really not so correct as the uncorrected ones. The corrected 
mobilities are lowered in correction and the correction acts to 
increase the apparent value oiC^ entering into the mobility equa- 
tion Ke — 0.816 ~ Now in attachment not the Ko measured 

with electrons having a terminal velocity should be chosen, 
but a Ko should be used which corresponds to the earlier stages 
of the electron's career, that is, a higher value of should have 
been used. This might correspond to the uncorrected value for 
the mobilities used. The value of n deduced for air from these 
measurements was about 2 X 10^ As electrons do not attach 
to these must all attach to O 2 molecules, and n for ()2 should 
be about 4 X 10®. 

At an earlier date before the values for electron mobilities were 
known at higher pressures, Loeb, and Wahlin®^ had measured n 
for a large number of gases. Using doubtful values of K„ they 
arrived at the table of values for n given below. It is question- 
able whether the values are accurate in more than order of magni- 
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tude. They do differ, however, so widely in order of magnitude 
that even these crude early results give a good idea oi n. In 
any case, they are the only estimates to date of this constant in 
different gases. Further measurements are in progress in several 
laboratories, using the later knowledge, and it is to be hoped 
that soon a superior set of values wiU be available. 


Attachment Constant n 


Gas 

n 

Comment 

Na •. .. 

H 2 

CO 

CO 

CO 

1.6 X 108 


NHa 

9.9 X 107 


GaH4 

4.7 X 107 


Calla 

7.8 X 108 


OsHo 

2.5 X 108 


GOa 

1.5 X 107 

Freshly prepared 

GOa 

3.5 X 108 

4 hours old 

COa 

2.1 X 108 

22 hours old 

N 2 O 

6.1 X 108 


G 2 H 5 CI 

3.7 X 108 


Air 

4.3 X 104* 



8.7 X 10® 



Less than 2 . 1 X 10 ^ 



* The value of n for air was later redetermined using more accurate values 
for Kc. It is about 2 X 10'^. The value for O 2 was found to be one-fifth 
of this, in accord with the supposition that the electrons attached to the O 2 
in air. The value 2 X 10“ is in agreement in order of magnitude with recent 
more reliable values of Bailey. 

While these results are not of more than qualitative value, 
they are significant, inasmuch as they give a definite though 
rough order of magnitude of the electron affinity of some gas 
molecules. 

The difficulties in obtaining proper experimental values of n. 
lie in the evaluation of Ke, which must be determined at the same 
time that n is measured. A further complication is introduced 
if n depends on cz. This is assumed to be the case by Bailey. 
Bailey^® tries to overcome the difficulty in measuring by obtain- 

C 2 

ing measurements which determine the quantity = 

j9 as a function of He does this by measuring the ratios of 

2 ^ 
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the currents passing through holes in a series of plates separated 
by known distances. The ratios of these eurnuits (;an, by 
theory, be related to /5, since the relative velocities of diffusion 
of electrons to the plates is greater than that for ions and can 
theoretically be computed. The measured ratios then give 


X 


V 


a factor ^ which measures the number of attachments per unit • 

X 

per cm distance in the gas as a function of If ^ is known 

0.75 -A- one can 


X e* 

for a given — ^ then by using the relation == 

1 1 . 0.75(3 1 1 

get 0.75 - ™ S 2 = /5, and hence n = ^ r vY f- TOUi the 

value of Kg or, better, JCX — IT, the velocity of the electron for 
X 

the same value of ™ taken from the incasurenients of Town- 
V 

send and Tizard n can be evaluated. In this fashion Bailey 

1 X 

gets - for air for certain values of - as 

n V ” 


0.5 

.1,0 

2.0 

3.3 X 10-" 

2 X 10"“ 

0.7 X 10“"« 

3.3 X 10’’ 

4.. 5 X 10’ 

0 X 10'^ 

1 


The corresponding values of 


{OmCR, - (T^) for 


p 


are given 


below the values of - as taken from Townsend and Tizard’s results. 

Ti 

They show that n has the values of 3 X 10®, 5 X 10®, and 1.4 X 
10® in air at increasing values of of 3.3 X lO’’, 4.5 X 10^, 
and 6 X 10’' cm/sec. His results show that n increases as the 
velocity of thermal agitation increases. This moans that n 
'is not a constant of the chemical nature of the gas alone, but 
depends on the average energy of agitation of the electron. 
That n should increase as the energy increases is not surprising, 
for it is to be expected that, as the electron travels faster, a 
capture is more difficult to effect. This is in line with Wahlin’s 
results, who found that as the field increased the number of free 
electrons is not decreased as Wellisch’s theory leads one to 
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c^xpoct. The problem, however, requires a further study* by a 
more direct method for getting /3, for the complexity of Bailey’s 
method of finding /3 is such as to preclude accurate results. 
This problem is under investigation in the Physical Laboratory 
of the University of California. 

Thus in the domain of electron attachment to form ions one 
sees how again the kinetic-theory analysis aids in getting quanti- 
tative explanations of the processes at work. 

113. The Theory of Ionization by Impact by Electrons. — It was 
shown in the introduction to this chapter that if the photoelectric 
current in a given field at a pressure p be plotted against the field 
strength, the current at first reached a saturation value. At 
higher fields it increased exponentially. This increase was 
ascribed to the formation of new positive ions and electrons by 
the electrons initially generated. To Townsend,^* as was 
stated, belongs the credit for having worked out the theory of 
the increase. His experiments showed that, for an initial satura- 
tion current in at the surface of the plate x = 0, the current i at 
any distance x from the plate was given by i = where a is 

the number of ions generated per cm path by the electrons. 
This <x was then shown by Townsend to be a function of the 
intensity of the field strength, the pressure p, and the energy 

oi X 

required to produce an ion. This relation between - and — 

may be deduced as follows, according to Townsend. It can be 
assumed that the electron makes inelastic impacts with the 
molecules of the gas.f 

l"hus at each impact the electron starts its free path anew, 
gaining the energy from the field that it can gain on a free path. 
As the fields are high, it can be shown that the free paths of the 
electrons will be so curved in the field that their length will be 
mainly in the direction of the field. In order to ionize, it was 
assumed that the electron must strike the molecule with an 
energy Eq gained from the field, that is, the energy gained by 

^ Another aspect of this may be seen in a recent paper by Mohler.®® 

t This assumption was originally made when it was believed that the 
negative ions, not the electrons, generated new ions by irapact. It must now 
be abandoned, as will later be shown. In spite of the electronic nature of 
the carriers Townsend maintained that the velocity of the electron at impact 
with a molecule was reduced to the velocity of thermal agitation so that 
his theory remains unchanged. (See Townsend, '' Electricity in Gases,” 
p. 291, Oxford University Press, Oxford, 1915.) 
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an electron that ionizes a molecule must be gained in the free 
fall of the electron through a distance Xi in the direction of the 
field given by Eo = Xe\i where Xi is the moan free path, X the 
field strength, and e the electron. Thus the number of ions 
per cm path generated by an electron must depend on the 
number of times, in going 1 cm in the gas in the direction of the 
field, that its free path equals or exceeds a distance Xc given 

by Xc = Now out of no free paths the numlrer of free 

paths exceeding a distance x is given by the kinetic theory as 
— ® 

udB where Xi is the mean free path. Thus if in going 1 cm in 
the direction of the field the electron makes no impacts with 

molecules then a == n^e The number of impacts per cm 

1 

path no is simply — if, as assumed, the paths arc in the direc- 

Xi 

tion of the field. Thus 


a 



As Xi == Xo 


TQO 


where p is in inm, one could write 


a 

V 


1 

760 Xo^^ 


/l/O 

70()<r^\o 

p • 


Thus, 




For H 2 and one or two other gases 


Townsend measured ^ and, knowing X, he was able to compute 
jP 

j&o and test the theory. The agreement observed was quite 
satisfactory and the value of deduced for several gases lay 
in the neighborhood of a free fall of an electron through a poten- 

E 

tial of 26 volts, that is, — = To volts, where To was about 26 

or more volts. This measurement of the ionizing potential 
To was the first estimate directly made. 

The situation produced by the satisfactory agreement of the 
curves with the theory, however, leads to an interesting paradox, 
for, in the first place, the assumption on which this theory is 
based, to wit, that of inelastic electron impacts, is wrong. Also, 
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the exact measurements of the ionization potentials at low 
pressures by such workers as Franck and Hertz and the countless 
other investigators in recent years show the values of Va 
computed by Townsend to be in the neighborhood of 50 or 100 
per cent too high. It might be added in passing that the essential 
difference in Franck and Hertz’s^ and Townsend’s experiments 
lies in the fact that Townsend used far greater pressures. Thus 
his smooth curves are statistical over many free paths, while 
the low-pressure curves of Franck and Hertz show abrupt changes 
due to encounters over a single free path. In fact, as will be 
seen, the theory is far more complicated than it appeared to 
Townsend in the early days when his theory evolved. That the 

equation holds as well as it does merely shows that ~ is a func- 

yp 

tion represented sensibly by ^ in which the value of y was 
deduced from experiment by Townsend and interpreted in the 
light of his theory as giving values of Fo of the order of magnitude 
obtained, that is, Townsend had an exponential form of equation 
that fairly well suited the facts, and he suited his adjustable 
constant Fo to fit the equation by comparison with experiment. 

In 1916, Compton®^ introduced into the problem the new fact, 
discovered first by Franck and Hertz®^ in 1913 and later carefully 
investigated for He by himself, that the electrons lost only a 
very small fraction of their energy on impact with neutral mole- 
cules. The considerations of the quantum theory show that 
there is no loss of energy in impact between electron and molecule 
unless the electron has the resonance or ionization energy except 

the fractional loss / = ^ (where M is the mass of the mole- 
cule and m that of the electron), which is demanded by simple 
dynamics. If this is the case, then, as shown in Townsend’s 
treatment of electron mobihties, the electron gains energy over 
several free paths, that is, its temperatm-e goes up continually. 
Thus aU electrons would gain the ionizing energy eventually. 
To carry the idea further quantitatively, Compton had to 
introduce another notion which was correct in theory. This is 
that the electron, while it could gain energy over several free 
paths, did not necessarily ionize on its first impact, but required 
perhaps many before it could ipnize. As the probability of 
ionization by: an electron with the energy Wd or greater was not 
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then known, Compton arbitrarily assumed that the probability 
of ionization P% had the form 


where V was the volt equivalent of the energy of tlie electron 
and Fo its minimum ionizing potential. The theory which he 
deduced on the basis of these assumptions fitted the data for 
He with i-emarkable accuracy. In fact, it gave a better quanti- 
tative agreement than the theory of Townsend. Compton, 
however, did not have the true form for the fuiujtion Pi as the 
later results of Hughes and IHein^*-* and Compton and Van Voorhis^^** 
have shown. The curve of Pi against V does rise from 0 at 
Fo to higher values at values of F considerably above Fo, but 
it later falls to lower values as F increases. Also, Compton 
neglected another effect. This is that, while the <dectron may 
gain the ionizing energy over very maiiy free paths, it reaches 
an energy corresponding to the resonance energy long before it 
gets to Fo for ionization, that is, if an electro gets an energy 
corresponding to 4.9 volts in mercury, it will suffer an inelastic 
impact sooner or later which does not cause ionization, l)ut 
merely causes the mercury atom to emit light of wave lengtli 
2537A. To ionize the mercury atom, the electron must have 
an equivalent energy of at least 10.6 volts. Thtis if the electrons 
gain energy slowly, and if they make, on the average, 100 impacsts 
in the region between 4.9 and 10.6 volts required to ionize, an 
appreciable fraction of these electrons njtay lose their energy to 
inelastic impacts of resoxxancc. They will them have to start 
from rest again to ionize, that is, Compton failed to take account 
of the possibility of inelastic resonance impacts betweeix reso- 
nance and ionizing voltages in his theory. The probability of a 
resonance impact with the requisite energy is not vanishixxgly 
small as shown by Sponer,®^ so that this xxiust bo taken into 
account. With He gas this chance is less than for any other gas, 
as its resonance potential is about 19.5 volts while its ionization 
potential is 24.5 volts. If the probability of resonance impacts 
in such a region were high, say, 0.5, Compton's theory would be 

* Eecently, Lawrence,®^ has roado carefully controlled measurements of 
the probabilities of ionization and of ionization potentials with electrons 
of an accurately known speed. He finds that Pi is highest right at the 
ionizing potential, falling off rapidly after that value. This, when carried 
over to other gases, will have a material influence on the theory above* 
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unteixabic. The theory would then approach one of the original 
Townsend type. In this case, however, a would depend on 
the chance that an electron got the ionizing energy in a series 
of impacts so arranged that it had very few impacts in the 
resonance region. The first term of the series of exponential 
terms deduced on such a theory would be the one deduced 
originally by Townsend. 

It is obvious, however, from the small values of P,- and Pr, the 
ionization and resonance probabilities at the ionization poten- 
tial (even though these may be the maximum values), that at 
fuilds where ionization by collision sets in the factor which deter- 
mincs a is not so much the chance of getting the ionizing energy on 
one or more free paths but the chance of ionizing when it has that 
energy. The solution of the problem of the value for a, therefore, 
lies completely in the future and involves the introduction into 
the equation of the little known probabilities Pi and Pr, as well 
as the rate of gain of energy from the field. Why it is that the 
simple relation of Townsend so nearly fits the facts is stiU a 
mystery, although an exponential equation with an arbitrary 
constant in the exponent is quite a flexible equation and can be 
fitted within the experimental accuracy obtained in such measure- 
ments to a rather large group of curves. The deduction of the 
future correct equation is still as much in the domain of the 
kinetic theory as the original theory of Townsend. It is only 
more complicated and perhaps more intriguing because it involves 
so many more interesting kinetic-theory factors. 
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APPENDIX I 


DIAMETERS OF MOLECULES 

The term originates from the original picture of molecules as 
hax'd elastic spheres (see Bees. 13 and 14). If two such identical 
mokuailar spheres arc placed so that they are in contact, the 
dianuiter would be defined as the distance between their centers. 

contact between the spheres, on such a picture, is defined as 
th(5 cloH(^Ht approach of the centers on an average impact. The 
diamc^tcir in a solid would be defined as the distance between the 
cont(U'H at (equilibrium for molecules arranged in a solid space 
lattice. Tliis picture, which was adequate until the discovery of 
th(i elcKjtron, still ck^tormincs our mode of description in the kinetic 
thcjory because of its simplicity. 

Actually, molecules arc known today to consist of nuclei of 
positive (dectricity surrounded by planetary electrons with orbital 
motions. It is obvious that such configurations of electrical 
charges catinot be considered hard clastic spheres in the old sense 
of the term. What really affect the motions of the molecules 
and af)OXJas are the electrical fields of force between the electrons 
and nucku of the atomic configurations. In general, such force 
fields, with the possible exception of those about the heavier 
inert gas atoms, are probably force fields with equipotential 
surfaces which are far from spherical, although perhaps sym- 
metrical about their axes. The force fields are, in general, 
composed of two sets of forces, forces of attraction of small 
magnitude varying slowly with the distance (the cohesive forces, 
or those responsible for Van der Waals’ a), and repulsive forces 
of considerable magnitude which fall off very much more rapicily 
with the distance (the elastic repulsive forces of the old kinetic- 
theory molecules). How such opposing forces can occur simul- 
taneously in the atoms is briefly discussed in Sec, 52. The rate 
at which the force varies with the distance from the atomic 
centers has been estimated from the crystal structure of sodium 
chloride by Born to be proportional to the inverse ninth power 
of the distance. The recent work of Lennard Jones, based on the 
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study of gases, gives the repulsive forces as lying between an 
inverse ninth power and an inverse fifteenth power, while the 
attractive forces lie between forces varying inversely as the 
fourth power and inversely as the sixth power. 

With atoms and molecules of such a nature, the meaning of 
the term “diameter” must be modified or at least one must under- 
stand the application of the term to such a picture. Measure- 
ments of molecular diameters arc made in all ca.ses on a very large 
number of itidividxials. In all cases for gases they are made for 
individuals oriented in all possible directions. Finally, in the case 
of gases, the conditions of impact duo to v(docity distribution will 
influence the distance of approach; and one must dcial with an 
average value. It is jmsible, therefore, to couch the experimental 
conclusions in terms of the very simple picture of elastic spheres of 
a given diameter, the diameter in such a case being the statistical average 
distance of approach of the molecules for the average velocity. An 
analysis expressed in terms of such a picture is entirely justified, 
as it influences the results but little, while it simplifies calculation 
and interpretation greatly. When such pictunis are used, 
however, one must remember that they are conveniences and 
that the actual molecules may be entirely different in appearance. 
Even in the case of crystal analysis, the investigators find it con- 
venient to express atomic diameters in terms of tlu! elastic sphere.* 
On the other hand, it must bo clear that the values of the 
average diameters which are obtained for atoms and molecules 
from different types of investigation will not necessarily agree 
accurately in value, though the measurements may, in general, 
agree in order of magnitude. That this must be so can bo clearly 
seen, for in a crystal two atoms are bound together by forces of 
electrical attraction. The average distance at which these 
atoms are held in equilibrium is determined by the repulsive 
forces as well.. On the other hand, in the gaseous state, where 
the attractive forces may be quite different owing to the absence 
of closely surrounding atoms and where the velocities of agitation 
may be very different, the average distance of approach on an 
impact will not be the same as the average distance between 
centers in the crystal. It is also clear that the more violent the 
impact because of higher temperatures, the smaller will be the 
apparent diameter. A particular case where the results would 
be expected to vary from other results obtained is in the case of 
* Bragg, W. L., Phil. Mag., 40, 169, 1920. 
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t.h() measurement of the diameter of a molecule by the impact 
with electrons. The average distance of approach for an impact 
will be determined by the ease with which the electron is deflected 
from its straight-line path. It will depend on the action of the 
atomic field of force, on the motion of the electron. This depends 
on the time integral of the force and will obviously be less, the 
faster the electron is moving. Again, with such a minute body 
as the electron, the distance of approach before deflection will 
depend upon the portion of the atom struck. Finally, it seems 
probable that for electrons of a certain speed, there will be a 
possible interaction on the electron when its velocity in passing the 
atom is of the order of magnitude of the orbital velocities of elec- 
trons in the atom itself. Such effects have actually been observed. 
Finally, it has also been observed that electrons, moving with an 
e.vtromcly slow velocity in the case of certain atoms, can pass 
right through them without change of energy or direction (see 
Sec. 25). It is thus obvious that the molecular diameter, as 
measured by the electron, may vary through enormous ranges; 
and, in comparing results of measurements on atomic or molecular 
diameters, one must always hear in mind that they may represent 
really very different things. The conclusion is that the term 
“atomic or molecular diameter” has a meaning in more than 
order of magnitude, only when spoken of in terms of its method of 
measurement. The discussion which has preceded forms, there- 
fore, a fitting introduction to a comparative table of molecular 
diameters which is given below, together with the method of 
measurement yielding the results. 

The methods by which molecular dimensions have been obtained 
may be seen summarized below, as given by K. F. Herzfeld:* 


I. Moasurements based on the equation of state. 

1. Calculation from critical data. 

2. From volumes below the critical. 

3. Calculation from gas isotherms. 

4. Crystal structure. 

a. Spherical packing. 

b. Permutito. 

c. True dimensions. 

II. Methods involving a dynamical study. 

1. In gases. 

a. Deflection of electrons. 

b. Direct measurement of free paths of atoms. 
e. Coefficient of viscosity. 


•HersiMd, K. F., 



19,259,1922. 
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2. In liquids. 

a. From Stokes' law. 
h. Viscosity in liqtikls. 

(1) Theory of viscosity. 

(2) Increase of viscjosity in solutions. 

c. Diffusion of neutral particles. 

d. Ionic mobilities. 

III. Energy methods. 

1. Heat of hydnition. 

2. Ionizing potential. 

3. Heat of va,porization 

4. Melting point. 

IV. Method of thin films. 

1. Determination of the numl)er of molecules per imit ar<^a, in a, mono- 
molecular layer. 

2. Optical determination of thickness of films. 

3. Electrical dotennination of thickness of fihns. 

V. Optical mctliods. 

1. Determination of true ionic size with X-rays. 

2. Molecular refraction. 

VI. Determination of the size of electronic, orbits in atoms. 

1. Diamagnetic properties. 

2. Calcuhition from atomic models. 

VII. Methods for detenu iiuttiori of moments of inertia and electrical 
moments. (Buch measurenuaits give tlie distanc(^ b<d/W<HU\ tlie nucha 
in molecules and the dista-nce betw(H>a thc^ apparent s(q)aration of 
positive and negative electricity c.onsidcnul as point cluirg(^s necessary 
to produce the effects. They arc not netawarily true meastires of 
molecular diameter in the sense of the kinetic theory.) 

In recent papers, J. E. Lennard Jones *** gives the following 
values of the attractive and repulsive forces in the following gases 
as most successfully fitting the data. In all cases, the attrmtwe 
force seeming to be the most suitable is an inverse fifth Rower law. 
For the repulsive forces in the following gases, the law varies 
inversely with the power of the distance indicated under the letter 
n for the respective gas: 


Gas 


n 


He 

9, 

11, 

14 

No 


n 


Ar 


9 


Kr 


10 


Xo 


11 


Ha 


n 


Na 

9, 

11, 

14 


* Lennard Jones, J. E., Proc. Roy. Boc., A-106, 441, 463, 709, 1924; and 
A-112, 214, 230, 1926, 
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APPENDIX II 


Fundamental Phybical Conhtanth* 

Units: C.G.S., ‘’C. A„ Litnr, AbMohitn 



Quantity 

Value 

UiUHTtuinty 

c 

Velocity of light 

2,iH)K(} X 10“' cm. neerK 

0.0003 

G 

G ra vi ta ti on coiih tan t 

fi.Ofi X lb cm.^' gram i see. '® 

0.01 

e 

Electronic charge. 

4.774 X 10'“»>c.s. 

0.005 

e 

Electronic charge 

« 1.7)02 X 10 ««em. 


e 

Wo 

Electronic ratio 

5,305 X gram" I 

0.010 

e 

Iflicctronic ratio 

«1.7(H) X lO^emg.”! 


T 

Eiiraday 

0.0500 X BP coulombs 

0.0010 

F 

Faraday 

/'2.<S0305 X lOi^es. 

0.002 

Vt) 

Volume 1 mole at 0°C 

m.4U5 X 10» cm.» mole‘*i 

h 

Planck’s constant 

0.554 X 10 erg sec. 

0.001 

To 

Ice point, absolute 

273, 1°C. 

0.15 to --0.05 

0 

Atomic weight of oxygen 

10.000 (by definition) 

(definition) 

R 

Gas constant 

8.315 X BP erg deg.**! mod ^ 


R 

Gas constant 

0.08200 liter atm. d(^g."i mole ^ 


R 

Gas constant 

l.OHOO cal.*'* deg.“* mole * 


Nn 

Avogadro’s numluw 

0.001 X BPSmolcn 


No 

Loschniidt’s nunibc^r, 

2.705 X B)*» cm.”** (at 0*’G. An) 


ko 

Molecular gas c()nHtant 

l..'i72 X 10-H (WK dcK. ‘ 


Mo 

eo 

Translational energy of moh‘- 

culca, ()“C 

Uatio of E) to Til 

5.020 X B)*’‘i4erg 

2.058 X B) "*« erg deg. » 


mt 

mo 

Mass of hydrogen atom. ..... 

1.003 X B)" *** gram 


Electronic mass 

8.900 X 10"-2» gram 


ri 

h 

e 

Radius Ist Boh ring of 
hydrogen 

Photo-electric constant 

0.5306 X 10 ■« «m. 

1.373 X 10 CTn (K>(i. PB."' 

i 

h 

e 

Photo-cl(K',tric constant 

4. 117 X 10">» volt BM. 


he 

6 

Photo-electric constant 

4.117 X 10-' crK om, fis.-i 


he 

Photo-electric constant 

1.2344 X 10< volt A. 



Specific heat constant 

4.778 X I0-i‘Bon. doR. 


<r 

Stefan’s constant 

5.709 X 10"® erg cm. sec.*"i deg."* 


Ci 

Radiation constant, first. .... 

3,703 X 10”®ergom9»eo.’"i 


C-i 

Radiation constant, second . , 

1.433 om. deg. 


w 

Wien's displacement constant 

0.2885 cm. deg. 


Oi 

Intensity coefficient 

1.301 X 10“* erg cm,”® see.** deg.”® 


K « 

Rydberg frequency 

3.2775 X BP® SCO.”* 


No. 

Rydberg wave number. ..... 

1.0030 X 10® cm.-i 


/In 

Normal atmosphere 

1.013260 X 10® dyne cm.”** 


A. 

Wave-length of red Cd lino is 

6438.4690 A. 


Os 

Standard gravity 

980.665 cm. sec.”® 


Grating space in calcito 

3.028 A. 


H 

Atomic weight of hydrogen. J 

1.0077 


Liter. 

1000.027 om.» 


Gram calorie (20®C.) 

4.181 joule 


Gram calorie (16°C.) 

4.185 joule 


Gram calorie (mean) 

4. 186 joule 



^ These values of the fundamental constants have been taken from the. International 
Critical Tables and will represent, therefore, the latest values. They are enclosed for the 
purposes of calculation for the convenience of tho readers. 

“ This value is derived from the preceding one, which is the value actually accepted, 
Derived from volume at 0®O., Au " 2 liters/gram-moleeule on assumption logio 

~ m 0.000 0214; liter - 1000.027 cm.« 
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For convenience in simple calculations, the following table of 
inolecuilar velociti<\s, free paths, and diameters is included. The 
value's are not iKU'.essarily accurate and in view of Appendix I, 
which is much ixioix^ recent, must be used with caution: 

MoiJ'jeui.AU VwrjOCXTiMB, Mean Fixes Paths, and Diameters* 


Gas 

V(do(uty at 
O^ii 

Moan free 
path, L 

Molecular diameter 

V 

b 

cm. /sec. 

cm. 

cm. 

cm. 

Hy<lrog(m, Ila. . ■ 

18.39 X 10^ 

18.3 X 10~« 

2.47 X 10“8 

2.32 X 10-8 

llclivim, IXc ..... 

13.11 X 10^ 

28.5 X 

.^2.18 X 10-“ 

2.30 X 10-8 

Nitrogtuv, Na. , . . 

4,93 X 10*^ 

9.44 

3.50 X 10-s 

3.53 X 10-8 

OxyKcc, <>a 

4.<U X 10* 

9.95 X 10”« 

3.39 X lO-s 


Noon, Nc 

5.01 X 10^ 

19.3 X 10-« 



A.r#i;<>n, A 

4.13 X 10^ 

10.0 X 10-' 

3.36 X 10-s 

2.86 X 10-8 

Krypton, Kr. , . . 

2.80 X 10* 

9.49 X lO-o 


3.14 X 10-“ 


2.28 X 10"^ 

5.61 X 


3.42 X 10-8 

Ghlorhu^, G1 

3.07 X 10^ 

4.57 X 10-« 

4.96 X 10-“ 


Motham's, (UK. . 

6.48 X lO-' 

7,79 X 10-® 



K thy lone, . 

4.88 X 10* 

6.47 X 10-“ 

4.55 X 10-“ 

4.68 X 10-8 

G a r h o n mon- 





oxide, CK> 

4.03 X 10* 

9.27 X 10-“ 

3.50 X 10-“ 


Oarhoii dioxiilo, 





0.0^ 

3.92 X 10* 

6.29 X 10-“ 

4.18 X 10-“ 

3.40 X 10-“ 

Ammonia, NIT®. . 

0.28 X 10* 

6.96 X 10-“ 



Nitrous oxide, 





NgO 

3.92 X 10* 

6.10 X 10-“ 

4.27 X 10-“ 


Nitric oxide, NO. 

4.70 X 10* 

9.06 X 10-“ 

8.40 X 10-“ 


Hulpli. liydrogcsn, 





IIjiB 

4.44 X 10* 

■ 5.90 X 10-“ 



Bulph. <lioxidc, 





BC^a, ......... 

8.22 X 10* 

4.67 X 10-“ 



Hydro chloric 





acid, HOI 

4.30 X 10* 

6.86 X 10-“ 



Water, H^O 

7.08 X 10* 

7.22 X 10-“ 

4.09 X 10-“ 



Ore©ja. <& OOm eohUoix* lyiif 
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For the purpose of facilitating cominitatioixs iiivolving lac^an 
free paths and problems such as ioni:j5ation. by (collision, the 
following table of exponential fumd/ions is : 

lOx FN ) N h) N'T I A l4 Pu Ntn'io NS 


X 

1 

c-* 

X 



0.0 

1.0000 

1.000000 

5.0 

148.4 1 

0.006738 

0.1 

1 . 1052 

' 0.904837 

5. 1 

164. 02 

0.<H)6097 

0.2 

1 .2214 

0,818731 

5.2 

181.27 

0.005517 

0.3 

1 .341)9 

0,740818 

5.3 

200.34 

0.004992 

0.4 

1 .4918 

0.670320 

5.4 

221.4 1 

0.001517 

0.5 

1 . 6487 

0.606531 

5,5 

244 ,69 

0.004087 

O.f) 

1 .8221 

0.548812 

5.6 

270.43 

0.003698 

0.7 

2.0138 

().40(F585 

5.7 

298.87 

0.003346 

0.8 

2 . 2255 

0.449329 

5,8 

330.30 

0.003028 

0.9 

2.4596 

0.406570 

5.9 

365.04 

0 . 002739 

1.0 

2,7183 

0 . 367879 

6,0 

403 . 43 

0,002479 

1.1 

3.0042 

0 , 332871 

6. 1 

445.86 

0.002243 

1.2 

3,3201 

0.301 194 

6.2 

492.75 

0. 002029 

1.3 

3,6693 

0 . 272532 

6.3 

514. 57 

0 . 00 1 H36 

1.4 

4 . 0552 

0.24(5597 

6.4 

601.85 

0.001662 

1.5 

4.4-817 

0.223130 

6,5 

665. 14 

0,001503 

1.0 

4 . 9530 

0.201897 

6,6 

735. 10 

0.001360 

1.7 

5 . 4739 

0.182 684 * 

6.7 

812.41 

0.001231 

1.8 

6,0496 

0 . 1 <55299 

6.8 

897.85 

O.OOJ 1 M 

1.9 

6? 6859 

0 . 1495(m 

6.9 

992.27 

0.001008 

2.0 

7.3891 

0.135335 

7.0 

1096.6 

0,000912 

2.1 

8. 1662 

0,122456 

7. L 

1212.0 

0 . 000H25 

2,2 

9”. 0250 

0.1 10803 

7.2 

1 330 . 4 

0 , 000747 

2.3 

9.9742 

0. 100259 

7.3 

M80.3 

0.000676 

2.4 

11.023 

0.090718 

7.4 

1636,0 

0.000611 

2.5 

12.182 

0 . 082085 

7.5 

180H.0 

0 . 000553 

2.0 

13.464 

0.074274 

7.6 

190H.2 

0 . (KK)5(K) 

2.7 

14 . 880 

0 . 067206 

7.7 

2208.3 

0 . 000453 

2.8 

16.445 

0.060810 

7.8 

2440 , 6 

0.000410 

2.9 

18.174 

0.055023 

7.9 

2697.3 

1 0.000371 

3.0 

20.086 

0.049787 

8.0 

2981 .0 

0.000335 

3.1 

22.198 

0.045049 

8. 1 

3294 . 5 

0.000304 

3.2 

24 . 533 

0 . 040762 

8.2 

364 1 . O 

0 . 000275 

3.3 

27.113 

0 . 036883 

8,3 

4023 . 0 

i 0 . 000249 

3,4 

29.964 

0.033373 

8.4 

4447, 1 

i 0.000225 

3.5 

33.115 

0.030197 

8.5 

4914.8 

0 . 000203 

3.6 

36 . 598 

0 . 027324 

8.6 

5431 .7 

0.000184 

3.7 

40.447 

0.024724 

8.7 

6002 . 9 

0.000167 

3.8 

44,701 

0.022371 

8,8 

6634 . 2 

0.000151 

3.9 

49.402 

0.020242 

8.9 

7332 . 0 

0 . 000 1 36 

4.0 

54.598 

0.018316 

9.0 

8103. 1 

0.000123 

4. 1 

00 . 340 

0.016573 

9. 1 

8955.3 

0.000112 

4.2 

66 . 686 

0.014996 

9.2 

9897. 1 

0 . 000 1 01 

4.3 

73 . 700 

0.013569 

9.3 

10938 

0.000091 

4.4 

81.451 

0.012277 

9.4 

12088 

0 . 000083 

4.5 

90.017 

0.011109 

9.5 

13360 

0 . 000075 

4.6 

99 . 484 

0.010052 

9.6 

14765 

0 . 000068 

4.7 

109.95 

0,009096 

9.7 

16318 

0 . 000061 

4.8 

121.51 

0.008230 

9.8 

18034 

0 . 000055 

4.9 

134,29 

0.007447 

9.9 

19930 

0 . 000050 

5.0 

148,41 

0,006738 

10.0 

22026 

0.000045 
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APPENDIX V 


For the purpose of facilitating computations, a table of values 
of the energy distribution function e"*", its integral, and the 
function ^(z) have been included: 


of VAIiXTES FOE 6“*® AND rp(x) 




2 z *® 


X 

- rr 1 e'^^^dx 

V-ttJo 

ip{x) 

0.1 

0.99905 

0.11246 

0.20066 

0.2 

0.96080 

0.22270 

0.40531 

0.3 

0.91393 

0.32863 

0.61784 

0.4 

0.85214 

0.42839 

0.84200 

0.5 

0.77880 

0.52050 

1.08132 

0.0 

0.69768 

0.60386 

1.33907 

0.7 

0.61263 

0.67780 

1.61819 

0.8 

0.52729 

0.74210 

1.92132 

0.9 

0.44486 

0.79691 

2.25072 

1.0 

0.36788 

0.84270 

2.60835 

1.1 

0.29820 

• 0.88021 

2.99582 

1.2 

0.23693 

0.91031 

3.41448 

1.3 

0.18452 

0.93401 

3.86538 

1.4 

0.14086 

0.95229 

4.34939 

1.6 

0.10540 

0.96611 

4.86713 

1.6 

0.07730 

0.97636 

5.41911 

1.7 

0.05558 

0.98379 

6.00570 

1.8 

0.03916 

0.98909 

6.62715 

1.9 

0.02705 

0.99279 

7.28366 

2.0 

0.01832 

0.99532 

7.97536 

2.1 

0.01215 

0.99702 

8.70234 

2.2 

0.00791 

0.99814 

9.46467 

2.3 

0.00504 

0.99886 

10.26236 

2.4 

0.00315 

0.99931 

11.09547 

2.6 

0.00197 

0.99959 

11.96402 

2.6 

0,00116 

0.99976 

12.86798 

2.7 

0.00068 

0.99987 

13.80734 

2.8 

0.00039 

0.99992 

14.78225 

2.9 

0.00022 

0.99996 

15.79255 

3.0 

0.00012 

0.99998 

16,83830 
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APPI^NDIX VI 

Values of definite integrals of the form j u'‘c ''"‘"'‘du, from 0 to 
> for various values of n: 






^--hmu u^du 


2hhn:^ 


(>: u'^du 




e " u^du 


1»5 / TV 

l6\ h^ni^ 
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frotifx the Joulo-Thomson effect, 
160 

Abnori^tion of gases, 242 
Accsoininodation coefficient, and 
problem of atomic reflection by 
surfaces, 311 
defined, 274 

theoretical evaluation of by Baule, 
316 

values of, for different gases and 
surfaces, 275 

Accuracy of agreement between 
theory and experiment dis- 
cussed, 3, 121 

Adsorbed gases, effect of, on reflec- 
tion of molecules, 316, 324 
Adsorption of gases, 242 

of molooulos by surfaces, 308 
Aflinity, electron, defined, 442 
of gases, 607 
theory of, 510 
values of, 513 

Alcohol, ethyl, dipole moments for, 
409 

Ammonia, dipole moment for, 404 
Apsidal distances and molecular 
collisions with ions, 461 
Atmospheres, electron, 105, 378 
law of, and Brownian movements, 
341 

deduction, 343 
in colloidal snspensions, test 
of, 346 

molecular, qualitative picture of, 
342 

Atomic diameters, Appendix I 

frequencies, and absolute melting 
pdints, 386 


Atomic frequencies, and elastic 
constants, 385 

in solids from Quantum theory 
and specific heats, 379 
observed and calculated from 
quantum theory, 386 
optical, from Reststrahlen, 385 
heats, and absolute temperature, 
361 

and Avogadro's rule, 361 
and Du Long and Petit's law, 

376 

classical derivation of, 380 
defined, 360 

derivation of, assuming quan- 
tum conditions, 383 
of monatomic gases, 368 
of solids, 376 

on quantum theory, value of, 384 
per degree of freedom on theory 
of equipartition, 367 
table of, 360 

variation of with temperature, 

377 

with temperature, interpreted 
by kinetic theory, 376 
number, and atomic diameters 
from viscosity, 199 
pairing, and condensation, 333 
radius, average computed from 
diamagnetic properties, 415 
Atoms, combined, work function of, 
on surfaces, 330 

condensation of, on surfaces of 
own species, 311 

isolated on surfaces, and effect 
of on condensation, 333 
metallic, jets of evaporating, 308 
on solid surfaces, forces between, 
310 

periods of oscilLS'tion on surfaces, 
329. 
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Atoms, probability of evaporation 
from surfaces, 332 
reflection of, according to Cosine 
law, 308 

transparency of, to slow electrons, 
63 , 378, 505 

Attachment of electrons to mole- 
cules, 607 

Average displacement and the 
square root of the av(>ra.g(5 
square displacemc^nt in Brown- 
ian movements, 350 
velocity, 26, 79 

Averages, velocity, rcilation botwcH^n 
the difTerent, 80 

Averaging, effect of difTc'irent 
methods on kinetic theory con- 
stants, 94, 133, 187, 207, 271, 
278, 350 

Avogadro number, evaluation of, 
338 

from Brownian movements 
compared with other values, 
353 

from rotational Brownian move- 
ments and diffusion rat(^ of 
Brownian movements, 354 
value of, Appendix II 
value of, from Brownian move- 
ments, 353 

value of, from law of atmos- 
pheres, 348 

Avogadro's rule, 21 
and atomic heats, 361 
experimental verification of, 23 
history of, 21 

B 

Boltzmann's constant, 86, 98, 188, 
367 

Boyle’s law, 10, 37, 122 
deviations from, 122 

Brownian displacement, equation for 
351 

pattern, picture of, 351 
time variation of, experimentally 
tested, 352 

Brownian motion, random nature 
of, 361 


Brownian mov<anents, 7, 338 
and law of atinosplun'es, 341 
and rjos(‘hmidt nutuixu', 339 
description of, 339 
Einstein tluiory of rotational, 
354 

eternal, 340 

infiuem^e of soivcait on validity 
of tluxny of, 341 
law of lOiriHhun and v<aifi(tation 

of, 348 

laws verifi(‘d by oil-drop nu^as- 
unamnits, 364 

variation witfh t(nnp<n'alure, 
expt^rinumtal t(‘Ht of, ^ 352 
viscosity and radius, <^xp(^ri- 
nnaital test of, 35,3 
particles, difTusiotiL rate of, 354 

C 

(Catalysis and adsorption, 242 
(lhane(‘. of vedexjity havitig cx^rtain 
valiKs 77 

ClauBiuH, prc^SBure-voluitH^ reflation, 

37, 122 

Clausius-Mosotti law, dcxliKXxl, 395 
theory of <li(4(H‘.trt(^H, 390 
(Jluster ion, tlxsory of, 452 
Coefficient of acconunodatioit, d(^- 
fimxl, 274 

of diiTusion, correction fac^tor 
valiK^ of, 238 
defined, 218 
for ions, 439, 449 
of external friction, 245 
of heat conduction, m dexived by 
Meyer, 209 
definition of, 201 
values of, 203 

of recombinatioit, ionic, 440, 478 
of slip, 245 
for oil drops, 313 
in relation to atomic reflection, 
313 

of viscosity, defined, 179 
values of, 180 

Coefficients of accommodation and 
slip, evaluation of by Baulo, 316 
test of Baule's theory, 318 
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ClolliHion freqiu^ncy for molecules of 
jjciven Bpoed, 90 
value of, 03 

dolliHion frt^qtioncy, of molecules, 30, 
33, 34, 30, 00 

(lolliaiou ionissation by, 443 

Hurfac‘,e and (JolliHion volume for 
mol<HuxloH, 33, .130 
theory of iouization by, for elec- 
tro uh, 616 

< /olliaioiiH, fiv<^rapfe number by elec- 
troiiH ill g(4tiup; fraction <f> of 
terminal em^rio^y in field, 502 
bctwcHui ion and molecule, defi- 
nition of, 458 

molecnilar, definition of, 192, Ap- 
pendix I 

C^JoinproHsion, irreversible, kinetic 
interpretation of, 20 
r(^verail)l(%, kinetic intorpretation 
of, 18 

<k)TidenHation and roevaporation, of 
atorriH from surfaces dependent 
on stream density, 310 
theory of Frenkel, 325 
thcHiry of Langmuir, 326 
Clondimsation, effect of isolated 
atoms on Burfaces on, 333 
Frcaikcd theory of, experimental 
tests, 334 

kinetic theory of, for liquids, 319 
mechanism of, on glass surfaces, 
326 

of atoms dependent on stream 
density, experimental evi- 
dence for, 310 

of molecules on solid surfaces, 242 
quantitative theory of Frenkel, 327 
thickness of critical layer for, 333 
Conduction, heat, nature of, in 
solids, liquids, and gases, 202 
of electricity in gases, application 
of kinetic theory to, 439 
Conductivity, electrical, in gases, 
cause of, 439 

Constant, attachment, for electrons, 
441, 610 

Boltzmann's, 86, 98, 188, 367 


Constant, dielectric, in gases, 396, 
453 

Faraday, and Brownian move- 
ments of oil drops, 356 
and velocity of electrons from 
hot bodies, 108 
mobility, of ions, 439 
universal gas, 11 
value of, 13 

Constants of distribution' law, 76 
Cosine law of reflection of atoms from 
surfaces, 308 

Critical constants, and reduced equa- 
tion of state, 170 

Critical data, evaluation of Van der 
Waals' a and b from, 153 
numerical verification of Van 
der Waals' a and h from, 155 
phenomena in gases, early obser- 
vations of, 154 
pressure, defined, 152 
temperature, defined, 152 

for ferromagnetic state, values 
of, 425 

volume, defined, 152 
Crookes radiometer, 241, 280, 296, 
303, 307 

differentiated from Knudsen’s 
absolute manometer, 280 
Einstein equation for, 307 
experimental test of, 307 
Einstein theory of, 303 
Curie law, and zero-point energy, 432 
for paramagnetic temperature 
variation, 417, 419. 424 

D 

Dalton's law of partial pressures, 24 
Debye theory of dielectrics, experi- 
mental verification of, 404 
Degrees of freedom, and equiparti- 
tion of energy, 364 
defined, 364 
sleeping," defined, 376 
Density, critical, for adsorbed layer, 
333 

gaseous, variation of ion mobility 
with, 469 
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Diamagnetism, and temperatui'c, 
416 

defined, 411, 413 
explanation of, 413 
theoretical equation for, 414 
Diameters, apparent value of, for 
ion and molecule on impact, 458 
of colloidal particles, determina- 
tion of, 347 

of molecules, 30, 158, 189, 190, 
338, Appendices T and ITT 
in mean free path, 34, 40, 

Appendix III 

Diatomic gases, niolecailar heat of, 
368 

Dielectric constant, and ionic forces, 
452 

Debye theory of, 399 
defined, 305,' 453 

experimental variation of, with 
temperature, 404 
of molecules, 389 
temperature variation of, 399 
theory of variation with tem- 
perature of, 396 

Diffuse reflection of atoms from 
walls, 308 
Diflusion, 218 

and heat conduction, parallelism 
between, 221 

coefficient, and Tait's free path, 231 
correction factor €, 231 
defined, 220 

dependence of, on composition 
of gas mixture, 235, 236, 238 
measurement of, method of 
liOschmidt, 232 
of Stefan, 234 

observed values of in different 
substances, 222 
of ions, 441, 450 
units expressed in, 221 
variation of, with mol fraction 
and mass motion of gas. 221 
with temperature and pres- 
sure, 236 

viscosity coefficient, relation 
between, 224 
criticism of theory of, 230 


Diffusion, definition of, 218 

experimental observations on, 236 
inter, defitii^d, 219 

futidamental (equations for, 220 
measurement of, in gases, 231 
of gases, why slow wlum V(docdii(‘s 
are high, 27, 29 

of ions, d(a*ivat.ion of tli<H)rcqi(‘aI 
expression for, 449 
of ions v('rsus self-dilTusion of moh'- 
eules, 451 

self-, ehaxH^ntary tluiory of, 223 
taking into a<u;ount distrihxition 
of velocities and fr<H*, paths, 
224 

thc‘,ory of ititc^rdiffusion, 226 
self-, 222 

Dipole mojxionts, eahsilated from 
Debye theory, 404 
from quanitim thcH)ry, 405 
Dipole tnomt^nts, for tnolecailes, 
table's of, 408 

valuers of, (sompareHl with molecsu- 
lar diixKsnsionH, 405 
l>ipolos, electrical, oxistencte of, in 
molecailes, 393 

orientation of, in elcKstriesal field, 
401 

l>iBi)lacement of Brownian, particles, 
description of, 348 
with tiixxe and law of I^3instcin, 348 
Dangcsvixi desdutdion of, S49 
Distaiice for ehwtron to gain fraction 
<f> of terminal veloisity in field, 
503 

Distribution law, and derivation of 
specific heats on <iassical the- 
ory, 380 

evaluation of constants of, 76 
Distribution of electron-free paths, 

49 

of onergioa, and paramagnetic 
Busceptibilitios, 418 
eflect of, on concentrations of 
molecules about ions, 472 
on orientation of electrical 
dipoles, 401 

of energy among degrees of 
freedom, 363 
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Distribution of free paths, 41 

and velocities, applied to deri- 
vation of coefficient of heat 
conduction, 206 
plot of, 43 

of velocities, 66 , 76 , 78 , 80 , 86 , 
90, 94, 97 , 08, 99, 102 , 106 , 
110 , 136 , 182, 187, 205, 207, 
224, 226, 249, 252, 265, 269, 
287, 299, 319, 328, 380, 401, 
446, 472 

Boltssmann^s method, 67 
by rotating-plato method, 102 
conditions determining, 66 
from Doppler effect, 110 
from effusion of gases, 265 
from electrons from hot bodies, 
105 

MaxwelFs method, 71 
on escape from hot bodies, 99 
plot of law, 79 
reason for, 56 

unafToctod by evaporation, 101, 
321 

verification of MaxwclFs law, 

97 

Doppler effect, and molecular rota- 
tion, 365 

distribxition of velocities from, 110 
Du Long and Petit's law, 360 
absence of atomic rotations, 432 
correction to, for expansion of 
elements, 379 
deviations from, 361 
explanation of, 376 

E 

Edge effect in radiometric vanes, 307 
Effect of temperature on deviations 
from Van der Waals' equation, 
159 

Effusion, of gases, 263 
test of theory of, 265 
theory, proof of MaxwelFs dis- 
tribution law by, 265 
Elastic impacts, effect of, on ions 
when forces act, 471, 474 


Elastic impacts, of electrons, and 
ionization by collision, 517 
velocity exchanges in, 17, 61 , 444 
Elasticity of molecular impact, 15, 
369, 371 

Electric moments of molecules, 404, 
408, 454 

Electrical polarization, value of, on 
quantum theory, 405 
Electron affinity, defined, 442 
means of investigation of, 509 
of gases, 607 

Electron atmospheres of metals, 105, 
378 

attachment, constant, crude val- 
ues of, 513 
equation of, 512 
experiments of Bailey, 514 
measurements of, 512 
probability of, 511 
theory of J. J. Thomson, 508, 
510 

values of, by Bailey, 514 
Electronic vibrations, equipartition 
and quantum restrictions, 371 
Electrons, abnormal free paths of, 
63 , 378, 505 

free paths of, as deduced from 
mobilities, 505 

Electrons • and electronegative and 
electropositive properties of mo- 
lecular gases, 509 

average velocities of, from hot 
bodies, 98 

coming from incandescent bodies, 
measurement of velocities for, 
107 

constant for ionization by colli- 
sion, by theory of Townsend, 
516 

distance necessary to get fraction 
4> of terminal energy from 
field, 503 

distribution of velocities among, 
from hot source, 106 

elastic impact of, and ionization 
by collision, 517 

elasticity of impact derived from 
mobilities, 505 



542 


THE KINETIC THEORY OF GAEEE 


Electrons, energy of, in field, 496, 499 
energy loss of, in a gas, 496 
equation for terminal velocities of, 
in field, 500 

free, and specific heats, 378 
in gases, 507 
in inert gases, 508 
in metals, 105, 202, 378 
number of, from atomic heat 
data, 379 

numbers of, in metals, 378 
free paths of, 48 
and velo<‘ity, 63 
derived from mobilities, 505 
distribution of, 49 
in gases, 439 

ionization by collision of, 616 
loosely bound in metals, 379 
mobilities of, 496 
discussed, 442 
equation of, 503 
values of, theoretical and ob- 
served, 604 

non-radiating orbits of, 309, 413 
number of collisions of, in acquir- 
ing energy in field, 502 
orbits of, average radius of, 
from diamagnetic- propc^rties, 
415 

probability of ionization and 
resonance by, 518 
r61e of, in recombination of 
ions, 491 

temperature of, in a gas in electric 
field, 498 

terminal velocity of, 498 
time of recombination of, with 
ions, 494 

values of terminal velocities in 
field, 501 

velocity of, in electric field, 442 
Energetics, school of, 6 
Energies, potential and kinetic, 
ratio of, for ions in a gas, 465 
Energy, distribution of, and con- 
centration of molecules about 
ions, 472 

equation for transfer of, between 
surfaces at low pressures, 272 


Energy, eqiiipartition of, 23, 71, 80, 
363, 498 

and distribution law, 80 
deducixl for tiranslational 
onergii^s, 83 

cxchang(^ Ixd-ween absohii.ely 
roiigli siirfa<^(‘s for transla- 
tional eiu'xgy at low pn^ssuix^s, 
270 

solid and gas, nuudianism of, 
26(5 

loss, rate of, in <4asti<^ impai^ts 
with no for(!(‘H, 466 
of (decirons in a gas, 496 
per dcignx^ of fnMxlom, 367 
in vibration, 364 
potential, of ion aru! mohxnile at 
contact'/, 455 

rotational, transfetr of througli 
gas, 204, 270 

transfer of, at low pnmsuro, cxmi- 
parison betwenm iluxiry and 
experiment, 273 

Ixdwtxm difTtrently sliaped snr- 
fai^es at low pn^ssun^s, 274 
betweem surfacum for rotational 
and translational (mergies at 
low pn^HHurc'S, 271 
simple kinetic tluHiry of, for 
gast^H, 203 
through gas, 201 
hlntropy and theory, 71 

Ecpiation of state',, 11, 38, 120 , 122, 
125, 170 

analysis of, by calculus niethods, 

148 

definition of critical isotherm in, 
152 

development and accuracy, 121 
empirical, 171 
of Clausius, 171 

existence of imaginary roots of, 

149 

for ideal gas, 1 1 

graphical representation of, 14T 
in terms of critical constants, 170 
of Dieterici, 172 
of Kamerlingh-Onnes, 170 
of Reinganum, 173 
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Kqiuitioa of State, reduced, 170 
taking into account volumes of 
mole<iules, 37 

Van der Waals' deduction of, 122 
KquationB of Btate, other, 170 
J^lquilibrium, and irreversible phe- 
nomena, 178 

and steady state in a gas, dif- 
ferentiated, 182 

for condemsation and evaporation, 
kinetic theory of, 96, 319 
iix a gas, assumed conditions for, 
72 

hkiuipartition applied to rotation 
* and vibration, 366 
law, importance and origin of, 
80 

of energy, 23 , 71, 80 , 303, 498 
and Maxwelbs distribution law, 

80 

applied to special cases, 85 
criticisms of, 82, 85 
deducition of, for translational 
energy, 83 

extended to rotation and vibra- 
tion, 86, 364 
history of, 81 

I^^ther, ethyl, dipole moments for, 
406 

Evaporation, kinetic theory of, 319 
latent heat of, accurate equation 
for, 324 

deduced by kinetic theory, 319' 
rate of, and vapor pressure, 96 
Exclusion, overlapping of spheres 
of, 131 

sphere of, and volume h, 33, 130 
Expansion coefficient, ideal, abso- 
lute value of, 147 
of ideal gas, 143 
prossur<i, 144 

real, for different types of gases, 
146 

relations between, for real and 
ideal gases, 146 
volume, 144 

Expansion, early experiments on 
work involved in, 163 
work of, for non-ideal gas, 162 


F 

Faraday constant, and evaluation 
of Loschmidt number, 339 
and ratio of mobility and diffusion 
coefficients of ions, 451 
and verification of the law of 
Brownian movements, 357 
from electron velocity distribu- 
tion, 108 

Ferromagnetism, and inner field, 421 
definition of, 412, 422 
explanation of high inner jfields 
in, 430 

Weiss theory of, 422 

Field, high inner, in ferromagnetism, 
explained, 430 

inner, and ferromagnetism, 422 
constant of, 396 
magnetic values of, 422 

Flow in tubes for rarefied gases, 262 

Flow of gases through aperture 
and tube system at low pres- 
sure, calculation of, 264 
through tubes, deduced, 243 

Force, inverse fiifth power law of, 
deduced, 453 

law of, assumed between ion and 
molecule, 453 
between ions, 480 
between molecules, 123, 136, 

159, Appendix I 

Forces, attractive, effect on free path 
of ion, 456, 460 

in gases as influenced by tempera- 
ture, 160 

Forces between walls and molecules, 
311, 325, 327, 329, 335 
influence of, on Van der Waals’ 
equation, 124 

Forces, electrical, orientation of 
molecules by, 401 
intermolecular, effect of, on mole- 
cular motions, 191 
magnetic, orientation of molecules 
by, 418, 436 

of ions, effect of, on concentra- 
tion of molecules, 472 
radiometric in gases, 296 
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Forces, simultaneous, repulsive an<l 
attractive, explanation of, 101 
Free paths, concept of, 29 

distribution of, for olect/rons, 49 
for molecules, 46 

exceeding given length, probability 
of, 42 

importance of taking account of 
distribution of, 44 
of given length, probability of, 42 
of mole(ailc^s, law of distribution, 41 
of silver atoms in a gas, 40 

G 

Gas constant, numerical value of, 13 
constant, of single molecule, 85, 
98, 188, 367 

universal, determined from dis- 
tribution of electronic veloci- 
ties, 109 

Gas electron affinity of, 442 

expansion coeflicionts of, and Van 
dor Waals’ constants, 142 
internal pre^ssuro of, dcpendcnice 
on voltimc, 125 

irreversible compression of, 20 
law, ideal, 11, 120, 122 
laws, consideration of molcHiular 
volumes and forces, 120 
effect of repulsive forces on, 
treated by theorem of virial, 
138 

ideal, deviation of real gases 
from, 122 

treated by theorem of the 
virial, 135 

model of a perfect, 14 
pressure, derived by Joule, 17 
volume of, flowing out of tube at 
extremely low pressures, 266 
at high pressures, 246, 246 
work of compressing, 18 
Gaseous conductivity, cause of, 439 
Gaseous ion mobilities, analysis of, 
assuming forceless elastic 
ions, 443 

analysis of, when attractive 
forces act, 466, 460, 471 
simple kinetic theory of, 44 


Gaseoxis ious, defined, 430 
nicombination of, 478 
Gaseous jiressurc, kiiudic* interpreta- 
tion of, 17, 37, 122 
Gases, attractive fortes in, treatcnl 
by tlieormx of th(*! virial, 136 
conductivity of, prodiiciul by X- 
rays, 439 

critical point of, metaning of, 150 
(^arly observations, 154 
effusion of, 263 

t<tst of tlicHxry of, 265 
flow of, through systmu, illustra- 
tion of calculation of, 2(i4 
through, tubes at all pr'Hsures, 
(unpii'ical exp(*!rimen tal 
e<iuation for, 25H 
final th<^oreti<5al (Kjuation for, 
262 

identifutation of empirical arul 
thcHiretical constants of, 
259 

plot of, 257 

measurement of, diffusion in, 231 
viscosity in, 193 
l\>isseuilUfH law of flow of, 243 
radiom<4.ri(i fortes in, 296 
rarefied, flow in tubets for, 262 
laws of, 240 

surfacte phenomena in, 240 
Gravitational forccis, appliitation of 
to molecules, 15 

II 

II function, the, 67 

application to distribution law, 

67 

II theorem, the, 67 

and the meaning of //, 70 
Heat . conduction, at low pressures, 

266 

between differently shaped sur- 
faces, 274 

correction factor for different 
surfaces, experimental values 

of, 276 

critique of Knudsen's theory of, 
by Smoluchowski, 27S 
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1 leat (iondaction, experimental in- 
viwtJiJcation of, 275 
KnudH<m'H theory of, 208 
SinoluehowHki’s theory of, 277 

IXeat-c;onduction coefficient, 201 
an analyssed by Jeans, 212 
tioni|)ariHon between theory and 
experiment, 216 

correction factor e of, jiistihcation 
foi', 2H) 

obsox'ved for different gases, 215 
Jeans^ value of, 214 
KiuulHen's value of, 276 
Meyer’s value of, 212 
variation of with pressure and 
temijeraturo, 217 
visciosiiy coefficient, relation 
between, 204 

llt^at conduction, conditions defining 
equilibrium for, 210 
deduction of coefficient of, using 
distribxition of free paths and 
velociti(5H, 206 
definition of, 201 

deprivation of ooeffieient cor- 
rected, 207 , 208 

nature of in solids, liquids, and 
gases, 202 

rcisults of Chapman and Enskog, 
215 

Eimplo kinetic theory of, 203 
simple theory for translatory 
energy of, at low pressures, 268 . 
theory of Knudsen for, using 
translational and rotational 
energies, 270 

Heat conductivity, values of coeffi- 
cient of, 203 

mechanical equivalent and kinetic 
hsqpothesis, 5, 10 
quantity, 358 

Heats, specific, interpretation of by 
Mnetic theory, 368 

Hypotiiesis, the kinetic, birth of, 5 
established, 6 

I 

Impacts, between ion and fiaolecule, 
momentum exchanges in, 444 


Impacts, elastic, 14, 17, 56, 61, 136, 
247, 316, 364, 369, 444, 462, 
470, 474 

solid typo of, effect of neglect of, 
in Thomson theory, 462, 470 
Inner field, and ferromagnetism, 422 
constant of, 396 
magnetic values of, 421 
of ferromagnetic substances, high 
values of explained, 430 
Insulating layer” at solid gas 
interface, nature of, 266 
Inter diffusion, and mass motion, 
226, 229 

definition of, 219 
theoretical expression for, 229 
Interference fringes, and mean free 
paths, 111 

and molecular velocities. 111 
path difference over which they 
can be observed, 111 
visibility of, 114 

Intermole cular forces, value of work 
done against, 165 

Internal pressure, dependence of 
on volume, 125 

Inverse fifth power law of force, 
deduced, 453 

Inversion temperature of Joule- 
Thomson effect, 168 
Ion mobility, and pressure, 440 

assuming forceless elastic ions, 443 
complete theory of Tangevin, 474 
computed values of, on different 
theories, 476 
constant of, defined, 440 
defined, 440 

difference of positive and negative, 
discussed, 477 
equation of Langevin, 468 
of Thomson andLoeb, 468 
for mono-molecular ion compared 
with observation, 451 
from rate of energy loss through 
forces, 460 
in mixtures, 471 

modified Wellisch theory of, 
comparison with experiment, 

460 
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Ion mobility, more complete ecpui- 
tions, of, 474 

on simple kinctie theory, 44 
theoretical expressions for, 44, 448, 
459, 468, 475, 

value of, Wcllisch deduction, 459 
theories, weakness of, 477 
theory of J. J. Thomson and 1^0(41, 
460 

of liangcvin, 443 
of Suthei'laiid, 474 
of Wellisch, 466 

variation of, with density and mass 
of gas molecules, 468 
with di<4eotric constant, 4(h) 
with mass of ion, 4()9 
with attirac.tivc^ forc(vs, 466 
Ion, nature of, 471 

theories, Chxster-and Hinall-ion, 
452 

essential differtaicu^ l)(4we<ui, 453 
Ionic recombination theory, correc- 
tion factor of Hi(4iardson and 
Thomson, 483, 485 
Ionization by collision, 443 
constant of, 443 
experiments by Townsend, 515 
theory of, and probability of i<m- 
ization, 518 

Ionization, by imx)act, by electrons, 

616 

columnar, and recombination, 479 
potential, deduced by Town- 
send’s experinumts, 516 
probability of, by electrons, 518 
Ions and moloculoB, definition of 
collision for, 458 
law 5f force between, 453 
orbit described, 456 
potential energy at contact, 455 
relative motion of, 456 
Ions, charge carried by, 441, 451 
calculated from observed ratio of 
mobility and diffusion coeffi- 
cients, 451 

Ions coefficient, of diffusion of, 441, 
450 

of recombination of, defined, 442 
478 


Ions, coiuHudnd.itin of molcumles 
aboui., 472 
diffusion of, 441, 449 

th<‘or(4I(tal cejuation for, 449 
formation of from <4<a;trouH, 607 
gas(H>us, dcdiiual, 439 
larg(‘, 440 

mouuud.um (^xchangt^H with nude- 
cuh‘H on impact, 444 
Tnotif>n of, ill gas, 440 
obscu'vtsl vahu's of mobility of, 
440, 451, 476 

oiu^ class of, of uni<tue v<4tjcity, 4 10 
positiv<^ and n<‘gativ(^, redative 
mobilitu^s of, 440 
ratio of ecsdlicitaitt of mobinty 
anti (lifftrsion, 450 
re<H)mbination t»f, 478 

<H)mpariHon of tlieori(‘H and 
<^xp<unin<‘!it, 488 
(‘fftH't tff frtH^ tdt^eirons, 491 
proct^sK, 480, 491 
th(M>ry of Langtwin, 479, 481 
of J. J. d'hoinstm, 483 
Hiz(‘. of, 452, 455, 474 
small, theory of, 466 
stability of, 455 

vtdocit.y of and field strengtli, 
440 

th<H>reiical exprt^smon f<»r, nndc^r 
any for(K% 447 

Iron, fi, Y, and 3 statt^s of, 

429 

Irreve^siblc^ phenomena, 177 

kintdic thet>ry, aiul tluirmody- 
namicH, 178 

iBotherms, definition, 148 

J 

Jacobean transformation, 38 1 
Joule-Thomson effect, comparison 
of theorf44t?al equation with 
experiment, 168 

intcrprcited by Van d<^r Waals* 
equation, 162 

inversion temperature of, 168 , 
more accurate tniuation for, 169 
theoretical equation for, 167 
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K 

Kinetic theory, apparent para- 
doxes in, 27, 284 
early speculations on, 5 
history of, 6 

simple, assumptions underlying, 

14 

Knudsen^s equation for flow of gases 
in tubes at all pressures, 262 
low-pressure work, 262 , 263 , 266 , 
279 , 283 

L 

Langevin function, 401, 418 

Langovin's law for temperature vari- 
ation of paramagnetic sub- 
stances, 418 

La Place theory of surface tension 
applied to gases, 124, 154 

Latent heat of evaporation, deduc- 
tion of, by kinetic theory, 319 
of vaporization, rigorous equation 
for, deduced by kinetic the- 
ory, 323 

Lenz’s law and diamagnetism, 412 

Jjight pressure and radiometric 
forces, 296 

Lorenz-Lorentz law, 390, 397 
derived, 397 

Loschmidt number, evaluation of, 
338 

Low-pressure phenomena, 240 
flow of gases at, 262 
heat conduction at, 266 

Low-pressure and high-pressure phe- 
nomena, essential difference be- 
tween, 241 

M 

Magnetic behavior, and zero point 
energy, 432 

different types of, qualitatively 
explained, 412 

Magnetic, orientation in solids, 431 
permeability, and dia- and para- 
magnetism, 412 
properties of molecules, 411 


Magnetism, criticism of kinetic 
treatment of, for solids, 431 
Magneton, defined, 434 
of Bohr, value of, 435 
of Weiss, value of, 434 
proof of existence of, 436 
Magnetons of Weiss and Bohr, 
relations between, 434 , 435 
Manometer, absolute, 279 
equation for, 282 
experimental test of, 283 
kinetic theory of, 280 
Smoluchowski^s theory of, 283 
Mass motion in interdiffusion, 229 
Mass, transfer of, through a gas, 218 
MaxwelFs deduction of distribution 
law, 71 

Maxwell's distribution law, 66 , 76 , 78 , 
80 , 86, 90, 94, 97 , 98, 99, 102 , 
106 , 110 , 135, 182, 187, 205, 
207, 224, 226, 249, 252, 265, 
269, 287, 299, 319, 328, 380, 
401, 418, 446, 472 
and concentration of molecules 
about ions, 472 
and magnetic orientation, 418 
and molecular rotation, 365 
applied to ionic mobilities, 
446 

applied to orientation of elec- 
trical dipoles in electric field, 
401 

derivation of molecular heats 
from, 380 

direct proof of, 103 
other forms of, 85, 86, 100, 209, 
223, 401, 418, 446 
plot of, 79 

proof of, from breadth of 
spectral lines, 110 
proof of, from effusion theory, 
265 

proof of, from thermionic 
electrons, 105 

MaxwelFs distribution of velocities 
among evaporated molecules, 
101, 321 

verification of, 97 
Maxwell's / defined, 248 
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MaxwelFB /, iix gaHt^oius 

values of, 250, 251, 277, 313, 
315, 318 

Maxwell's free path, 49, 86 , 90, 94, 
130, 185, 20(5, 225, 230, 448, 450 
Mean free path, 29, 34, 35, 41, 4(5, 48, 
49, 86 , 88, 90, 94, 12(5, 130, 185, 
18(5, 193, 20(5, 208, 225, 230, 448, 
450 

approximate value, 34 
Clausms oorreetion of, for vohuu(‘s 
of molocules, 130 

discrepancies between valiu's of, 
from transfer theory and 
equation of states, 177 
effect of on inter feren(!e fringes, 
111 

elementary dt^duetion of, 36 
evaluation of, froxn transfe^r tind- 
ery, 177 

for disediko molecule's, 127 
for moleeiilcis exerting font's on 
each othc^r, 193 

for molecules of elilte^nait HiJ^es, 88 
in gaseous mixture's, 88 
including distribution of v<4oc?- 
ities, 86 
of (jlectroiiB, 48 

of ions, shortcuiing of, tluc^ to 
attracitive forc?c^H, 466 
of molecules, derivaticni of, 42 
of molecules of given spcHHl, 94 
pressure variation of, 36 
relative velocity correction for, 36 
shortening of, for spherical ixiole- 
cules, 127 

usage of different expressions, 94 
Van der Waala’ corroetion of, for 
volumes of molecules, 127 
Mechanical equivalent of heat, 
and kinetic hypothesis, 10 
Mechanics, statistical, and equipar- 
tition of energy, 81 
Mechanistic analysis, value of, 2 
interpretation of nature inade- 
quate, 1, 120 

Mixtures, gasepus, ion mobilities in, 
471 

mean free paths in, SS 


IVIixtun's, lh|ui<l, diclortrir <*ori‘4«nf 
in, 408 

Mobilises of t'lotU Tons, 442, 490 
valu(*H of, tiH‘or«4icol noil ol* 
servoti, 504 

Mobilb icH of ioun, nHsuiuing 

t'hiHtic* ii>ns, 443 
<l<4in<‘d, 4 IC5 

t'huiuudfiry kinotio 44 

(‘((nations f<*r, 4 1, 418, b59, lt»H, 
475 

in inixturcH, 471 

mor<‘ eoinjdtUe oquafions nC, 474 
ic‘Ht of simple (hi*or> , 451 
values of, ori flbloriuit I7l» 

Mohili(ic*H of positivt* and negidiv** 
ions, difT(*ronen in, 177 
Mobility ami dilTiisiun eoidbe'ituif’,, 
rati<» iif, 150 
constant of ions, 440 
(‘((nation of 'riiomwm and Loeb, 
4(52 

Mo(h4 td a pt^rfeei gas, 14 
MoUaudar eoIIIst«ui, t4?«‘et, on palli 
ditT<‘r(*nei* ovi^r whh4i interior 
<*ne«* is oblaitiod, 1 1 1 
constitnt ion, (dTocU, on vineu-«;tf,v, 
198 

(iiaimUer, slgnihraiii^e of of, 

IH9, Appendix t 

dimensions and cli|ioht iiioimuit*?* 

405 

free paths, diiitrllmti*iii of, 41 
«‘xperhneutal knowledge of, 40 
ht‘ats, tmd eorri‘etif*ii for 
of expanshap 37H 
and law, Bf§ 

at constant prc»saitri% Icitiidie 
inier|iwdafk*ii of, 373 
at constant volunm, mid eciii* 
stant pwwuro for diffe^rt^iti 
miio of, iilimtrved 
valuta, 374 

deviation from tlieondimi 
valuers of, 362, 369 
volume, kinetic 
tlon of, 374 

of ehiuttleal eomptnindu, taldo 

of, 302 
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Molecular heats, of diatomic gases, 
368 

of polyatomic gases, 368 
of solids, 376 
of types of gases, 361 
ratio of, interpreted by kinetic 
theory, 374 

impacts, ''chain of,’’ mechanism 
applied to latent heat of 
evaporation, 323 
energy losses in, 14, 17, 56, 
61, 136, 247, 316, 364, 369 
mean free paths, including distri- 
bution of velocities, 86 
motions, 16 , 29, 56, 61, 90, 102, 
190, 338, 339, 364 
necessity of, proof of, 338 
reality of, 338 

polari liability, temperature varia- 
tion of, 392 

radius and Avogadro number, 338 
and thickness of soap films, 339 
and Van der Waals’ b, 338, 
Appendix I 

as affected by temperature, 159 
roughness, defined, 273 
velocities, and slow diffusion, 27, 29 
distribution of, 66 

by Boltzmann’s method, 67 
velocity averages, relation 
between, 80 

Molecules, adsorption of, by surfaces, 

308 

and ions, law of force between, 453 
potential energy of, at contact, 
456 

application of Newton’s laws to, 
.14, 61 

average distance of approach on 
impact, 128, 161, Appendix I 
average velocities of, from hot 
bodies, 98 

collision frequency of, 30 , 90 
concentration of, about ions, 472 
correction for volume of, on 
mean free path in gas, 126 
Debye theory oi dielectric con- 
stant of, 399 


Molecules, deformation of, by im- 
pacts at ordinary temperatures, 
369 

diameter of, 30, 161, Appendices 
I and III 

as influenced by velocities, 162, 
Appendix I 

in mean free path, 34, 46 
dielectric constant of, 389 
electric moments of, 404, 408, 454 
electron affinity of, 442 
existence of electrical dipoles in, 
393 

free paths of, in gaseous mixtures, 

88 

magnetic properties of, 411 
mean collision frequency of, for 
given speed, 93 

mean free path of, 29 , 34 , 36 , 
41 , 46 , 48, 49, 86 , 88 , 90 , 94, 
126, 130, 185, 193, 206, 208, 
225, 230, 448, 450 
for given speed, 94 
mechanism of condensation of, 
on glass surfaces, 326 
nature of impacts of, with solid 
surfaces, 242 

with surfaces, summarized, 324, 
330 

number of, having components 
along given axis, 76 
having given velocity, 77 
striking surface at given angle, 
96 

striking unit surface per second, 
40, 94 , 226, 253, 263, 269, 
281 

deduced from self-diffusion, 
226 

elementary deduction, 40 
using Maxwell’s law, 94 
with calculation of vapor 
pressures, 96 

pairs of, importance in condensa- 
tion on foreign surfaces, 326 
polarizability of, 390 
rate of escape of, from hot surface, 

99 

reflection of, from surfaces, 308 
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Molecules, self-diffusiou of, 222 
speed of, 25, Appendix III 
surfaces and volumes of, in gases 
relative to containing vessels, 
33, 34: 

^Hime of Ungearing on surfaces, 
dcaiied, 325 

velocities of, by rotating plate, 102 
volume of, and diel(u*.tric (ionst-ant, 
389 

compxited from polariy^ibility 
and (iriti(5al data, 392 
Moments, (4(M^trieal dipob^, (calcu- 
lated from D(4)ye tlucory, 404 
magnetic, quantization of, 43() 
j.^arall(4isni of eleectrie. and mag- 
ncctic in fterromagnetism, 431 
Momentum transfer, nuHclmnism of, 
in gas, 181 

transfeer, through gas, 176 
Monatomic, gases, atomici heat of, 
3()8 

explanation of absenc.e of rotation 
in, 308 

N 

Noximann’s law, 302, 375 
Numlx^r of mohuaileB in gram mole- 
cule, 20, 28, 347, 353, 354, 
Appendix II 

in xinit volume and mean free 
path, 34, 46 

striking xinit surface per second, 
40, 94 , 226, 253, 263, 269, 281 
elementary deductions of, 40 
using MaxwelFs law, 94 

O 

Oil-drop measurements and Brown- 
ian movement, 354 
Optical effects and free electrons in 
metals, 378 

Orientation, magnetic, in solids, 431 
Oscillation, period of, of atoms on 
surfaces, 329 

Oscillator, linear, defined, 380 
energy of, on quantum theory, 383 


P 

Paramagnetic sus(;eptibility, t(un- 
peu-atun^ variation of, diHluctul, 
418 

Paramagnetism, as x’(‘lat{Hi to k iu<‘ ti(t 
ih<u>ry, 417 
definition of, 411, 417 
tiatipera.itm^ va.ria.t.ion of, 417 

Partial pn^ssuix', law of, d(*du(HHi by 
kin(4i{^ {h(‘ory, 24 

P(4l.i(^r (4T(Mvt, and fr(‘(\ (4<‘(‘tronH, 378 

P<u-meability, magmatic, and various 
typ(%M of !tiagn(4i(^ hc‘havior, 412 

Philosopliy of (irtH4is, atid kinetus 
th(M)ry, 5 

Photo(4(u4ri(^ (‘J(Tix*t, and <piantuiu 
th(H>ry, 378 

Photophonssis, th(H)ry of, 297 

Poisscnulh^’s law, 193, 240, 243, 252 
and pnsssurc^, 240 
correcUnl for slip, 252 
of flow of gam^H through iulx^s, 
d(Hlu(?(xl, 243 

Polarizability, and cluunieal con- 
stitution, 392 
in mixtur(‘H of litpiidH, 408 
magnetite, for diarnagnetit^ sub- 
stanceH, 414 
of mokxuih^H, 390, 397 
variation of, with tenqH^aturcs 
392 

Polarization, el(K4;ri<*aI, for infra- 
rcjd fre(pi(uici(^H, 410 

Polyatomic gasc^s, mokHJular Iwsat of, 
368 

Porous plug experiment, arul Van 
dcr Waals' equation, 162 
compariBon of th(x>reti(‘al (xput* 
tion with experiment, 168 

Pressure, coefficiemt c»f c^xpansion, 
for id(^al gas, 10, 143 
for real gas, 144 
critical defined, 152 
difIerenc<iB, caused by tempera- 
ture differences in e.ormcxitCKl 
vessels at low pressurtss, 285 
gradient at low pressure's, values 
of, 285 
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Pressure, effect of variation of, on 
temperature drop at solid sur- 
face, 267 

gaseous, derived by Joule, 17 
on kinetic theory, 17 , 37 , 122 
internal, in a gas, derivation of 
expression for, 123 
low, phenomena of, differentiated 
from high pressure, 241 
partial, Dalton^s law, 24 
variation of coefficient of diffusion, 
236 

of heat conduction for gases, 217 
of ion mobility with, 440, 469 
of recombination coefficient 
with, 488 

of viscosity with, 176, 187, 
240 

Probability of a free path of given 
length, 42 

of a given component of velocity 
along an axis, 75 
of electron attachment, 511 
of free paths exceeding given 
length, 42 

of impact at given angle at 
impact, 32, 445, 485 
within given distance of a 
molecule, 485 
of molecular collision, 31 
thermodynamic, 71 
Probable velocity, the most, 78 
Pumps, low-pressure, effect of 
development on kinetic theory, 
241 

Q 

Quantization of magnetic moments 
proof of, 436 

of rotations and vibrations, 365 
Quantum theory, and specific heats, 

379 

atomic frequencies from, com- 
pared to observed values, 386 
brief statement of, 369 
limitations imposed on equi- 
partition, 366, 370 
value of electrical polarization on, 
405 


R 

Radiometer, Crookefe, 241, 280, 296, 
303, 307 

experimental test of Einstein 
equation for, 307 
theory of, 296 

Radiometer, function in logarithmic 
presentation, symmetry of, 303 
repulsion, theory of, 301 
Radiometers, mechanism of differ- 
ent types, 301 

Radiometric forces, comparison of 
Elnudsen^s equation and that of 
Hettner and Czerny, 300 
differentiated from forces on 
absolute manometer, 280 
due to edge effects, 297 
in gases, 296 
history of, 296 

related to thermal transpiration, 
298 

theory of Hettner and Czerny, 299 
Rarefied gases, laws of, 240 
Recombination coefficient, correc- 
tion factor of Richardson for, 
485 

of ions, 478 

defined, 442, 478 

variation with pressure and tem- 
perature of, 488 

Recombination of ions, nature of 
process of, 480 
theory of J. J. Thomson, 485 
theory of Langevin, 481 
Reduced equation of state, 170 
Reflection, diffuse, differentiated 
from condensation and reevap- 
oration, 309 

of molecules, deduced from rate of 
chemical reactions, 315 
effect of adsorbed gases on, 
316, 324 

from surfaces, 242, 308 
from walls, diffuse, 308 
theory of Frenkel, 325 
reverse specular, 312, 315 
Refractive index, and chemical 
constitution, 389 
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Refractive index, and molcMuilar 
polarization, 390 
molecular, additive nature of, 
394 

Relative velocity corivcdaon for 
mean free path of inol<^cul<\s of 
same speed, 35 

Resonance by electron impact, prob- 
ability of, 518 

Reststrahien and atomic fr(iquen<d<^s, 
385 

Root-mean -sqxxaro v(4ocuty, 2(), HO 

Rotation, mohicular, and cMpiiixar- 
tition, 304 

disappearance of in II-j at low 
temiJoratureH, 307, 372 
proven, 304 

Rotational energy, effect of, in hcuit 
transfer at low pressures, 27 1 

Rotations, absence of in mona- 
tomic'. gases, 367 

atomic;, in solids, and tnagnc^tic*. 
beshavior, 432 

molocnilar, quantixm, thcH>ry, and 
cquipartition, 371 

S 

Saturation, olectric^al, 390 

magnetic, observation of, 420 

Self-diffusion, thc^ory of, 222 

Slip coefficient, and problem of 
reflection of tnolccmlciB from 
solid surfaces, 312, 318, 325, 
327 

deduced, 246 

from oil drops, 313 
deflned, 246 

high values of, for certain surfaces, 
313 

interpreted by Baule, 260 
measurement of, 251 
nature of, according to Maxwcdl, 
247 

theoretical ©valuation of, by 
Baule, 317. 

value of, in terms of Maxwell's /, 
260, 261 

Slip measurements in oil drops, 
Epstein's theory of, 313 


Small-ion thc'ory, 452, 45t> 

Solutions, (‘xtemsion of con(;t;|>t of 
atmosphcuH'H to, 341 
SorpUon of gas{‘s, 242 
SpcHufic; lu'al., and demsity, 360 
at ctonsiani- pn'ssurt*, 359, 372 
kinetic; inttn’prt'taticm of, 372 
at coiisl.ant volume*, (*aleulatc‘d from 
capupartition, 3t>7 
dcvfim'cl, 359 
definition of, 358 

interprc'f.aiion of by kinetic 
th(M>ry, 368 

ratio of, intt*rpr<;t(Hl by kimdlc; 
thc'ory, 372 

temperatain*. variation of, 

prt;t<;d by cpiantum th,<;ory, 

379 

values of, 359 

Spc^etral linens, width of, 110 
State, cKpiations of, 170 
reduec'd entuation of, 170 
Statisticud m(;<*hani<;s and <*c|uiparti- 
tion of (HH;rgy, 81 

Steady states and cupiilibrium dif* 
fercaitiatc'd, 182 

Stokers' law and Brownian ttiovt*« 
memts, 346, 349, 354 
Surfaces, al>Bolutc5 roughnc'Hs c»f, 268 
molocnilar roughne^ss of, 273 
of molcKuilcw, rc4ative to surfatn; 

of containc^r, S3 
phenomcma, in gasess, 240 
tension, analogy to, appUcul to 
intc;rnal pre^ssure^ in gases, 124 
Surfaces, incnmipletely rough, (*or»» 
reetion factor for, 273 
reflection of molecules by, 308 
BuscseptiblHty, mass, for diamag*- 
netic BubstancHxs, 415 
paramagnetic, and absolute tem- 
perature, 417 

T 

Tait's free path, 94, 1H7, 209, 230 
Temperature, al)solute zero of, 11, 
147, 169, 361, 432 
evaluated, 147 

Temperature and diamagnetism, 416 
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Temperature, coefficient of para- 
magnetic-susceptibility, 4 17 
concept of, 12 
critical, 152, 155, 425 
defined, 152 

for ferromagnetic state, values 
of, 425 

difference, and pressure relations 
in coxinected vessels, 284 
effect of, in connected vessels 
at different pressures, 284 
at gas-solid surface, 266 
effect of, on deviation from Van 
dor Waals’ equation, 159 
equilibrium of molecules rebound- 
ing from surface, 267, 273, 
275, 277, 312, 317 
gradient along radiometer vane, 
301 

of electron in gas in electric 
field, 498 

variation, of coefficient, of dif- 
fusion, 236 

of. heat conduction, 217 
of recombination, 489 
of viscosity, 188 

Temperature variation, of dielectric 
constants, 393, 399 , 403, 404 
of magnetic susceptibilities, experi- 
mental values for, 419 
of mobility constant, 469 
of molecular and atomic heats, 
361, 372, 379 , 385 
of polarizability, 392 
of viscosity, theory of, 192 

Terminal velocity of electron in 
. field, 498 

Theorem of Virial, 133 , 135, 136, 138 
applied to attractive forces in 
gases, 136 

applied to ideal gas, 135 
applied to repulsive forces in 
molecules, 138 

Theories, limitations of and future 
development, 1, 121 

Theory, kinetic, establishment by 
Perrin, 7 
history of, 6 


Theory, kinetic, new advances of, 7 
Thermal transpiration, 283 
Thermodynamics and irreversible 

phenomena, 178 

Transfer of energy from gas to solid, 

mechanism of, 266 
of various quantities through 
gases on kinetic theory, in- 
troduction to, 176 
theory, uncertainty in constants 
of, 177, 187, 212, 215, 231 
Transpiration, thermal, 283 

comparison of theory with obser- 
vation, 293 

complete equation for, 295 
simple theory of, for low pressures, 
286 

theory of, for all pressures, 288 
U 

Universal gas constant, 11, 13 
determined from distribution of 
electronic velocities, 109 

V 

Van der Waals^ a and b, evaluated 

from critical data, 153 
b, 39 , 122, 126 , 142, 146, 154, 158, 
168, 391, 404 

attempted deductions of, 39, 
126, 142 

compared to molecular polariz- 
ability, 391 

deduced from theorem of virial, 
142 

constants and expansion coeflS- 
cients of a gas, 142 
equation, 120 

a second order approximation, 
121 

analysis of, by calculus 
methods, 148 

application of, to case of a real 
gas, 155 

to calculation of isotherms, 
155 

appliedtoJoule-Thomsoii effect, 

162 
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Van dor Waals’ equation^ cauHas for 
deviations from, beiwcMm 
theory and obs(n-vation, 157 
compared with Amlr(nv\s 
results for COa, 157 
deduction of, from theorem of 
virial; 133 

deviations from, due to t(nn- 
p (nature, 159 
early tests of, 154 
ciTe(?t of iialiure of a,ttra<4.iv(i 
for(*,(;s in, KJO 

graphical rt\i)resentati()n of, 117 
liistory of, 154 

ol)S(nvation ami (^ahuiladon of, 
plothul for ( JOa, 151 
simpler dedu(4,ion of, 122 
unstable^ state in, 157 
Vane radiometer, l.Oinsbnn tlnany of, 
303 

Vapor pr(5Hsure, from rat(i of (vva,p- 
oratioTi, 96 " 

law of, from kinetic th<M)ry, 319 
Vedocities, av(nag(^s of, rcVIations 
bctw(nm, 80 

distrilnition of, 66 , 76 , 78 , 80 , 
80, 00, 04, 97 , 08, 00, 102 , 
106 , 110 , 135, 182, iH7, 205, 
207, 224, 22fi, 249, 252, 205, 
260, 287, 209, 310, 328, 380, 
401, 418, 446, 472 
among evaporatc^d mohnnileH, 
99 , 321 

Boltrmiann's method, 67 
deduced from equilibrium, 69 
effect on, caused by streaming 
motion in gas, 181 
experimental verification, 97 
for electrons from hot source, 
106 

from Doppler effect, 110 
Maxwells^ method, 71 
law of distribution of, proof from 
effusion theory, 265 
molecular, by rotating plate, 102 
reason for distribution of, 66 
of electrons, in electric field, 442 
in gases, 496 


Velo(4ti<‘.s, of mol(Mtul(‘H, and abso- 
lutes t(nnp<n’a.tun% 12, 2b, 28 
juul av<'ra,g<^ V('hK*it.y, 2b, 70 
and ('h‘(!tron.s, fnmi hot bodie's, 

98 

valu(\s of, 26, 520 
per.siHt(‘nc(‘ of, 183, 18f), 238 
and vis(^osity, bSO 
V(docity, a-V('rag(% 21>, 79 
(4iang(‘s in (dast-ie^ inipacts, 61 
(niti(^al, a.nd Poi.sM(mill(‘\s law, 191 
distribution, (‘ITead. of on inter- 
h'nnuH^ fringe's, 1 1 1 
distribution law, form of, 79 
otlu'r forms of, 85, Hi>, ibb, 
209, 223, 401, 418, 4db 
(Hiuation for tenaninal of edeadrons 
in fiedd, 500 
most probables, 78 
of ese^apei of inoIeMUih'H, 2b, 28 
of flow of gas from eylindrieal 
tulm at low prewHurew, 25b 
of ions, 440 

of sound emmpared to mole'eular 
vedoeitie'H, 27 

redatives e^orreadion of me'an fren^ 
path for, 37 

sepiare root of nu'ait Hepiarc^, 2(1, 
80 

te^rminal, of oloidroim in fitdd, 
498, 501 

“ Verweilzeit*^ of mohundc's cm siir- 
face?, d(?fine?d, 325 

Vibrations, mohnnilar, and dewia- 
tions of m(de?eular heats from 
theoreti(?al value, 360 
and equipartition, 364 
quaiituixx thtK)ry and ec|uipar*. 
tition, 371 

Virial, theorem of, 133, 135, 13b, 138 
applied to Van der Waals^ c»«|ua* 
tion, 133 

Viscosity, agr(?emt?nt bc?tw<a?ti e*h?« 
mentary tlmory of, and observa- 
tion, 187 

and heat ejonduction, reflation 
between, 204 
coefficient, 176 
and pressure, 240 
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Viscosity, coefficient, and tempera- 
ture, 188, 193, 198 
calculated from theory, 189 
diffusion coefficient, relation 
between, 224 

heat-conduction coefficient, 
relation between, 204, 207 
Maxwell’s derivation, 182 
of Tait and Maxwell, 187 
criticism of simple theory, 189 
derivation of coefficient of, using 
Tait’s free path, 186 
difference in nature of, for liquids 
and gases, 180 

elementary kinetic analysis of, 181 
experimental, definition of, 179 
results, 196 

variation with temperature, 198 
measurement of, 193 

by rotating-cylinder method, 
194 

Reinganum’s theory of tempera- 
ture variation, 193 
relation to molecular constitution, 

198 

Sutherland’s theory of tempera- 
ture variation, 190 
thickness of layer over which 
action takes place in gases, 
190 

values of coefficients of, 180 
variation of coefficient of, with 
temperature, pressure, and 
mass of molecules, 187 
with density at -high densities, 
196 

with temperature for liquids 
and. gases, 180 

Visibility, limiting, of Rayleigh and 
Fabry and Buisson, 115, 116 
of interference fringes, 114 

comparison of theory and obser- 
vation, 117 


Visibility of interference fringes, 
effect of temperature of source 
on, 117 

Volume coefficient of expansion for 
ideal gas, 11, 143 
correction to equation of state, 
value of, 39, 126, 141 
critical, defined, 152 
effect of, on deviations from Van 
der Waals’ equation, 157, 159 
expansion coefficient, 144 
of gas flowing out of tube at 
extremely low pressures, 255 
equation for, 251 

Volumes of molecules relative to 
volumes of gas, 34 

W 

Weiss law, experimental test of, 428 
for temperature variation of ferro- 
magnetic substances, 424 
with negative temperature con- 
stant, 428, 433 

Wiedemann-Franz law, 202, 377 

and heat conduction, 202 

Work function, at surface, effect 
on distribution of molecules 
passing through surfaces, 101, 
320 

molecular, in passing through 
surface, 101, 321 

of combined atoms on surface, 330 
X 

X-rays, discovery of, influence on 
physics, 1 

result of discovery of, 439 
Z 

Zero point energy and Curie law, 
432 



